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In the following Treatise I have adopted the method oi 
Limiting Ratios as my basis ; at the same timo the co- 
ordinate method of lufinitesimals or Differentials has heen 
largely employed. In this latter respect I have followed ia 
the steps of all the great writers on the Oalouliis, fi-om 
Newton and Leibnitz, its inventors, down to Bertrand, the 
author of the latest great treatise on the suhject. An ex- 
oliisive adherence to the method of Differential Coeffioienty 
is by no means necessary for clearness and simphcity ; and, 
indeed, I have found by experience that many fundamental 
investigations in Mechanics and Geometry are made more 
intelligible to beginners by the method of Differentials than 
by that of Differential Coefficients. While in the more ad- 
vanced applications of the Calculus, which we find in such 
works as the Micanique Celeste of Laplace, and the Mecti- 
nique Anali/tique of Lagrange, the investigations are all 
conducted on the method of Infinitesimals. The principles 
on which this method ia founded are given in a concise form 
in Arte. 38 and 39. 

In tho portion of the Book devoted to the discussion of 
Curves, I have not confined myself esoluaively to the ap- 
plication of the Differential Oalculua to the subject ; but 
have availed myself of the methods of Pure and Analytic 
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Geometry, whenever it appeared that simplicity would be 
gained thereby. 

In the discuaaiofl of Miiltiple Points I have adopted the 
simple and General Method given by Dr. Salmon in his 
HigJtir Plane Curves. It ia hoped that by this means the 
present treatise will be found to be a useful introduction to 
the more oomplete investigations contained in that work. 

As this Book is principally intended for the use of begin- 
ners, I have purposely omitted all metaphysical discussions, 
from a conviction that they are more oaloulated to perplex 
the beginner than to assist him in forming clear conoeptione. 
The student of the Differential Calculus (or of any other 
branch of Mathematics) cannot expect to master at once all 
the difficulties which meet him at the outset ; indeed it is only 
after considerable acquaintance with the Science of Geometry 
that correct notions of angles, areas, and ratios are formed. 
Such notions in any science can be acquired only after 
practice in the application of its principles, and after patient 
study. 

The more advanced student may read with advantage the 
Rffltxlims mr la Mefaphyniqve du Calcul h'Jiiiifesmal of the 
illustrious Camot : in which, after giving a complete rmume 
of the different points of view under which the principles of 
the Calculus may be regarded, he concludes as follows : — 

" Le merite essentiel, le sublime, on peut le dire, de la 
rat^thode infinite simale, est de r^unir la facilitii des proc^des 
ordinaires d'un simple calcul d'approximation a I'exaotitude 
des resultats de I'analyse ordinaire. Get avantage immense 
serait perdu, ou du moins fort diminu^, ei i oette m^thode 
pure et simple, telle que nous I'a donn^e Leibnitz, on voulait, 
sous I'apparence d'une plus grando rigueur soutenue dans 
tout le GOUTS de calcul, en substituer d'autres moins uaturelles, 
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moins oommodeB, raoins eonformes a la marche probable 
des inventeuTH. Si cette methods oat exacte dans lea r^- 
soltate, comme peraonne n'en doute aujourd'hui, si c'eat tou- 
joura a elle qu'il faut en revenir dans les questionB difficiles, 
comme 11 parait encore que tout le monde en convient, 
pourquoi recourir k des moyens detoumes et eompliqu^s pour 
la Buppleer? Pourquoi se contenter de I'appuyer but dea 
induotions et but la conformite de sea r^sultats aveo oeus que 
foumJBaent les autrea methodes, loraqu'ou peut la demontrcr 
direot«ment et generalement, pins faoilement peut-6tre 
qu'auoune de oes m^thodea eUes-mfimea ? Lea objeetiona que 
I'on a faites centre elle portent toutes sur cette fausae suppo- 
sition, que les erreurs comnoiaes dans le cours du oaleul, en y 
negligeant lea quantit^s iufioiment petites, sont demeurees 
dans le resultat de ce oaleul, quelque petites qu'on les sup- 
pose; or c'est ee qui n'eat poiut : I'elimination lea emporte 
toutea n^cessairement, et il est aingulier qu'on n'ait pas 
apor9U d'abord dans cette condition indispensable de l'(5limi- 
nation le veritable oaraotere des quantites infiniteaimalea et 
la r^ponse dirimante a toutea les objections." 

Many important portions of the Calculus have been 
omitted, as being of too advanced a oharacter; however, 
within the limits proposed, I have endeavoured to make the 
Work as complete as the nature of an elementary treatise 
irould allow. 

I have iUuatrated each principle throughout by copious 
examples, chiefly selected from the Papers set at the various 
Examinations in Trinity College. 

In the Chapter on Roulettes, in addition to the disousaion 
of Cycloids and Epicycloids, I have given a tolerably com- 
plete treatment of the question of the Curvature of a Roulette, 
as also that of the Envelope of any Curve caxried by a rolling 
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PIKST PRINCIPLES — DIFFERENTIATION. 

Fancttons. — The student, from his previouB acquaintanoe 
-with Algebra and Trigonometry, is supposed to understand 
what is meant when one quantity is said to be a function of 
another. Thus, in trigonometry, the sine, oosine, tangent, &o., 
of an angle are eaid to be functions of the angle, having each 
ft Bingle value if the angle ia given, and varying wlien the 
angle varies. In like manner any algebraic expression in x 
is said to be a function of x. Geometry also fumiBhea ua 
with simple illustrations. For instance, (lie area of a square, 
or of any regiilar polygon of a given number of sidea, is a 
ftmotion of its side ; and the voliune of a ephere, of its radius. 
In general, whenever two quantities are so related, that 
any change made in the one produces a corresponding variation 

the other, then the latter is said to be a function of the 



This relation between two quantities ia usually represented 
1^ the letters F,/, (p, &o. 
Thus the equations 

u = Fix), v=f{x), w=^{x), 

denote that «, v, w, are regarded as functions of a-, whose 
Taloee are determined for any particular value of x, when the 
form of the function is known. 

■ependent and Independent Taiiables, Con- 

I. — In each of the preceding expressionB, x is said to be 
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the independent voriatle, to which any value may be assigned 
at pleasure; and;/, v, w, are called rf^e«rfe«i variables, as their 
values depend on that of x, and are determined when it is 
known. 

Thus, in the equations 

y = to", y = 3^, y = fan.x, 

the value of y depends on that of a-, and is in each case deter- 
mined when the value of x is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent variable a?, then every function 
of X will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever change be given to x, it 
is said to be a constant with respect to x. we usually denote 
constants by a, b, e, &o., the first letters of the alphabet ; 
variables by the last, viz., m, d, w, x, y, z. 

3. Algebraic and Traiucendental Fanctlom.— 
Functions which consist of a finite number of terms, involving 
integral and fractional powers of x, together with constant 
solely, are called algebraic functions — thus 

'"'"°'"' ^rii^' (« + «)(«-^) '.*«-. 

are algebraic expressions. 

Functions wnich do not admit of being represented aa 
ordiaary algebraic expressions in a finite number of terms are 
called transcendental : thus, sin x, cos x, tan x, (^, log a, &o., 
are transcendental functions ; for they cannot be expressed 
in terms of x except by a series containing an infinite number 
of terms. 

Algebraic functions are ultimately reducible to the follow- 
ing elementary forma : (i). Sum, or difEerenoe (« + c, tt - e). 

(z). Product, and its inverse, quotient [wr, - j. Powers, and 

their inverse, roots («", m"). 

The elementary transcendental functions are also ulti- 
mately reducible to : (i). The sine, and its inverse, (sin «, 
sin~'u], (2). The exponential, and Its inverse, logarithm 
(e". Lag u). 
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\. Contlnaoas Functions. — A fimotion ^ (x) is eold 
fee a continuous function of x, between the limits a and 
when, to each value of r, between these limits, corresponds a 
finite value of the function, find when an infinitely Bmall 
change in the value of x produces only an infinitely small 
change in the function. If these conditions be not fulfilled 
the function is discontinuous. It is easily seen that all 
algebraic expressions, such as 

a^ + a,x"'' + . . . . (i„f 



and all circular expressions, sin x, ton x, &o., are, in general, 
continuous functions, as also ^, log a*, &o. In such cases, 
accordingly, it follows that if x receive a very small change, 
the corresponding change in the function of x is olao vity 
BmaU. 

5, Incremente and DilTerentlBlB. — In the Differen- 
tial Calculus we investigate the changes which any function 
undergoes when the variable on which it depends is made to 
pass through a series of different stages of magnitude. 

If the variable aj he supposed to receive any change, such 
change is caUod an incremetd ; this increment of x is usually 
represented by the notation Ax. 

"When the increment, or difference, ia aupposed infinitelj/ 
small it is called a differential, and represented by dx, i.e. fl» 
ittjinitelij umall difference is called a differential. 

In like manner, if a be a function of x, and x becomes 
r + &x, the corresponding value of u is represented by k + Am ; 
i. e. the increment of « is denoted by Am. 

6. Ijlmitlng Ratios, Derived Functionii, — If u be a 
function of x, then for finite increments, it is obvious that the 

tio of the increment of i* to the corresponding increment of 
c has, in general, a finite value. Also when the increment 
of £ is regarded bs being infinitely small, wo assume that the 
vufio abate mentioned has still a definite limiting value. In 
itiie Difierential Calculus we investigate the values of these 
Umiting ratios for different forms of functions. 

The ratio of the increment of u to that of x in the limit, 

vben both are mjimtely small, is denoted by -j-- When 
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» =f{x), this limiting ratio is denoted hjf{x), and is called 
ihe^rsi derived function* of /(«). 

Thus ; let aj become ic + A, where A = Aar, then u becomes 

/ (» + A), i. e. « + Aw =/(« + A), 

.-. A«=/(ai + A) -/(«), I 

Am /(g+Aj-ZCig) 
Aa:^ A 

J^ limiting value of this expression when h is infinitely small 
is called the first derived function of /(«), and represented 

Again, since the ratio -— has/' («) for its limiting valoe, 
if we assume 

t must become evaneBcent along with Aa; ; also - 
— at the same time ; henee we have 



This result may be stated otherwise, thus : — If Mi denote 
the value of a when z becomes Xi, then the value of the ratio 

— , when a^i - a: ia evanescent, is called the first derived 

Jiinolion of w, and denoted by -3-. 



■ The method of derited fonclioiia was introducod by Lngroiige, and tha 
different derived functioiiB oif{x) were dofinod by Mm to be, the coeffieieEta of 
the powers of A in the eipansioo of/fi + /•) : that thia definilion of the first 
derived funetiDo agrees with that given in tte test will be seen BubaBfinenlly. 

Thia agreemenc wag also pointed out bj Lagrange. Sea "Iheoiie dec 
Fonctions AniiljUques," N". 3, 9. 
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Algebraic Illustration. 5 
If Xi be greater than a, tlten Ui is also greater than u, pro- 
vided ~ is poaitive ; and hence, in the limit, when a:i - a- 

is evanescent, u, is greater or less than u according as -7- is 

positive or negative. Hence, if we suppose x to increase, 
then any function of x increases or dinuniahes at the same 
time, according as its derived function, taken with respect 
to X, is positive or negative. This principle is of great 
importance in tracing the different stages of a function of x, 
corresponding to a series of values of x. 

7. DIflFterentlal, and UlffereDllal Coefficient, of 

Let ;( =/(»■) ; then since 

have du = d{f{x)) =f{x)dx, 

where dx is regarded as being infinitely small. In this 
case dx ia, as already stated, the diJferenUal of x, and du 
or f (a) dx, is called the corresponding differential of «. 
Also /" (x) is called the differential coefficient of /(x), being 
the coefficient of dx in the differential of /{x). 

8. Algebraic lUnBtrBtion. — That a fraction whose 
numerator and denominator are both evanescent, or in- 
finitely small, may have a finite determinate value, is 

evident from algebra. For example, we have 7 = -r what- 

may be. If n be regarded as an infinitely sntaU 
■jiumber, the numerator and denominator of the fraction 
l)oth become infinitely small magnitudes, while their ratio 

iremains unaltered and eijual to j. 

It wUl be observed that this agrees with our ordinary 
idea of a ratio ; for the value of a ratio depends on the 
relaliee, and not on the absolute magnitude of the t«rms 
vliioh compose it. 

na + nV 



Again, if 



1(6 + «=5" 



1 



1 which « is regarded as infinitely small, and a, b, a' and J* 
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represent finite magnitudes, the terms of the fraction are 
both infinitely small, 



the limiting value of which, as n is diminished indefinitely, 
ifl J. Again, if we suppose n indefinitely increased, the 
limiting value of the fraction is p. For 

a 4 a'n a' ah' - ba' 



1 



6 + b'n h' b'{b + b'n) ' 

hut the fraction 77-^ — r^— diminishes indefinitely as n 

b {b + bn) ■' 

increasea indefinitely, and may he made less than any 
asaignahle magnitude, however small. Accordingly the 

limiting value of the fraction in this case is p. 

9. Trigonometrical lUastratioo. — To find the values 

of j— n) and — «-, when is regarded as infinitely email. 

Here tt = cos 6, and when fl = o, cosfl = i. 

tantf 

Hence, ia the limi t., when = o,* we have 
smO , tanfl , ., 

-. — ji = I, and, .■. —. — ;: = 1, at the same tmie, 
tanC smC 

Afain, to find the value of -. — ^, when 6 is infinitely small. 
^ emO 

From geometrical considerations it is evident that if be 
the oircular measure of an angle, we have 

tan 9 > 9 > sin 6, 

tanfl 

sm Bm0 

* If a mriabU quantity U nippoeed to diminith grBdually, lUl it baltuthan 
ansthingjlmte vihieh can if auigned, it ti laid in that ttats to he indsfimtrlrj 
mall or aianiicent; for abbreviation^ inch a guanlili/ ii often denoted by cypher. 

A. diBQUuion of inflntteumala, oi infinitely Bmnll quantities of difieient oidan, 
will be found in tbe next Chapter. 



Geometrical Ulaatration. 

but in the limit, i.e. when d is inSnitely Bmall, 
tang ^ 
sin 9 ' 

and therefore, at the same time, we have 



This shows that in a circle the ultimate ratio of an arc to its 
chord is unity, when they are both regarded aa evanescent. 

lo. Creometrlcal niiistratlon. — Assuming that the 
relation y = f{x) may in all cases be represented by a curve, 
where . , 

y = /(4 
expresses the equation connecting the co-ordinates {x, y) 
of each of its points; then, if the axes be rectangular, and 
two points {T; y), {x-i, y^ be taken on the curve, it is obvious 

that ■- -■■ represents the tangent of the angle which the 

chord Joining the points (a;, y), {Xi, y^) makes with the axis 
of ar. 

If, now, W6 suppose the points taken infinitely near to 
each other, so that xi — x becomes evanescent, then the chord 
becomes the tangent at the point {x, y), but 



1 



Henoe, f {x) represents the trigonometrkal tangent of the 
angle which the line touching the curve at the point {x, y) makes 
nnth the axis of x. "We see, accordingly, that to draw the 
tangent at any point to the curve 

J - /w 

ia the same as to find the dericed function f{x) of j/ with 
respect to x. Hence, also, the equation of the tangent to 
the curve at a point {x, y) is evidently 

where X, T are the current co-ordinates of any point on the 
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tangent. At the points for which the tangent is parallel to 
the axis of x, we have f {x) = o\ at the points where the 
tangent is perpendicular to the axis, f {x) = os . For all 
other points f {x) has a determinate finite real value in 
general. This conclusion verifies the statement, that the 
ratio of the increment of the dependent variable to that of 
the independent variable has, in general, a finite determinate 
magnitude, when the increment becomes infini tely small. 

This has been eo admirably expressed, and its oon- 
nesion with the fundamental principles of the Differential 
Calculus 80 well explained, by M. Navier, that I cannot for- 
bear introducing the following extract from his "Lemons 
d'Analyse": — 

" AJnong the properties which the function y = fix), or 
the line which represents it, possesses, the most remarkable — 
in fact that which is the principal object of the Differential 
Calculus, and which is constantly introduced in all practical 
applications of the Calculus — is the 
degree of rapidity with which the 
function f{x) varies when the in- 
dependent variable x is made to 
vary from any assigned value. 
This degree of rapidity of the 
increment of the function, when x 
is altered, may differ, not only 
from one function to another, hut 
also in the same function, ac- 
cording to the value attributed to 
the variable. In order to form a 
precise notion on this point, let us attribute to a; a deter- 
mined value represented by ON, to which will correspond 
itn equally determined value of y, represented by PN. Let 
us now suppose, starting from this value, that x increases by 
any quantity denoted oj Ax, and represented by JV3/', the 
function ;/ will vary in consequence by a certain quantity, 
denoted by Ai/, and we shall have 

y + iy = /{* + Ajt), or Ay = f{z + Ax) -/{«). 

The new value of y is represented in the figure by QM, 
and QL represents Ay, or the variation of the function. 




Geometrical IllmU-ation. 9 

The ratio — of the iooreiiient of the fimctioii to that of 
the independent variable, of which the expresBion is 



id represented by the trigonometrical tangent of the angle 
QJ'L made by the secant PQ with the axis of t. 



of the property referred to, that is, of the degree of rapidity 
with which the function y inereaseB when we increase the 
independent variable x; for the greater the value of this 
ratio, the greater will be the increment Ay when x ia in- 
creased by a given quantity ^x. But it is veiy important 

.™™^, — ^ ..hen 

Ajt ^ 

the line PQ becomes a right line) depends not only on the 
valae attributed to x, that ia to say, on the position of P on 
the curve, but also on the absolule ralue of the increment Ax. 
If we were to leave this increment arbitrary, it would be 

impossible to assign to the ratio — =- any precise value, and 

it is accordingly necessary to adopt a convention which shall 
remove all uncertainty in this respect. 

*' Suppose that after having given to A* any value, to 
whioh will correspond a certain value Aji and a certain 
direction of the secant PQ, we diminish progressively the 
valne of Ar, so that the increment ends hy becoming 
evanescent ; the corresponding increment Ay will vary in 
consequence, and will equally tend to become evanescent. 
The point Q will tend to coincide with the point P, and the 
Becant PQ with the tangent PT drawn to the curve at the 

pcnct P. The ratio — of the increments will equally 

I approach to a certain limit, represented by the trigonometrical 
tangent of the angle TPL made by the tangent with the 
[ Axis of r. 

"We aocordicgly observe that when the increment A^, 



^ 
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and consequently Ay, diminiBh progressively and tend to 

vanish, the ratio — of these increments approaches in 

general to a limit whose value is finite and determinate. 

Hence the value of — corresponding to this limit must be 

considered as giving the true and precise measure of the 
rapidity with which the function f [x) varieswhen the independent 
variable x is made to vary from an assigned value ; for there 
does not remain anything arbitrary in the expression of this 
value, as it no longer depends on the absolute values of the 
increments Aa; and Ay, nor on the figure of the curve at any 
finite distance at either aide of the point P. It depen(k 
solely on the direction of the curve at this point, that is, on 
the inclination of the tangent to the axis of x. The ratio 
Just determined expresses what Newton called the fluxion of 
the ordinate. As to the mode of finding its value in each 
particular case, it is sufficient to consider the general 



expression 



/(»-i-A»)-/W 



and to see what is the limit to which this expression tends, 
as Aa: takes smaller and smaller values and tends to vanish. 
This limit mil be a certain function of the independent 
variable x, whose form depends on that of the given function 

f{x) We shall add one other remark ; which is, that 

the differentials represented by dx and dy denote always 
quantities of the same nature as those denoted by the variables 
X and y. Thus in geometry, when x represents a lino, an 
area, or a volume, the differential dx also represents a line, an 
area, or a volume. These differentials are always supposed 
to he less than any assigned magnitude, however small ; but 
this hypothesis does not alter the nature of these quantities : 
dx and dy are always homogeneous with a: and y, that is to 
say, present always the same number of dimensions of the unit 
by means of which the values of these variables are expressed." 
ior7. Kilmlt of a Variable Magnitude. — As the con- 
ception of a limit is fundamental in the Calculus, it may 
be well to add a few remarks in further elucidation of its 
meaning : — 



Umdt^a Variable liagmUmde, ii 



In gmenl, wbem m tfonabJe magmimde tmek {xmtmmaSf to 
&fmMEff w^ m eBrtmm^fiwedmmgidt?iide, amdigjproaches moarer to 
U iktm amf uaigmaUe ^Rfierence, h&weperemaS, Hm fiaoed wmgmi- 
imde u tmlkdlihB Emit ^ the variiMe magmhide. ForexuDple, 
if 've imonbe, <x circDmBGdbe, a potygonto any gIobbI caxv^ 
and afittvaids eonoeiTe eaoh. side indefiziitely diiDzmshedL, 
and eoDBBqpiBcdfy &£±r cnniber indefiintBt^ infiraased, iihsn 
flbe doeed curve s said to be ilie limit if eiiker polygoifu 
By ^StoA meams &b total lengtiii of iiie cazxre is Hie limit of 
iiiepenioeter ei&Br of the insedbed or cm^nrrwmbedpdlygaii. 
In £ke mmTHT, iiie area of ilie cmre is liie lixDit to the 
area <rf eidier potygan. Far instanfie, sinee Hie ax«i of any 
polygon eiroamsaibed to a circle is olmonsly eq[iial to i£fd 
iffflanglft under iJieradins of HieeiiQleandliiesennrpeaiinater 
of tibe po ly gon, it f qDok^ Ibat iiie area of a ciielB is lepre- 
aented by Ibe prodnet of its Tadios and its S6mi-circ!nni&- 
lenee. Again, anoe ibe Ifngfli of the side of a regidar 
pd^Fgon inscEibBd in a ciicle bems to that of the oaiTBqKmdr 
mg are tbe same ratio asibepecnneter of ibe polygon to the 
cnoamferenee of Hie ciicley it f oHows that Ibe xOtmiate ratio 
of ibe cbord to &e are is one of eqnaHty, as shown in Art. 9. 
The like result follai^ immediate^ for any emre. 

Tbe fi>Ooim>g priiMJ^to acm^imig Lnte of &e- 
qnent i^filication: — (i) The limit ofUkeprodmet of two gwai^ 
UtiOjuii^ijary togeiiber^ is the product <fi^^ [2) Hie 

Emit if ike fmUad of Ike guamUO^ u the quaUad of that 

c, kt P and Q rejaesent Ibe two qnantiiifiB, and^ and 
reepeetire Ixmits ; ibenif 

qoantities wHdi dTmrnifih indefinitely as P 



and Qiffooaeb 
in thebnut. 

Keeat Sia ^tjf in tibe Hndt, we hsre 
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1 

Gent m 1 
uently 



The numerator of the last fraction heoomes evanescent 
the limit, while the denominator beoomes q^, and consequently 

P p 

the limit of tt is -. 

Q q 

1 1. UifrtrentlBtion. — The process of finding the derived 
function, or the differential coefficient of any expression, is 
called differmtiaihig the expression. 

"Wq proceed to explain thia prooess by applying it to a 
few elementary examples. 

Ekamples. 
t. y = X-. 

Subatitate x-^htm x, and denote the new value aly'bj ^i, then 
M = (* + A)' » «» + 2s:A + A' ; 

" h &j; 

If h be taken an inBuitely BmaU qasutitj, ve get in the limit 

or if /(a) = i=, wa have/' (i) = ix. 



^(TTA)' 



wliich equation, when h it eranescect, beeomeE 



w 



Differentiation of a Product. 



12. DllItereDtiatlon of the Algebrale 8nm of a 
Finite Sliunlier of Fonctlaiu. — Let 



then, Mxi = x + h,y/6 get 



"A A A A ' 

wMoli becomes in the limit, when A is infinitely small, 
dy du dp dio 
dx dx dx dx 

Hence, if a fonotion conaiat of several terms, its derived 
function is the mm of the derived functions of its several parts, 
taken loith their proper signs. 

It is evident that the difierentinl of a constant is zero. 

13. DUTerenllatlon of the Product of Two Fanc> 
dona. — ^Let y = uv, where m, v, are both functions of x ; and 
suppose Ay, Am, Ac, to be the increments of p, ti, v, corre- 
Bponding to the inotement Ak in a-. Then 

Ay = (w + A!') (p + Ail) - uv 

= «Ac + pAm + Aw Ap, 

Atf Ail , . ^ Am 

or -^ = M — + (o + Ac) — . 

Aar Aa; ^ ' Ax 

Now suppose Aa; to be infinitely small, then 

Ay Aw Aw 



become in the limit 



dy dv Ji'^^ . 
dx' dx" dx' 



also, since Ai> vanishes at the same time, the last term dis- 
appears from the equation, and thus we arrive at the result 

dy dv du 

dx dx dx' 



(3) 



\ 



L 
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Henoe, to differentiate tie produot of two fimctioDS, 
multiply each of the factors by the differential coefficient of the 
other, and add the products thus found. 

Otherwise thua : let /(a;), {x), denote the functions, and 
h tlie increment of x, then 

yi=f{x\h) <i.{x + h)', 
. y.-y _ f{x + h)<i.{x + h)-f{x)^{x) 
' h h 



Now, in the limit, 



./H, ♦(« + *). 0W, 



and ^{x*h)-,f{^) 

4 — - * W. 

and, accordingly, 



dx 
which agrees with the preceding reBult. 

When y = au, where n is a constant with respect to x, 
we have evidently 

^ = a~ ^M 

dx dx' ^^1 

14. IMflhrentiatlon of tiie Prodact of any Wnmlber 
of Fnnctloiis. — First let 

y — uvw\ 



then y 

and, hy Art. 13, we have 



dv dz da 
-~ = tt-T-+a:r» 
ax OB ax 
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but, by the same Article, 



dz dv dw 
hence 



dx dx dx 



dy du dv dw 

dx dx dx dx 

This process of reasoning can be easily extended to any 
nnmber of functions. 

The preceding result admits of being written in the form 

1 dy I du I dv i dw 
ydx u dx vdx w do^ 

and in general, if y = yi >yt >yz . . . . y^ 
it can be easily proved in like manner that 

i_dy ^ i^ 1^ idyn /v 

ydx yidx yzdx' ' ' yn dx' 

15. DiflRereiitiatfoii of a Oriiotfeiit — ^Let 

y = -, thent* = yv\ 

- . , . , du dv dy 

tixewfore, by Are. 13, ^ = y^ + «'^. 

dy du dv _ du udv 
dx dx dx dx vdx 

du dv 

V u — 

dx dx 



du dv 

. ^ = ^^ ^ (5) 

dx f^ 



• • 



This may be written in the following form, which is often 
useful: 



d fu\ _ I du u dv 
dx \vj V dx f^dx* 



r 



i6 First Principles — Bifferaitiation. 

HeDoe, to differentiate a fraction, multiply the denominator 
into the derived function of the nurnerator, and the numerator into 
the derived fancHon of the denominator; tnlte the latter product 
from the former, and divide by ihe square of the denominator. 

In tte particular case -where w is a oonBtant -with respect 
to « (a Buppose), we obviously have 



W)^ 



a dv 



(6) 



16. DlH^rentlatloii of an Integral Power, — Ijet 

y = 3^, where n is a positive integer. 

Suppose 1/i to be the value of y, when m becomes j^i, then 



Now, suppose Xi- X to be evanescent. In this case we 
may write x for a-i in the right-hand side of the preceding 
equation, when it beeomes naf^^; but the left-hand side, iu 

the limit, is represented by ~- ■ 

Heaoe — = mt^', 

ax 

i^ - «-"■ 

This result foUows also from Art. 14 ; for, making 

j/i = ya = yi = . . . = y» = «, 

wo evidently get from (4), 

dUi") „ .du ,„■, 

— V^ = «M"-' ■^. (7) 

dx ax 

This reduces to the preceding on making u = x. 
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I 17. DWerentlatloit of a Fractional Power, — Let 



""" " " ' " dx dx ' 

henoe, by (7), 

, du __, da 

^iT ± = »MM»-' — ; 

ax ax 

rf (m") dy ?»«""'(& MJ "-irfa 
" dx dx H y^' (fiz rt dx' 

18. Dlllierentlaiioii of a Negative Power. — Let 

jf = tr", then y = — , and by (6) we get 

dit 
, mW^-' -3- , 

ax ^ w™ dx 

Oombining the results establiahed in (7), (8), and (g), we 
find that 

d (m") , du 

dx dx 

for all values of m, positive, negative, or fractional. "When 
applied to the difierentdation of any power of x we get the 
following rule : — Diminish the index by unity, and muUiplij the 
power of X thus obtained by the original index ; the result is the 
required differential coefficient, with respect to x. 

19. Dlffterentiatloa of a Functilou ofa Fanctlan. — 
du 



\ 



1 Lety=/(^)and« = 


<p (y), to find -T-. Suppose y„ u„ to be 


m the values of y and 
P then if Ay, Au, ^, 
I ve have evidenUy 


( corresponding to the value Xi for »; 
denote the corresponding increments, 


± 


~u w,~u y,'if 


1 


- W !/. - y a^i - a;^ 


or 






Am £tu Ay 
Ax Ay Ax 
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] 



Ab this relation holds for all corresponding inorements, 
however small, it must hold in the limit,* when ia: is 
evanescent ; in which case it becomes 

du ^ dudy , , 

rfi " dy'^' ^^ ^ 

Hence the derived /unction with respect io x of u is the 
product of its derived with respect to y ; and the derived of y 
with respect to x. 

20. Differentiation of an Inverse Ftinctlon. — To 

prove that 

dx I 
dy dy' 



Suppose that from the equation 

<j-m (») 

the equation 

' - «W (») 

is deduced, and let ^i, 1/1, be corresponding values of x, y, 
■which satisfy the equation (o), it ia evident that they will 
also satisfy the equation (J). But 



As this equation holds for all finite increments, it must 
hold when x,-x and y,- y oxe infinitely small ; therefore 
wo have in the limit 

^ — = , (ill 

dm'dy ^ ' 

The same result may also be arrived at from Ait. 19, 
as follows : — 

When y = fix), and w = ^(y), 
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we have, in all oases, 

du _ dudy 
Tx^ d^dx 

This result must still hold in the paitioular ease when u = Xj 
in which case it becomes 

dxdy 

dydx 
Examples. 

I. « = (o^ - a;2)«. 

Let a^ _ /g3 — y^ ^hen ^ ^ ^^ 

du dy 

- = 5/, and - = -.*. 

__ du 

Henoe ^ = - io« (a? - a:*)*. 



3. « = (i + «2)». 



4. i# = (i +«»)». — = #»««»^>(i+af»)"^'. 



<2r 

dx " (i +«»)*' 



We next proceed to determine the derived functions of 
the elementary trigonometrical and circular functions. 
21. nUfereiitfatfoii of sin x. — ^Let 

y - sinar, yi = sin (a? + A), 

. h ( K" 

. , - . . 2 sm - cos 0? + - 

yi-y_sm(a? + A) -sm^r 2 \ 2j 



h h h 

. h 
sm- 

But by Art. 9, the limit of -7- » i ; moreover, the limit of 



(*n)" 



cos I 0? + - 1 IS 006 «. 

02 
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1 


Hence "<■'-> = „„,. 
dx 




(") 


22. nifflferentlatlon of cos a;. 






y = cos w, y, = cos {so + A), 






,.-^ 00S{.-.A)-C0S. --jBiB(- 

A A A 


:S 




Hence, in the limit, 






rf 008 a; 

— - — = - sin IE. 
dx 




(■3) 


This result might be deduced from the preceding 


by 


Bubsti- 


tilting — a for x, and applying the prindpla of Art. 


■9- 


It may be noted that (12) and (13) admit also 
written in the following symmetrical form : — 


being 








^ d. =^^^-2)- 




J 


23. DUDerentlatloii of tan*. 


] 


fl 


3? = tan «, ^i = tan ix + A), 






sin (;e + A) SI 


no: 

82 




yx-y tan {a; + A) - tan « coa (a; + A) « 


A A A 




sin A 


^' 




Aco8a:eo8(ii! + 








L 




^ 
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^ (/(tana;) i . , . 

Henoe — ^ — - = — 5- = sec' x. (14) 

ax 008 0? 

Otherwise thus, 

. smx dwix . dooBx 

a(tana?j cos a? ^ (fe 

(fc (fe "" oos'a? 



cos'* X + sin* X 



cos* a? cos* a?" 

24. Biflrereiitlatloii of cot a;. — ^Proceed as in the last, 

and we get ^. ^ =- -r^- =- oosec*a;. (15) 

ax sin* a; 

This result can also be derived from the preceding, by put- 
ting — 2 for a;, as in Art. 22. 

25. JUflTerentlatlon of sec x. 

I 

y = sec a; = ; 

cos a? 

dt/ sina; . z ,x 

.*. -r = — ;— = tan x seoa?. (10) 

ax cos* X 

c, ., , fl? cosec X , 

Similarly — -^ = - cot a; cosec a?. 

26. DiflRereiitlatfon ot y - sin*~^a;. 

TT . ^ 

Here r = sm «^, .*. -r = cos y. 

dy 

Henoe, by Art. 20, we get 

dy I 



= + 



dx cosy -v/i -a^ 
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The ambiguity of the sign in this case arises from the ambj- 
guity of the expression y = sin'^a;; for if y satisfy this equa- 
tion for a particular yaluQ of x, so also does ir - y, as also 
2ff + y, &o. If, however, we assign always to y its kasi value, 
i. e. the acute angle whose sine ia represented by a:-, then the 
sign of the differential eoefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, ao long 
as it is acute. Accordingly, with the preceding limitation, 

d . sin"' XI , . 

In like manner we find 

d . COS"' X I 

with the Bame limitation. 

This latter resiilt oan he at once deduced from the p 
ing by aid of the elementary equation 

sin"'a!+ oos'ij' = -. 

2 

37. Blflbrentlatlon of tan~'.r. 

y = tan"'a;, .■, x = iaay, 

dx 1 
hence 3- = — r" ; 

dy cos' y 

rf.tan"'^ dv . t , , 

... .^^. .co.>.— ^. (.9) 



28. Geometrical Demonstratlou. — The results ar* 
lived at in the preceding Artioles admit also of easy demon- 
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We shall illufitsrate thio 



Btration by geometrical conBtruotion. 
method by applying it to 
the case of ein &. 

Suppose XPQFto be a 
quadrant of a circle hav- 
ing as its centre, and 
oonstnict a8 in figure. 
Let denote the angle 
XOP expressed in circu- 
lar nteoeore ; then 




urofX 
OP ' 



and A = A0 



are PQ 

OP ' 



Acoordingly, 
Bin (9 + A) - i 



QR PQ_ 
^ PQ' OP 



a(9 + k)- 



coaPQffl-^. 
aroPQ 

But we have seen, in Art, 9, that the limiting value of 



axcPQ 



— I ; also PQR = 0, at the same time ; hence - 



rffl 



The student Trill find no diEGculty in applying the pre- 
ceding oonatruotion to the differentiation of cos 9, sin"' 0, and 
CK>8~' 0. The differential ooefflcienta of tan 9, tan^' 0, &c., can, 
in like maimer, be easUy obtained by geometrical oonstruotion. 
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5. Show that am' « J- (am'^Biiimx] b MBia"*'«Bm(m + i)« 



i(" 






'«(■» 






I(m+I)=i: 



A 



6. s = (oBiD'a! + *cos'*)-. 
Or y = Bin », where u — ain z. 



ir (0 fliii= X *b eoa'a)"-' 



rfs (1 - a>)l' 



v/TT^' 



" («>). 






29. DIfiterenUatlon of logga;. 
Let y = logoz, j/i = loga (a- + A), 

logii 



y^-y _ 



aix + h) - iQgag _ 



Eenoe -^ is equal to the limitmg value of 



when h is infinitely small. 
Again, let h = iru, then 



l'°8-("5)-; 



log4j+»)_I 



Iog.(i+«)-, 
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'• -r."- multiplied by the value of logs (1 + u)" when m is 
Infinitely BmaU. 

To find the value of the latter expression, let - = s, then 

(i + w)" becomes f i + -] , in which s is regarded as infinitely 

great. Suppose the limiting value of this expression to be re- 
presented by the letter e, aooording to the usual notation. "We 
can then find the value of e as follows by the Binomial 
Theorem : — 



= (. 



ii 1. 



The limiting* value of which, when s 



I, is evidently 



f &c. 



1 1.2 1.2.3 I. Z.J. 4 

By taking a sufficient number of terms of this series, we 
oan approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an inoommensurabla 
quantity, and m the base of the natural or Napierian system 
of logarithms. When taken to nine deeimal places, iia value 
is 2.718281828. 



Again, since (i + u)" = e when « = o, we get 
ff .logaj; _ logac 



(20) 



AIbO) since the calculation of logarithms to any other 
£6 starts from the logarithms of some niuuhers to thb base e ; 
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and moreover, since the logarithmB of all numbers are expressed 
by their logarithms to the base e multiplied by the modulus 
of transformation, the system whose base is e is fundamental 
in analysis, and we shall denote it by the eymbol log without 
a suffix. In this ease, since log e = r, we have 

|;(log»)-i. (>.) 

Again, 

_(l„g,.;,)._JL._, („, 

where M or logioC is the modulus of Briggs' or the ordinary 
tabulated system of logarithms. The value of this modulus, 
when calculated to ten decimal places, is 

0.4342944819. 
On the method of its determination see Galbraith's "Algebra," 

P- 379- 

If a; be a laj^e number, it is evident, from the preceding, 
that the tabular difference (as given in Logarithmic Tables), 

i, e. the difference between logm {x + i) and log,or, is — , ap- 
proximately. Tlie student can readily verify this result by 
reference to the Tables. 

30. DIOterentlatlon of (f. 
Let y = «*» then log y = ic log a ; 

dx 

tut '^(logg) ^ d{logy) dy _ i dy ^ 

da: dy dx f/dx* 

d.a" du , . , , , 

■■■ ~d^ = ^ = 2/ log « = "log "• (23) 

Also, since log e = i, we have 

d.^ , , . 



= logo; 
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Examples. 



I. y = log (sin a?). 

Let sin a; = 2, then y s log «. 

dy dy dz 
dx dz' da^ 



And since 



dy cos a: 
we get ^ = -: — = cot X, 

dx faux 



dy 



2. y = logA/a2-ar«=:Jlog(a2-af2). —„«__. 

dy 



=^°«>/^ 



-cos a: 
" ~ • ' cos a; 



X 

2 sin^- 



!■■ 2 sin-- 

11 — COS a; / 2 ^ X 

a/ = / = tan - ; 

Ni + cosa? I o^ 2 

W 2 cos'* - 

a; dy i 

.•. y = log tan-. Hence -r- = -: — • 
2 dx smx 

31. liOgarltlimic Diflnerentlatloii. — ^When the fiino- 
tion to be difEerentiated consists of products and quotients 
of functions, it is in general useful to take the logarithm 
of the function, and to differentiate it. This process is called 
logarithmic differentiation. 

Examples. 
"• y = yi.y2.y3. . .yn, logy = log yi + logya + .. . + logyn. 

Hence 1^ = i ^+ 1^^ . . . +-L^». 

ydx y\ dx y%dx yn dx 

This famishes another proof of formula (4)1 p. 15. 

sin" X 

2. y = . Here, log y s j» log sin a; - n log cosa: ; 

cos** X 

1 dy cos a? sin a; dy sin"*"^ x , „ . . « . 
ydx BUix coax dx cos'^^a; 
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3. y = 



(*-.2)t(ar-3)J" 



Here logy = | log(« - i) - ? log(a?- 2) - ^ log (a? - 3) ; 

243 



hence 



idff S 1 31 71 7«* + 3o«-9: 



y<te 2a?-i 4aj-2 3a;-3 12 , {x - 1) (x ~ 2) {x - 3)* 

.' ^ - (^-OH7a^+3og-97) 
*'<&:*' 12. (aJ-2)J(a?-3)V, 

_ rfy o* + o' a?* — 4a^ 

5. y = ««. Here log y = « log «. 

Hence ^=(loga;+i); ...._=«« (i + log »). 

6. y = «**. Here log y = «*, 

,'. ^ = «* «•(' +loga?). 

7. y ~ M*, where m and c are hoth functions of x. 

Here log y = c log u, 

I <?y __ . dv V du^ 
" y dx ^ dx udx* 

dy i. dv V du\ . dv .du 

.-. -^ cs «• I log «--+-—- 1 = «• log « -- + w^J — . 

dx \ ° dx udx/ ^ dx dx 

32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In ych cases the 
student will find it an advantage to reduoe the expression to 
its simplest form before prooeeding to its diSerentuttion. 

Examples. 

X 

I. yasin-^ 



V 



I +« 



2 



X a^ 
Here = sin y, or = sin'y ; hence « = tan y, 

dy ^ I 

and we get -f- = cos' y = 



dx I + a:» 
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S. y = tan-* 

Here tan y = ^ — - 

\/i + a?2 tan y + I 
V^T"^ tan y - I * 

_. (i + tan y)* - (i - tany)2 2 tan y 
(i + tan y)2 + (i - tan y)» i + tan«y 

Hence ^ cos ay s 4?, 

<fy X X 



Hence 



<?d; cos 2y \/, _jp4 



y^/i + »- y^i -X * -^i +a?-\/i - « 

1 , I + -v/i - »» I , , / 5. I - 

B _ log 1 = - log (i + v I - aj2) - - log X. 

2 X 2 ' z 






4* y « tan-* -^^^ + tan-* -. 

Let X B tan s, and the student can easily prove that 

y = - 2 ; hence -j-^- 



a d^ a I i- a;' 
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2. y^xlo^x, 

3. y = logtana!. 

4* y = log tan'^ X, 

5. y-a*/x, 

6. y s sin (log «). 

X 



7. y = taii"* 



VI — «• 



Examples. 


An. f ^ 


I 


(£P 


a?\/a?* — I • 


dx 


I + log X. 


dy 


2 


dx 


Sin 2x 


dy 


I 


dx 


(i + «8) tAn-» * 


dy 
dx 


a 

2^X 


dy 

dx 


COS (log*) 


dy 


I 


dx 


V^i-ir» 


dy 


I 



8. y = tan-»-^^^ — _ . _ 

I - \/aaJ ^ a-^a; (i + «). 

Here y = tan-^ yx + tan-* y^a. 

aj'* dy 2na^~^ 

^'^^ (I + x^y Is ^ (FT^^' 

lo.y = l06^^ -Jtan-**. ^= j:^. 

, l\/i -{-x^ + x dy I 

12. y = sm^ . -^ 



\/i3 ^* \/i-3aJ-a:» 

, (i + aj2)i ^ ^ , dy X 

1-1 « - '~* ^ _ (' + *) 
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I c. y = i '- •' . Ana, -f- = — (i - «*)* . sin-i x. 

^ " X dx X sfl 

, i-tana: » dy , . . x 

16. y= . ^ = - (cosa? + sma:). 

sec X ax 

, a/i — a;* + a?A/2 dy v^i 

17. y = log- 



ggtan'^g (a^. - i) dy (i + a^) 3? e» *«^"^ « 

•^ (I + «2)i • ^" (i+iC«)J • 

20. y = log {(2^ - I) + V*»-^-i}. 2 == (^«-'^-i)r 

, /i+a:\/2 + «3 .x*y2 dy a\/2 

21. y = log / i-7= + tan-i — ^. x" = "T^u- 

22. y = «»* tan~» a:. -i- = ^* ( ^ + iP« tan"' a; (i + logarj | . 

23. Being given that y = jp3 f i-a;^] [i J ; if 

dy _^ ex^ + g'a:* + d'afi 

""('-)'(■-?)'■ 

detennine the values of «, ^, 0^'. Am, « = 3, 0' = - 6, 0" = {. 

24. y = logPogir). ^ 

25. y = cor* 



dx xlo^x 
3 + 5 cos » dy 4 



5 + 3 cos a? dx 5 + 3 cos* 

, . , I - a?* <f y - 2 

26. y = Bin-^ r. -7- = ;• 

'^ !+«• dx 1 + X* 

dy 

27. y = c«* sin*" r«. ^ = ««* 8in*»-i ra? (a sin ra? + mr cosra;). 

oa; 

28. y s tfO'sinrf; ^ = ««»v^a* + r«8in {rx + ^), 

r 
where tan ^ = -• 



' 


^^H 
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19- !/= log {/^^ + v/^^) 


d^ I 


^"'■rf^ Vl^-")!^-*) 


30. i( = itan-'(|^J'. 




Here i^ = tan=^; .-. * = 




31. y = z'". 


g = ^"-'(»log^+.). 


3i.y = (. + t')"BiD(mtiin->i). 






dx flicoB=i-4»sin'a' 


34. Define the differential coefficient of a function of a TRmhle quantity, 
with respect to that quantity, and siew that it meajvirea flie rate ot inareaBB of J 
tha function as compared with the rale of increase of the Tariahle. J 


3S. If ji = -, prove the relatiott 




y— -^ 




i6 If. i„,^ + '^ + V(^= + » 


''*' " ** nrovn th»t ^" i« of thfi fom, 


a? + or - y{xi + a 


. nrovn ldat — ■ ut ot t.qh lorm 


^ + -^ «,a dPt-.nninfl th« 


vs^uc^Df'l andJI. Am. A = l, B = a. 


^/(^ + a^)'-*^ 


37. Preveaiat|/^ec(wfly" 


\ ^flin'fl + flara'e+e 




-'•"'J y,-^d.'« • 


and determine the values ot A. B, C. 


^...^-S^.-B.-.O + AC... 


^'■""■nf^Hf-:- 


-^ -,+ ... flii in/- .* End ae aum 




J... (,-^)1. 


39. Boduce to its simpleat form th 


o,™™ 


3<.» d «(=! 




(i'+<.)i(i' + M)t <te (^ 


40, If fiiny-s sin (a+y), prove that J=?!5^±l3. 1 


^^^^^^iK^^--»*P^.-"- 


J 
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41. If*(l+jr)» + jr(i+jc)» = o,fiiid^. 



In 12118 ene a»(i +y) = y«(i +»); 

!+« the (1+ «^^ 

42- jr = log(« + \/x«-a«) + sec-i* ^=i J^^. 

43. lis and y are giyen as fnnctjons of < by the equationa 

find the Talue of ? in tenns of ^. ^ = -rT-rr . 

ds dx f'{t) 

x^ 



44- r= 



I + «^ 



!+*» 



Hence y = 



I + &c.y a<f ftfi/ErH^Mm. 



I + / «<» ^/a:« + i' 



45. «stff • 



„ » ^y log* 

Hence y ■= ; . -y = 7 i — -r;. 

i+log» dx (i + loga?)» 



D 



( 34 ) 
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SUCCESSIVE DIFFERENTIATION. 

^$. SucceHtiive Derived Fnuctlona. — In the preoeding 
chapter we have considered the procesa of finding the derived 
functions of different forms of functions of a single variable. 

If the primitive function be represented hy/{x), then, aa 
already stated, itajirst denTsd function is denoted hy fix). 
If this new function, /'(«), be treated in the same manner, 
its derived function is called the second derived of the original 
function /(a;), and is denoted hyf"{x). 

In like manner the derived function of f"{x) is the third 
derived of/(«), and represented hyf"'{x), &c. 

In accordance with this notation, the auccesBive derived 
fonotiona of /(») are represented by 

/■W, /"W. /"■('). /«(«), 

each of which is the derived function of the preoeding. 
34. Sneeessive IMfitrentlal CoeOicleiita. 

If y = /(^)wehav6^=/(^). 

Hence, difEerentiating both aidea with regard to x, we get 
d I 



^^ = s/-w=/"«- 



d£\dxj '^ •' dx* 

then S''-^"^"'^- 

In like manner -r[-ni]^ represented by -7^, and bo on ; 



henoe g =/-(,), fa. ... g ./- >;. 't, 

Theensoun 

dx da^ da^ da^ 

are called the fknij mxamd, fkirdf . . , r^ ^ESeisn&xL ^xf- 
ficients of jr zegmcded » & fmrticai cf x^ 

Theae ftmrtimw ate scmiitinuet ggcrigiwmii jy 

a notation nindi wiH oftat Be fcozui cdrpaaiaEC fa. mspf^ 
viatm^ Umb Ubonr ot iwjntugr ^m ssseKflKP^ 'SfimCaal 
coeffi^mta of & givm ezpcHmm. Fran vas: n&k ^d 
amving at tlMsn, tbe sasMKfi& ££9aii^^ i 

fonctidii are efiden^ tibe aoK » id me/asaKn: iatv^d 
fanctioiis canaideged in &g pegag&y Arrfw^. 

tiala ; f or, snce x is liie mdsc^aidfic:^ iwaacfey fsi fsi 
dbr, may be ahrajrs taken ^Hut mmm mf m ^t^g vmaS mk^,. 
Henoe, in tbe e^oafiaoB dy ^ f x dz Atl 7, 9 ^ve* wsmj 
regard dx as ecoiitaaty aad ipt ab^ kn^ «3& fi«eEi£i^ 
to the next "^"^ — ^' ' 



u c - " t ►- •■* /■ 



since d \f ">> ] «/* ''r| dx. 

Agam^ repBBaentn^ ^ ^dEpr^ Y^f d^^ 
we lunre ^w -f^\x ^dzf ; 

if we dilEeicnliate agajn^ weget 

andrngoBoal 



I^om flu poat o( liev ve ne ii» namm. wiiy/^^ {r) 
aHed flie ^ i^traOkd et^ifiiemt d/ix). 

i»2 
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In the preceding results it may be obaerved that if (& 
he regjffded as an infinitely small quantity, or an infinitesimal 
of the first order, {dxy, being infinitely small in comparison 
with dx, may be called an infinitely small quantity or an 
infinitesimal of the second order; as also d''y, \if"{x) be 
finite. In general, rf"(/, being of the same order as (rfar)", is 
called an infinitesimal of the n"' order. 

36. Xnflnitestmals. — We may premise that the expres- 
sions great and small, as well as infinitely great and infinitely 
Bmall, are to he understood as relative terms. Thus, a magni- 
tude which is regarded as being infinitely great in comparison 
with a finite magnitude is said to be infinitely great. Similarly, 
a magnitude which is infinitely small in comparison with a 
finite magnitude is said to be infinitely small. If any finite 
magnitude be eonoeived to he divided into an infinitely great 
number of equal parta, each part will be infinitely small with 
regard to the finite magnitude ; and may be called an infini- 
tesimal of the first order. Again, if one of these infinitesimals 
be conceived to be divided into an infinite ntmiber of equal 
parts, each of these parts is infinitely small in comparison 
with the former infinitesimal, and may be regarded as an 
infinitesimal of the second order, and so on. 

Since, in general, the number by which any measurable 
quantity is represented depends upon the unit with which 
the quantity is compared, it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, he represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as the unit, the diameter of the 
earth may be regarded as a very small magnitude of the first 
order, and the length of a foot as one of a higher order of 
smaUness in comparison. Similar remarks apply to other 
magnitudes. 

Again, in the comparison of numbers, if the fraction (ono 

million)'* or — ,, which is very small in comparifion v^^ 
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unity, ^ regarded &s a small quantity of the first order, the 

fraction — r;i heine the satne fractional part of — ■, that this 

lo" ° ' lO' 

IE of I, mtist he regarded as a, small quantity of the second 
order, and so on. 

If novr, instead of the series 



^■G^M^' 



we consider the series ■ 



in which » is 



supposed to be increased without limit, then each term in the 
Beriea is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small qtiaatity -. Hence, if - be regarded as an infinitesma! 



of the first order, -,, — , . . . 

teaimals of the second, third, . 



, may be regarded as infini- 
. r"' orders. 



37. Geometrical Illnstrallon of Xofiniteslmala. — 

The following geometrical results will help to illustrate the 
theory of infiniteeimala, and also 
will be found of importance in the 
plication of the Differential Gol- 
.ns to the theory of curves. 
Snppose two points, A, B, taken 
on the circumference of a circle ; I 
join B to E, the other extremity 
of the diameter AE, and produce 
£B to meet the tangent at A 
' 1 J). Then eince the triangles 
J)B and EAB are equiangular, 
ehavB 




AB 

ad' 



BK ,BD 

AE'^'^^AB- 



AB 
AE' 



Kow BupjKJse the point B to approach the point A and to 
ibeoome indefinitely near to it, then BE becomes ultimately 

^unl to AE, and, therefore, at the same time, -^-= = 1. 



^ 



I 
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Again, -jj- beoomea infinitely amall along -with -j-=, 

i. e. £D beeoniGa infinitely small in comparison with AD or 
AB, Henoe BD is an infinitedmal of the second order when 
AB ia taken as one of the first order. 

Moreover, HiQce BE — AE < BD, it follows that, ipAcm o)ie 
side of a right-angled triangle is regarded as an infinitely small 
quantity of the first order, the difference between the hypothenuse 
and the remaining side is an infinitely small gtianttty of the 
second order. 

Next, draw BN^ perpendicular to AD, and BF a tan- 
gent at B; then, siace AB > AN, we get AD - AB 
<AD-AN<DN; 

AB-AB m AD 
•'■ BD ^ BD'^ DE' 

Ooneequently, ^^r — hecomes infinitely small along with 

AD; .". AD - AB is an infinitesimal of the third order. 
Moreover, as BF= FD, we have AD = AF + BF; .-. AF 
+ BF — An is an infinitely small quantity of the third order ; 
but AF + FB is > arc AB, hence we iuf er that the difference 
beiween the length of the are AB and its chord is an infiniteh/ 
small quantity of the third order, when the arc is an infiniteh/ 
small quantity of the first. In like manner it can be seen 
that BD - BN is an infinitesimal of the fourth order, and 
so on. 

Again, if AB represent an elementary portion of any 
continuous* curve, to which ^i^and BF are tangents, since 
the length of the are AB is less than the sum of the tangents 
AF and BF, we may extend the result just amTed at to all 
auoh curves. 

* In Ihia extension of the foccgnmg; proof it ia assumed that fho ultimate 
ratio ot tlia tangenta drawn to a coatinuaus curve at two indeBiiitely near 
points is, in general, a ratio of oqualitf. This is easily eliawn in the ease of 
an ellipae, since tlie ratio of tlia tangents is tlie t^mne us ibat of the parallel 
diameters. Again, it can be seen without diftieulty tlmt an indefiQite number 
of ellipses can be drawn toucMng a curve at two points arbitrarily assumed on 
flid>/*mTffl' iTnnw wo suppose tlie points to approach one another indefinitely 
', the property in question follawa immudiatuly '^' 
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Hence, the difference between the length of an infinitely 
emaU portion of any continuous curve and its chord is an infi- 
nitely snuUl quantity of the third order, Le.the difference between 
them is nltiniatdy an infinitely sniaU quantity of the second 
order in comparison with the length of the chonL 

The same results mig^ have been establidied from the 
expansions for sin a and cos a, when a is considered as infi- 
nitehr smalL 

U in the general case of any continnoas carre we take 
two points Ay By on the cnrrey join them, and draw BE 
perpendicular to ABj meeting in E the nr/rmal drawn to 
the curve at the point A ; then all the results establidied 
aboYe for the cirde still hold. When the point B is taken 
infinitely near to A, the line AE becomes the diamet^ of 
the circle of curvature belonging to the point A ; for, it is 
evident that the circle whidi posses throng A and B^ and 
has the same tangent at ^ as the ^;iTen earre, has a cfmUui 
of the second order with it. See ^Kkdmon's Conic Sections/' 
Art 239. 



of the bate ang^ prore tint the ^^S e f j MJt lictvfin ^ ar&w k r^sy fouZI a 
coui p ai iiutt wMi cither ol tiif ; sad h^&tt, tbol ^<a» »2tf ntj U n^^trctifi 4« 
nldnuitdj eqiuL 

of thejW0MfoKder. 



3. Iftb0hMeoraliaackVt«£=fztztMbB^'s/^a*f»n'9e^, ««J4r> iu 
base ang^ thov tfmt tiie mtrwwfr t^^tw^ftm. i£bt msoL U iti »iM «u£ bi toHb^ 
is an mfimteaiaMl of tiie <ftinf ^edo:. 

This fiinnahcs aa ukfrtmrnJ jxv/f islsa it^ i^Ams^ ^.^ v^m. ^ ki^iffc. ^vf 
anaieof a e o etia iiBS cnrre mad ^ut kHu dujtii if T/rJyn<&rfy aa. isiA;^/ 
amaU gaaotitj of tiie tixsd ccicr. 

4. If a n^fiae he itw g iufd , 6irrmfi aa. iativvft j aman ts<^^ f«vr4 tfe^i 
the pSDJeeCiflBS OB it c^ the fiapIaeflBeaSi ''/ JU exSPfm::^^ 

5. If tiia side of a imlar ff^ly^v. ku0ida0A ia. « tarn: '>t ^ r<w7 an«tJ 
ma^Dtade of tiie first obkt ia w/m^imM . "w^ ^ Of&iui </ ^ «i^.>, i6//ir 
that the difleicneebctwccm the iiiiiaiifeiijiii.* '';^ ^ ^smk «ui 1^ ychnJ^^a *A 
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3S. FaDdameatal Principle of tbe Inftnlteslmal 
CalcolDs, — We shall now proceed to eminoiate the funda- 
mental principle of the Infiniteaimal Calculus as conceived by 
Leibnitz :" it may be stated as followB : — 

If the difference between two quantities be infinitely 
small in comparison with either of them, then the ratio of 
the quantities becomes unify in the limit, and either of them 
can be in general replaced by the other in any esptesaion. 
For let a, j3, represent the quantities, and suppose 



Now the ratio j becomes evanescent whenever t is infinitely 

small in oomparison with ^. This may take place in three 
different ways : (i) when j3 is finite, and i infinitely small: 
(2) when i is finite, and /3 infinitely great; (3) when /3 is 
infinitely small, and i also infinitely small of a higher order : 

thus, if J = A/3^, then ^ = A/3, which becomes evanescent along 



with/3. 



* This principle is stated for finita mngoilitdes Ly Leibnitji, as follo^rB; — 
" Omtorum squnliEL esse puto, nati tastum quorum dinerentia eat omnina nalln. 
Bed at quorum differentia eat incompur&bilitBr paivB." ..." Scitiaet eaa 
tsQtum homogeneas quantitates coinparabilBs esse, ouin Euc. Lib. 5, dofiu. j, 
ccnaeo, quorum una numero sed finito multtplicata, altenim superaro potest ; et 
quiB tail quantitate non diffenmt, asqualin essn slutuo. quod etimn Aivihimedes 
aumsit, aliiquo post ipaum omncs." LDibuitii Opera, Tom. 3, p. jiS. 

The foregoine oan be identified with tho fundamental principle of Kowton, 
OS laid down in his Prime and Ultimate Batios, Lemma I. : " Quantitatcs, ut 
at quantitatum rationes, quce ad aiqualitatcm tempore guovis £iiit(i constanter 
tendunt, et ante finem temparii illios praprias ad inTioom acoedunt quam pro 
dat£ quavis differentia, flunt oltimo sgquales." 

All applications of the infimteaimal method depend ultimately either on tbe 
limitiifg ratios of ijiSnitely Bruall qaactities, or on the limiting value of the 




, Dceeding to the limit ; while in the inflniteainuil 
glectod bi>m the coaimeDnement, from the know- 
affect the ^noi result, aa thaj necessarily disappear in " 
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Aoooidiiigly, in any of the preceding casee^ tbe firactioii 

J- beoomGB unity in the hmit, and we can, in geneialy 8iifa8tir> 

tote a instead of /3 in any fanctian contaiiimg them. Thns^ 
an infinitdy small quantity is neglected in c omfari flon with 
a finite one, as their ratio is evanescent ; and amilady an 
infinitesimal of any order may be ne^eeied in oon^anson 
with one of a lower order. 

Again, two infinitesimals a, /S, are said to be of the 



order if the fraction — tends to a finite limzL If -^ tends 

a «r 

to a finite Emit, j3 is called an infinitesimal of the 1^ ovder 
in comparison with «. 

As an example of this method, 1^ it be pr o p oae d to 
determine the direction of tiie tangent at a point (x^ y) on a 
carve vdiose equation is given in rectangular co-ordinates. 

Let d? + o, y -f /3, be tiie co-ordinates of a near pomt on 
the curve, and, by Art. iq, the direction of the tangent 

depends on the limiting value 01 ^. To find this, we sobcti- 

m 
tote x-k-a ior or, and jf -r ^ for y in the eqaatioD, and nc^ect* 

ing all powers of a and ^ beyond the first, we solve for — , 

and thns obtain the required sohxtiaii. 

For eommple, let the eqoadcn of the carve be x' -r y^ s. jttry : 
then, sabstitating as aboTe^ we get 

hence, on subtracting the givQi eqoadon, we get ihe 

llUUl ot — = > 

39. ii«fcimaij griariple* — If m^^ m%^ m^ -^ » . , ^ mm 

represent the smn of a TxjrJc^sr of iziiSiireS^y ssaU qoscsitkc, 
vdoioh approadiee to a finite Emit w&sn a is ixMsnm^A inML- 
nitety, and if ^i, ^>• . . . ^» lie sltAz^ syetexa <rf zrfiftit^/ 
smaU qnantitieBi, soch that 

^=.+^ ^-. ^ . 



r 
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^ 
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where ei, tj, . . . (,„ axe infinitely small qnantities, then the 
limit of the sum of ^1, ^1, . . . ^„i& ultimately the same as 

that of Qi, Os, . . . On- 

For, from the preceding ecLuationa we have 

greatest of the infinitely small quan- 



Now, if I 



-(a. 



x„}<.)(-. 



i-fl»); 



but the factor ai + aj + . . . + nn has a finite limit, by hypo- 
thesis, and as )j ia infinitely small, it follows that the limit of 
/ji + /3i + . ■ . + /3n is the same as that of oi + aa + . ■ - + Qh- 
This result can also be established otherwise as follows: — 



The ratio 



4-/3, + . ..-i-ff. 



by an elementary algebraio principle, lies between the greatest 
and the least values of the fractions 



it accordingly has unity for its limit under the supposed con- 
ditions : and hence the limiting value of ^t + /:ia + . . . + /3„ ia 
the some as that of oi + oj + . . , + a,. 

40. Approximations. — The principles of the Infini- 
tesimal Calculus above established lead to rigid and accurate 
results ia the limit, and may be regarded as the fundamental 
principles of the Calculus, the former of the Differential, and 
the latter of the Integral. These principles are also of great 
importance in practical calculations, in whioh approximate 
results only are required. For instance, in calculating a 

result to seven decimal places, if — j he regarded as a small 

quantity o, then a', a', iSc, may in general be neglected. 

Thus, for example, to find sin 30' and cos 30' to seven de- 
cimal places. The ciroular meaeuie of 30' ia - 



Aj^roxtmalions . 
denoting this by a, and employing the formulce, 



it is easily seen that to seven decimal places we have 

— = .0000381, — = .0000001. 

Hence ain 30' = .0087265 ; cos 30' = 9999619. 

In this manner the sine and the cosine of any small angle 

can be readily calculated. 

Again, to find the error in the ealoulated value of the 
sine of an angle arising from a small error in the observed 
value of the angle. Denoting the angle by a, and the small 
error by a, we have 

sin (a + o) = sin a cos a + cos aflina = Bina + n cos a, 

neglecting higher powers of a. Henoe the error is repre- 
Bented by □ cos a, approximately. 

In like manner we get to the same degree of approxima- 
tion 

tan {a + a) - tan a = - — ^. 

Again, to the same degree of approximation we have 

where a, (3 are supposed very small in comparison with a and b. 
As another example, the method lead^ to an easy mode of 
approximating to the roots of nearly square numbers ; thus 




1, whenever a" may 



, where a is very small in comparison with a, 

a + b 



Again, in a plane triangle, we have the formnla 

c' = ar + 1"^ ~ 2ab cos C = (a + J)' Bin' — + (a - by cos' — 

Now if we suppose a and b nearly equal, and neglect {a-b 
in comparison with (« + 6)', we have 



-J('> + 6)* 



This furnishes a simple approxiipation for the length of 
the base of a triangle when its sides are very nearly of equal 
length. 



1. Find ths value of (i + a) (r - 20^) {1 + 3a'), negleotiiig o* Bod iughec 
powers Ufa. An). I + a — la^ + o*. 

2. Find the value of sin (a -t- a) Bin. {b + B), neglecting terms of ind order 
in a and j8. Aiu. aia a sia b + a cos a an i -^ S ma a 1:0s i, 

3. If ffl = » — « sin u, « being very small, find the Tslue of tau gu, 

Ahs. (i + c) Ian— . 
Here - = — + - ein u; tan - = tan [ — + a J , whore a = - aia u ; .'. &o. 



The drculac measure of o is -^ ii being the radius of the sphere ; hence, 

auhatituting ^ ~ b^ 'or cos a, &a., and afterwards making Jl = a, vB get 
js = a> + t'. 

5. If a parallelogram be iljghllf distorted, find the rehttion connecting the 
changes of its diagoDals. 

Am. dAd + (f Aif = c, where 1^ d! denote the dinconalB, and Ai, Aif the 
changeB in Iheir lengths. In tiie caae ef a rectangle the incremsnta are eqml, 
and of opposite signs. 

6. Find the limiting value of 




aa 


+ ia-i 4 


ca"*' 


+ &e. 










In this case the true viilne 


is that of 


^0- 


= ^„. 



Hanoe the required value is lero, — , 01 



7. Find the value of 




s' 2* 




1 14 




ncslecticg powera of a beyond tha 4tli. 


a' J** 

^nt. 1 + - + — . 

3 ij 


S. Find the limiting Tfllues of - when y = o 
the equaHon j/' = iiy - A 
Here, dividing by y> wo get 


z and y bebg connected by 




1= * 




If we solve for- we haye 




J='±(i-y)'. 


1 


Heooe, in tie limit, when ji = o, we Lave - - 


z, or - = o. 



4 



g. In fig. 3, Art. 37, if.^2 lie regarded aa a sideofa regular inscribed polygon 
of a very great numboc of sidea, bGdw tliat, iu)gl<>cting small qunnticica of the 
4th. order, the difibroni^e between the perimeter of tile inacribod polygon and 
liiBt of the circumscribed polygon of tlie some number of aidea is repr^ented 

Letnbe the number of mdo8,(lien the difference in queationis nlAB — AB); 
. , -wAS , ,„ ,„, itAE{AB-AB) 



■kAE- 



AE 



- 1 (BE - AE) = - BB, q. p. 



This result shows how rapidly the perimelera of the circmnacribcd and iu- 
icribed polygons apprraimale fo equality, as the number of aidea becomes very 
giwU, 

10. Aasiunbg the earth to be a sphere of 40,000,000 m&troa circmnference, 
•how that the differiHloe between ila circumlereneB and the perimeter of a regular 
iaaeribed polygon of 1,000,00a sides is less than ^th of a millimetre. 

11. If one Bide *of a spherical triangle be amall, find aneipression for (lie 
i6 between the otber aides, as for as terms of tbo second order in i. 



Htte co8e=cosacosi-f 

Let ■ denote the difference in question ; 



- sia S 006 C = not a {eoi 



d 
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Since c and h nte botli amall, we get, to terms of tlie eeoond order, 



^ 



"We now proceed to find the suoooasiTe derived functions 
fiome elementary examples. 
41. nerlved Functions nt of^. 



Let 
then 






j = m{m- i) Qf^\ 



<P^_ 



3tions J 



and in general, ~^=m{m—\) (m - a) . . . {m 
If »i l36 a poBitive integer, we have 

rfjf 

and all the higher derived functions vanish. 

If m be a fractional, or a negative index, then none of the 
successive derived functioas can vanish. 

ExAatPLEa, 
I. If H = rti" + iir»-i + 53?f-» + &c., prore that 



rfj;"" 



^ = (_ ,1« "("+')■■ ■(''■i-'"-')g _ 



42. If y = a^ 1< 



Examples. 



. d'y 






6x log X + ^x + 2X - 6 



<h? 



= 6 log a: 



'0^^' i?^ 



It miglit haye been observed tbat m this case all the 
terms in the auecessive differentials which do not contain 
log X will disappear from the final resiilt — ^thus, by the last 

Artide, = o, accordingly, that (tnn may be neglected ; 

and-siniilar reasoning applies to the other terms. The work 
can therefore be simplified by neglecting such terms as we 
proceed. 

The student will find no difficulty in applying the same 
mode of reasoning to the determination of the value of 






e y = 2!^' log X 



I For, as in the last, we may neglect aa we proceed all terms 
I which do not contain log ^ as a factor, and thus we get in 



(» - ■) ■ 
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43. DerlTed Functloiis of sin mx. 

Let ^ = sin mxj 

then -rr = /w cos mx^ 

ax 

♦ -T^ = - m' sin mxy 

dor 

and, in general, -^-^ = (- i^m^^ sin mx. 



c/ar^"*^ 



= (- i)*»m^'*** COS mx 






(0 



It is easily seen that these may be combined in the single 
equation (Art. 22) ^ 



d^ (sin mx) 
d^ 

In like manner we have 



= m*" sinf waa? + r- ]• (2) 



d^ 00^ mx ^ ( 7r\ 

7- = m*^ cos »w? + r - . 

dof \ 2) 

44. DerlTed Funettons of (f^. 

Let y^ef^. 

This result may be written in the form 

(^y.^=«"^, (4) 

f d\^ 
where the symbol f j-J denotes that thej^roces* of differentia' 

tion is applied n times in succession to the fonotion e^. 
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In general, adopting the same notation^ we have 

= [uiofl^ + uiia--* + -4jrf^ + &c. ^] ^. 

This result, if ^ (a;) denote the e^[Kre8SLon 

-4oa^ + A^^ + . . . ^, 
may be written in the form 

#(i)«" = «(«)«"; (5) 

in which ^ (a) is supposed to contain only positive integral 
powers of a. 

45. Te find tte n^ BerlTed Functioit of e^ cos bx. — 

Let y represent the proposed expression, 

dj/ 
then -T- = fl^ cos &p - 6^ sin bx 

ax 

»c**(acos&p-6sin&r); 



if tan ^ = -, we have 6 = y^o* + fi* sin ^, and a = y^o* + 6' cos^. 
Hence we get 
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Ageia, 

^ = (a' + b^)^ ^ \a cos (6a? + 0) - J sin (6a? + 0)] 

= (fl^ + V) eF" cos (6a? + 20). 

By repeating this process it is easily seen that we have in 
genenJ, when n is any positive integer, 

^^(a^ ^ hy ^ cos (fix + nff). (6) 

46. To find the DerlTed Functtoiis of tan"M-L 

and tan"^ x. 

Let y = tan"^ ( - ), or a? = cot y : 

\X/ 

IX. dy - I 

d^y d (dy\ d , . . ^V d . . ^ . 

= sin'* y -7- (sin'* y) = sin' y sin 2y. 
. . d^y ^/.o . \ dy d . . . . 

= - sin'^y— (sin'^y sin 2y) 
= -1.2. sin'y sin 3y. (JSr. 5, Art. 28.) 

Hence, also — = 1.2.3. sin*y sin 4y; 

and in general, -^ = (- i)** | n - i sin*»y sin ny. 



Theorem ofL^bnits. 
Aeain, Binoe tan"' x = — tan~' -, 

" 2 X 

where y = ootr'r, as before. 

This result can also he written in the form 



rf" (tan"' x) 



sin I n tan~' 



(- ■)- 



47. If y = sin {m sin"^ 



to prove tbot 



(8) 



dy m ecB (m sin"' x) 
^ -/i -or ' 

-•. (i -!f') [ — j = m' coa= (m Bin"'iE) = m* (i -ff*}. 

Senoe, difereniiating a second time, and dividing hj 2 -r-, 
we get the required reault. 

48. Tbeorem of LelbDltz. — To find the «'* differen- 
tial coeflScient of the product of two functions of x. Let 
y — Hc j then, adopting the notation of Art. 34, we write 



and eimilarly, y", u", p", &o., for the second and higher 
derived functions — thus, 

W = ^ (») — A 
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Now, if we differentiate the equation y = uv, we have 

f/ = ttv' + vu', by Art. 13. 

The next differentiation gives 

y" = ui/' + wV + p'm' + vu" = «n" + 2tt'ff' + W. 

The tMtd differentiation gives 

y"' = Mil'" + (/o" + zu'v" + 2u'V + oV + cm'" 

= uv'" + iti'rf' + 3k"9' + ci/", 

in wliioh the ooeffioients are the eame as those in the expan- 
sion of {a + 6)'. 

Suppose that the same law holds for the «'* difiorential 
ooeffi-cient, and that 



yC) = MEiW + Btt'ot""') + 



«(»- 



V ("-') + 



then, diffeientiating again, we get 



. a»C") + (« + !) uW-l 



a'iii)^ ,«-■) + fa... 



in which it can be easily seen that the coefficients follow the 
law of the Binomial Sxpimsion. 

Accordingly, if this law hold for any integer value of n, 
it holds for the next higher integer ; but we have shown that 
it holds when h = 3 ; therefore it holds for « = 4, &o. 

Henoe it holds for all positive integer values of n. 

In the Ordinary notation the preceding result becomes 



c^[ut) _ 



d^v 



dxdtf^^ 1. 2 dxi'di!'-'' 



(10) , 
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49. To proTe thai 

(0(^«)=.«(«.0«, (II) 

fl 

where n is a positive integer. 

Let v = ef^ia the preceding theorem ; then, since 






we have 



which may be written in the form 



or 



(|)-(^«) = e«(a+^)-«; 



ex- 



where the symbolic expression (^ + ;7~) ^ supposed to be 
developed by the Binomial Theorem, and — , ^, • • • ^ 

substituted for (^)«'> (t")*'> f;^) **> ^ ^® resulting 

pansion. 

50. Im general, if ^(a) represent any expression in- 
volving only |?09t^t£^ integral powers of a, we shall have 

For, let ^( -T- 1 when expanded, be of the form 

^( — ) + Ax (3-) + . . . + ^, 
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then the preceding formula holds for each of the component 
terms, and aecordaiigly it holds for the eum of all the terms ; 
.■- &c. 

The result admits also of being ■written in the form 

This symbolic equation is of importance in the solution 
of differential equations with constant ooeffioienta. See 
" Boole's Differential Equations," chap. xvi. 



51. tt y = ain"'3', to prove that 



Here f^ - -4=, 
hence, by difierentiation, 



or (i - 3 



(■3) 



(■-«■) 



4 

!'*) 



Again, by Leibnitz's Theorem, we have 



'(»-■) 



d'y 



AJao 



V" 



dn) 



Ob"" 



itt"' 



On Buttracting: the latter espression from the foimer, we 
ohtain the required result by (14). 
If a: = o in formula {13), it hecomea 



l if"y \ 
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where ( xi ) represents the value of 3-^ when x hecomes 

cypher. 

Also, smoe f-j- 1 = i, we get, when n is an odd integer, 

(<^^\ > . , 



Again we have ( 



integer, we have 



1=0; eonseqaently, when n is an even 



^d'yX 



52. ir y = (i +a:^)'Hin(mtan"'j;), to prove tbat 



■2(m-,)« 



¥ m{m 



)y = o- (15) 



-^ = mx{i + flr*)" sin (m tan"' x) + m{i + x'y cos (m tan"' r), 



(1 +^) -~=mx{i + a:')'fiin(ffltan"'a;) + m(i+ic')'co8m(tan-'a!) 



= mxy + m ( I + a?)' ooe (m tan"' r) ; 



.: (1 + j^)'coi (m tan-'a;) = 



r-^ 



The required result is obtained by differentiating the last 
equation, and eliminating cos {m tan"" x) and sin {m tan-'a^) by 
aid of the two former. 

Again, applying Leibnitz's Theorem as in the last Article, 
we get, in g^iem — 
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Eenoe, when a; » o, we have 

Moreover, as when a? = o, we have y = o, and 3^ = iw ; it 

ax 

follows from the preceding that 

p).= °' (£^)o= (- 0"«»(«»-0 . . . (»»- 2«). (16) 

For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, " Traits de 
Cfidcul DifE^rentiel," p. 144, &c. 
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Examples. 



I. y = «*logjp, prove that ^ =- iy- 



d^ , .1.2.. .(«— 1) 



1 



3. y = ««, „ ^=««(i + loga?)2 + *^i. 

(^Sy 2 COS d; 
4.y = log(8m*), „ ^ = -^1^7. 

^ , \/ 1 + a* - I ^ , 2a? rf^y 5a? 

5. y = tan-1 -^^^ + tan"* 5, „ tt = ~ 7—1 — 5^* 

<;(^y 2« 

6. y = ««log(«l). „ ^=-. 



where tan ^ = -, 
r 

9. Ify=s«««^, prove that 

10. If y s a COS (log d?) + b sin (log «), 

prove that * t"? + ^ / + y = ©• 

11. Ify = #««*»-i*, 

provetiat (, - as?) ^ _ a- ^ = a'y. 
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12 Prove that the equation 

is satisfied by either of the following values of y : 

y = cos (a sin"^ as), or y = e« -^ •in-i«. 

13. Being given that y = (j? + ^/x- - 1)"», 

^y ^y 
prove that (x'^ — i) jy + ^ ^r " ^^ ~ °* 

14. If y = sin (sin ^), 

prove that — -^ + -^ tan« + y cos*af = o. 

15. In Fig. 3, Art. 37, if A3 be regarded as a side of a regular polvgon of an 
indefinitely great number of sides, show that the difference between the circum- 

ference of the circle and the perimeter of the polygon is represented by 7 BD, 

o 

to the second order of infinitesimals. 

I d^ \ 

16. If y = ^ cos fu; + ^ sin nx^ prove that I — + «* I y = o. 

T« I XI x^y / X |«.8in»+»Asin(« + i)A 

where * :^ tan** -. 

X 

, d / a\ — a 

This follows at once from Art. 46, since -=- ( tan"^- ) = -z i. It can also be 

ax \ Xf a* + X* 

proved otherwise, as follows : 

a« + ar* 2a(- i)i L« - »(" i)* a; + a(-i)U' 

" dx^" 2a{- i)* \<^/ ' a:-a(-i)* ~ la (- i)* \^/ ' a; + a(- i)» 

(- i)» I . 2 . . . n r I I "I 

"^ 2a(^T)k L(^ -a(-.i)l)n+i ~ (a; + a (- i)*)»+ij 

" 2^(17)1 L (^ + a«K J- 
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Again, since -= tan ^, we have « = -v/o* -1- s* sin ^y and x = v a* + 4f* cos ^ ; 



hence (« + a(- i)*)^* = (a» + «*) « (cos^ + (- i)J sin^)*** 

= {a« + «2) » {co8(»+ i)^ + (- i)*8in{fi+ i)^}, 
and we get, finally, 

^um In . sin (11 + I) ^ . sin"+* 4> 

S=(-.)-'- :^ . 

i8. In like manner, if y = 



a2 t «2' 



^ Ifi . sin»*i ^ . cos (« + i) ^ 
piOYethat — = (-1).-= —^ . 

19. ltu = 9y, 

pzoTe that -— = » ^ + « - — -., 

ao. H»=(8in-i«)», 

d^u du 
prove that (i - s^) -r-r - « — - = 2, 

oiT dx 

21. Prove, from the preceding, that 

(1 - «*) ^ (a« + I) a? - — - - n« -— = o ; 

and /rf^«\ ^„2/^\ 

i2^ (ft/ 

21. If yme^an bx, prove that 3-^ - 2a -:^ + (a* + **)y = o. 

23. Given y = -r — ;, find --^. 

_ ax + b ae + b I ae - b i 
Here ^5—3 =• + r*- 



( 6o ) 



CHAPTER in. 

DEVELOPMENT OF FUNCTIONS. 

53. liemma. — If t^ be a function of a? + y wMoh is finite 
and continuous for all values of a? + y, between the limits 
a and b^ then for all such values we shaJl have 

du du 
dx dy 

For, let u =f{x + y)^ then if x become a? + A, 

dx h 

when h is infinitely small. 

Similarly, if y become y + A, we have 

^ = u^t of /ii±l±4:i/(l±i^, 

dy h 

which is the same expression as before. 

TT du du 

Hence —- = ---. 

dx dy 

Otherwise thus : — ^Let s = a? + y, then u =/(«), 

dz , dz 

-T- = I, and — =1: 
dx ' dy ' 

du du dz _ ,. . ^ 

du dudz ^,, . du 

T- = 3- 3- = / («) = T-- 
dy dz dy ^ ' dx 



Taylor's E-rpu'nion. 6i 

54. lt/{x + y) he a contmnouB function, whieh does not 
Irecome infimto when y = 0, its expansion in powers of y can 
contain no negative powers ; for, suppose it contains a term of 
the form My™, where M is independent of y, this term would 
hecome infinite when y = o ; hut the given function in that 
case reduces to /{x) ; hence we shonld have/(j") = ;», which 
is contrary to our hypothesis. Consequently the expansion 
oifix + y) can contain only positiYe powers of y. 

Again, if/(«) and its successiTG derived functions be ^/»'fe 
and continuous, the expansion of f{x + y) can contain no 
/raciional power of y. For, if it contain a term of the form 

-Pi/"'«i where - is a proper fraction, then its (n + i)'* derived 

function with respect to y would contain y with a negative 
index, and, accordingly, woiold become infinite when y = o ; 
which is contrary to our hypothesis. 

Hence, with the conditions expressed above, the expan- 
taiaa of /(a; + y) can contain only ;)ost(i£« integral powers of p. 

55. Taylor's Expansion off{x + y).* — Assuming that 
thefunotion/(fl'+ff) is capable of being expanded in powers of 
ff, then hy the preceding this equation must he of the form 

fix + y)=P„ + P,y + P^' + &c. + P^" + &c., 
in which Po, Pi, . . . Pa are supposed to be finite and eon- 
tinaons functions of x. 

When y = o, this expansion reduces to/(^) = Pc 
Again, lot u=/(x + y); then by differentiation we have 

(lu dP„ dPi JPi dP„ . 

-- = --- + y _— i. f ^r . . . + y" -J- + &c. ; 

ax ax ax dx dx 

-J- = Pi + 2Piy -f 3Psy* + &C' 

■ Tbe isveattgiition in this Article is iniraduced for tlie purpose of allowing 
the beginner, in u aimplo manner, how Taylor's sBries can be arrived at. It ia 
bued on the laauniplion that tbe function /{* f y)ifl capable of being esponded 
iai wriei of povers oiy, and that it ia also b continuous function. It dentou- 
Mntcs tbat whenever Qio funolion represented hj/(x + y) is capable of being 
cxpinded in a conTcrgent seriea o( positive ascending powera of ^, the series 
mnst neceuarilf coincide witb tbe fonn given in (i). An investigation of the 
eooditiolu of convergencv of the eeriea, and of the applicability of Che Theorem 
it) general, will be introduced in a aubseijuent pari of tbe Chapter. The parti- 
cular cose of tiiis Tbeorem when /(z) is a rational algebraic eiprcsaion of thou'* 
decree in i is alieady familiar la tbe student vhobaa read the Theory of Equations. 
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r 

■ Now, in order that these aeries sliould be identical for all 

I values of y the coefScients of like powers must he equal. 

I Aecordingly, ive must have 



ax 



I . 2 Ife I . 2 rf»> I . z' ^ '' 

3 ife I. J. 3 iiSii> 1.2.3' '■'• 



and in general, 

F. '— "^ - -^-i— /WW. 1 

I . 2 . . . » fifo" I . 2 . . .n^ * ' 

Aooordingly, when /{«■■) and ita succeBsive derived func- 
tions are finite and contiuuouB we have 

fi'+y) -/W + f ./"(«■) + f^/"W + ■ ■ . + r/'"'W+- (■) 

This expansion is called Taylor's Theorem, having been first 
published, in 17 15, by Dr. Brook Taylor in Mb Metkodus 
Incrmnentorum. 

It may also be written in the form 

•^ ^ "'•'''' I dx 1.2 or \n Aff* ^ ' 

or, if tt = /(a:), and «i =/(i + y), 

ydu y' d^u y" d'u . , . 

1 dx 1.2 dj^ \n di^ 

To complete the preceding proof it will be neesssmy to 
obtain an expression for the limit of the sum of the series 
after n terms, in order to detennine whether the series i& 
convergent or divergent. We postpone this discussion for 
the present, and shall proceed to illustrate the Theorem by 



The Logarithmic Series. 
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showing that the espansiona usually given in elementary 
treatifies on Algebra and Trigonometry are particular cases 
of it. 

56. The Binomial Tbeorem, — Let u - (x -t j/)" ; 
here/(3;) = of, therefore, by Art. 41, 



/»->^-,.../M(x)., .(,,-,). 
Ilpooe the expansion becomes 



• i»- 



^ »(.-i)...(,i-rt.) 



jT-'f + &o. 



i)^^. 



(4) 



If n bs a positive integer this oonaiHta of a finite number of 
terms ; we ehall subsequently examine the yalidity of the 
expansion when applied to the ease where n is negative 
or fractional. 

57, Tbe Iiosarltbmle Scries. — To expand log (j;+y). 



/w- 



rW. /W-.;. /'(')■ 



Aooordingly 

log (i! + j) = log 
If ar 1 I this series 



iog(i+y) = ^-^ + "j-...(-i)''-"-..&o. 

When taken to the base a, we get, by Art. 29, 

log. (. + ,). a-f*-*^ + 2^-i^ + 4„.V 
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5S. Vo expand Bm{x + 7f). 
Here /(^) =Bina:, f{x)=oosx, 

fix) =- smx, f'ix) = - 00a X, &o. 
Henoe 

Bin (iT + y) = flin «( I + &o. ± 



\ 



f ■ 



Aa the preceding series is supposed to hold for all values, 
it muBt hold when » = o, in which case it beoomes 

Bin(/=?^ ^ + y- &c. (8) 

I 1.2.3 I.2.3-4-5 ^ 

Similarly, if a: = — , we get 

cosy=i--J^^ f -&o. (9) 

I . a 1.2.3.4 

We thus arrive at the well-known expansions" for the sins 
and cosine of an angle, in terms of its circular measure. 

5g. Maclaitrln's Theorem. — If we make a; = o, in 
Taylor's Expansion, it becomes 

/ W -/(o) + f/Co) + 7^/'(°) + ■ ■ ■ l^/"(o) + ■ ■ • , (>o) 

where /{o) . . ./'"'(o) represent the values which /(») and 
its BucoeBsive derived fimetions assume when a; = o. 

Substitute » f or y in the preceding series and it beaomes 

" These eipansiona are duo to Newton, and were obtained by him by the 
mstliod of reversion or scries from the expansion of the ore in terms of its aae. 
This latter eerica he deduced from its derived function by a process analogous 



Exponential Seizes- 

Thia result may be estalDliBhed otherwise thug ; adopting 
the same limitation as m the case of Taylor's Theorem : — 

Aesome /(«) = ^ + £» + CV + iV + £»* + &o. 
then /' (x) =£ + zCx + sCa* + a,Mx' + &e. 

f"{x) ■= 2 G + 3 . zDx + 4 . ^Ej? + &c. 
f"{x) = i.2D + /^.2..2Ex + &c. 
Henoe, maHng ir - o in each of these equations, we get 

fjo) ^ rip) 



f{o)=A, /'io)=B, 



'- = c. 



= D, &c. 



whence we obtain the same series as before. 

The preceding expansion is usually called Maclauriu's* 
Theorem ; it was, however, preTiously given by Stirling, and 
is, as is shown already, but a particular case of Taylor's series. 
We proceed to illustrate it by a few examples. 

6o, Kzpoaentlal Series. — Let y = tf. 



Here f{x) = a', 

f{^) =«-log«, 
r {*)=«' {log «)S 
/('■){ar) = <r(log«)", 

and the e:![paDsion is 

(^log£) (^logn)' 



tenee /{o) = i, 
„ /(") -log«, 
„ /'(o).logo)-, 

„ /I'lM-aog")" 



(") 



If e, the base of the Napierian system of Logarithms, be 
substituted for a, the preceding expansion becomes 



(■2) 



■ UaelaDiin laid no claim to tie thcoretn wiich is inown ly hie name, fur, 
■JW prormg it, lie sddi — "This theoreni wna given by Lt. Taylor, MtlAad, 
Incrrm." Set Maclouria's Flttiiom, vol, ii., Art. 751. 
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^ 



If .r = 1 this gives for e the same value as that adopted in 
Art. 29, viz. : 



t 



I 1.2 1.2.3 1.2.3.4 

61. ^Expansion of sin x and cos a: by IHaclaorin's 

nieorcm. Let /{a;) = sitia-, then 

/(o) = o, /(o) = I, /"(o) = o, /"(o) = - I, &c., 
and we get 



In like manner 



.2-3-4 



the same expansions as already arrived at in Art. 58. 

Since sin {— 3;) = - sin x, we might have inferred at onoe 
that the expansion for sitiic in terms of x can only consist of 
odd powers of x. Similarly, as 00s (- x) = oosa:, the expan- 
sion of cos X can only contain even powers. 

In general, if F{x) ^ F{- x), the development of F(i:) 
can only conaiat of even powers of x. If F(- x) = - F{x), the 
expansion can contain odd powers of x only. 

Thus, the expansions of tana, Bin"'^-, tan"'a-, &c., can con- 
tain no even powers of x; those of 00s x, sec x, &o., no odd 
powers. 

62. Huygens' Approxlmatton to lengtli of Circular 
Arc* — If A be the chord of any circular arc, and B that of 

half the are ; then the length of the are is equal to , q.p. 

For, let R he the radius of the circle, and X the length of 
the arc : and we have 

A . L B . L . 

-7; = 2 sm — =, ^ = 2 sm — f,, 
E 2R R 4R 

' This important approiimation JB due to Huygena. The dcmonstralioa 
given abote is that of Neirton, and is introduced by liim oa on application of 
£is eipausion for the due dI an angle. Vid, " £pia. Prior ad Oldemboigium." 



Huygem' Approximation. 
36, by (8), 
A = L- 



.3-4--fi' 



z.3.4.ii' 2. 3. 4. 5. 64. £' 

oonBequently, neglecting powers of -p beyond the fourth, we 

get 

BB-A ^( Z* \ . , 



768oie*, 
Hence, for an are equal in length to the radius the error in 



the whole arc ; for an arc of half the length of the radius 
the proportionate error is one-sixteenth less ; and ao on. 
In practice the approximation* is used in the form 

L = zS + -{2B-A). 
3 

This simple mode of finding approximately the length ot 
an arc of a circle is much employed in praotioe. It may also 
be applied to find the approximate length of a portion of 
any continuous curve, by dividing it into an even number of 
suitable intervals, and regarding the intervals as approxi- 
zoately circular. See Eariine's Eules and Tables, Part I., 
Section 4. 



Hero 5 = 2JBsin7°3o', A = iBBin ij'; 

liul, from the Tablea, 

Biii;'3o' = .r3osifi8, bid 15° = .sjSKi 

„ 3B- A 

Hence iS+ -« 51359.71. 
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63. Expansion of tan"'^;. — ABSume, according to Art, 
61, the expansion of tan"'a; to be 

Ax + Bo? A On? + Dx" + &o., 

■where A, B, C, &c., are undetermined eoeffiolenta : 
then i-^^^'^ ^ ^ ^ ^_g^ ^ g^^. ^ ^jy^ ^ ^^_ . 



dx 
d . tan"'i 



- a;' + ai* — it' + &o.. 



when a lies between the limits + i. 
Comparing coefBcienta, we have 



Hence 

tan"'a: = + ... + (- i)" + . . . ; (14) 

when x is less than unity. 

This expansion can be also deduced directly from Mac- 
laurin's Theorem, by aid of the results given in Art. 46. 
This is left as an exercise for the student. 

64. Expansion of sin'V. — Assume, as before, 
ein"'« ='A3! + Ba^ + Car" + &c. ; 

tlien 7 TTT = A + zBx' + sGc* v &o. ; 

(I - ar')* 

but , ^ ,. = (l - «')^ =! + -«' + ^-^ «• + ... 

(1 - flr)l ^ ' 2 2.4 

LI . 3 . . . 2r - I _^ 
+ = 1^ + . . . 
2.4... zr 
[enoe, comparing coefficients, we get 
^ = 1, B=-.-, C = -^-^.-,&o. 
23 2.45 
Finally, 
2 



3.^,...,i^:::iIzJ.if:^,...(,5, 

4 5 2.4... 2r "-^ ' "' 



J 



E-jIe/s Ejpretnont for Sine and C^sf. bq 



[Since ve hare flssamed that ^'V ramshes along vith r we 
most in this expaodon wganJ Bnr'x as being the cinnlar 
measure of the acnie angle vhose Eine is r. 
There is no difficaHy in detennining the g^iosl fonnnla 
for other Talaes of ain'^, if reqmEite. 
A direct proof of the preceding result can be deduced 
from Maclautin's expanfion by aid of Art, 51. We leave 
this as an exercise for the etndent. 

From the preceding expansion the value of w can be 
exhibited in the following series: 

■■I II 1-31 £. 

6 z 2. 38 2.4.552 
For, since sin 30° = -, we have - = sin"' - ; .■- &c. 

An approximate* value of v can be arrived at by the aid 
of this formuia ; at the same time it may be observed that 
many other expansions are better adapted for this purpose. 

65. Eater's Expres^ons for Sine ^d Cosine. — In 
the exponential series {12), if le %/ - i be substitnfed for -r, 
we get 



.2.3-4 
- + &o. , 



Ll 1-2-3 

= ooB <c + •/ ~ \ sin « ; by Art. sg. 
Similarly, r"""' = (x&x - •/ - i sin ar. 
ence e*'"' + r^"' = 2 cos a-, \ 



4 



e"-' - e"^-' = z^ - 1 sin I. ) 
A more complete development of these fommlse will be 
found in treatifies on Algebra and Trigonometry. 



i 
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bb. John BerDDulli's Scries. — If, ia Taylor's Ex- 

paneion (i) we make 1/ = - a-, and transfer f(x) to the other 
side of the equation, we get 

/(«)./(o) +«/'(r) -^/"W * J^/'-'l") - *"■ (17) 

This is eqxiivalent to the series known as Bernoulli' 
and published hy ln'm in Act. Lips., 1694, 

As an example of this expansion, \&tf{x) = e* ; then 
/(o)-., ./».f, /»=e-,4 
and we get 

c* = I + xe" — '■ — [f + &c., 
1 . 2 

Or, dividing by e*, and transposing, 



dU's," 



which agrees with Art. 60. 

67. Sfmbolic Form of Taylor's Theorem. — The 

expansion 

may bo written in the form 

in whieh the student will perceive that the terms within the 
brackets proceed aooording to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 

/(,ts,).AvW, (I?) 

• In Ws Eediu. Quad, ad long, cum., John Bernoulli introduuea tMa theorem 
Bgdn, adding — " Quam condum BerieDi postoa Tajlorus, intetjecto vigind 
annoruni intorvallo, in librumiiueni eiHdit, i.D. 1715, ittnelhodo mcremiHtarum, 
tconsfoire digiiatua eat Buh alio tantum chnrnctarum hahitu." The great in- 
}iiatii:e of this Btsttitnont need not be ineisl^d on; for irhile Taylor's Theorem ia 
one of the most importmt in the entire mags of analysis, (h^t of BemauUl ia 
comparatlTcIy of little use; ondia, as shown shove, but a simple case of Tsflor's 
llxpEuuioQ' 



Syiuholie Form of Taylor'' s Theorem. 71 

where e '' is supposed to be expanded as in the exponential 

theorem, and ^ '^^ written for f- (4-)"/i^)^ <^<'. 

This form of Tajlor's Theorom is of estensiye application 
in the Calculus of Knite Differences. 

68. Otber Forms derived rrom Taylor's Series. — 

In the expansion (3), Art. 55, substitute h for y, 

,. hdu h^ d'u h" d"u „ 

then Ui=u + --r+ - — - ^-5 + ■ ■ ■ — rr. + *°- 

I ax 1 . 2 cix' I . 2 . . . w (W" 

If now A be diminished indefinitely, it may be represented 
by da, and the series beoomes 



or u,-u = -^dx+-^^clj? + ^^^d2^ + &c., (20) 
I I. a 1.2.3 

in which Hi ~ 1* is the complete increment of m, corresponding 
to the increment du) in x. 

Again, since each term in this expansion is infinitely small 
in oomparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
oomparison with it, we get 

da =/'{j-)dj; 

the same result as given in Art. 7. 

Another form of the preceding expansion is 

du (Pit d'lt d^u „ , . 

«,-!*= — + + + . . . + + &c. (2 1 ) 

t I . a I . 2 . J 1 . 2 . . . w ^ ' 

69. Theorem. — If a function of x become infinite fur any 
finite value of x then all its successive derived functions become 
iajirti/e at the same time. 

If the function be algebraic, the only way that it can be- 
, come infinite for a finite value of « is fey its containing a 

p 
^ tenn of the form -rr, in which Q vanishes for one or more 



I 

J 



72 Dcfelopment of Fuiiclioiis. 

values of x for which P remains finite. Aceordinglyi 



igiy. let I 



Again, certain transcendental functions, such as e ' ° ', 
cosee {x ~ a), &c., become infinite when s: = a; but it ean be 
easily shown, by difierentiation, that their derived functions 
also become infinite at the same time. Similar remarks apply 
in all other cases. 

The student who desires a more general investigation is 
referred to De Morgan's Calculus, page 179. 

70. Remarks on Taylor's Expansion. — In the pre- 
ceding applications of Taylor's Theorem, the series arrived 
at (Art. 56 excepted) each consisted of an injinite number of 
terms ; and it has been assumed iu our investigation that the 
sum of tliese infinite series has, in each case, b. finite limiting 
value, represented by the original f unction, /(» + y), or f{x). 
In other words, we have assumed that the remainder of the 
series after n terms, in each case, becomes infinitely small 
when n is taken sufficiently large — or, that the series is eoiv- 
vergmt. The meaning of this term will be explained in the 
next Article. 

71. Convergent and nivergent Series. — A series, 
»i. Ml, tta, . . . «n, . . . consisting of an indefinite number of 
terms, which succeed each other according to some fixed law, 
is said to be convergent, when the sum of its first n terms 
approaches neai-er and nearer to a finite limiting value, accord- 
ing as n is taken greater and greater ; and this limiting value 
is called the sum of the series, from which it can be made to 
differ by an amount leas than any assigned quantity, on 
taking a sufficient number of terms. It is evident that in the 
case of a convergent series the terms become indefinitely 
small when n is taken indefioitely great. 

If the sum of the first u terms approximates to no finite 
limit the series is said to be divergent. 
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In general, a series conBisting of real and positive terms 
is convergent whenever the sum of its first n terms does not 
inoreaae indefinitely with n. For, if this eimi do not become 
indefinit«ly great as n increases, it cannot be greater than a 
certain Jini(e value, to which it constantly approaches as n 
is increased indefinitely. 

72. Application t« Geometrical Progression. — 
The preceding statements will be best understood by apply- 
ing them to the case of the ordinary progression 



(i). Let3:< I ; then the terms become smaller and smaller 
as n increases ; and if n be taken sufSoiently great the value 
of af can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented 



at* 



which becomes smaller and smaUor as n increases, 



and may be regarded as vanishing ultimately, 

(a). Ijet x> I. The series is in this case an increasing 
one, and s^ becomes infinitely great along with n. Hence 

the sum of « terms, or , as well as the remainder 

after n terms, becomes infinite along with n. Accordingly 
the statement that the limit of the sum of the series 

i+x + s^ + ... + x'' + ...fid infinitum 

ie holds only when x is less than unity, i. e. when the 

series is a convergent one. 

In like manner the sum of n terms of the series 



- a; + ie° - 

■ -(- 



r 
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Aa before, when x < i, the limit of the sum ia : hut 

i +x 
when x> 1,0^ becomea infinitely great along with n, and the 
limit of the sum of an even number of terms is - to ; while 
that of an odd number ia + oo . Hence the series in this case 
has no limit. 

73. Tbeorem. — If, in a serks of positive terms repi-e- 
sented by 

«i + «i + ■ - ■ + «n + &c., 

the ratio -^ be less than a certain limit smaller than unity, for 

all values ofn beyond a certain number, the series is convergent, 
and has a finite limit. 

Suppose A to be a fraction less than niiity, and greater 

than the greatest of the ratios -^ , . . (beyond the number 

«), then we have 



c *»„. 



n 



Hence, the limit of the remainder of the series after «„ is 
leas than the sum of the series 

kun + k^'.in + - . - + Ifwn ... ad infinitum ; 

therefore, by Art. 72, less than 

kil„ , 
:_, since A-<r. 

Hence, since ti„ decreases as 41 increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small when » is tateu sufficiently great ; and 
consequently, the series is convergent, and haa a finite limit. 

Again, if the ratio -^ be > i, for aU values of n beyond 
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a oertain number, the series is divergent, and has no finite 
limit. This oan be established by a siniilar process; for, 
aasomiDg k > i, and less than the least of the fractions 

-^, . . . then by Art, 72 the series 

w« + Aub + ^'"11 + &^- ad infinitum 
has an infinite value ; but each term of the series 

W, + !*„„ + !(„« + &C. 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &c. 
These results hold also if the terms of the series be alter- 
nately positive and negative ; for in this case k becomes 
negative, and the series will be convergent or divergent 
according as - & is < or > i ; as can be readily seen. 

In order to apply the preceding principles to Taylor's 
Theorem it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we commence with the following : — 

74. Iicmnia. — If a eontinuom function f{x) vaimh when 
ir = a, and also when x = b, then its deHved function <li'{x), if 
ako continuous, must vanish for some value of x between it 
andb. 

Suppose b greater than a; then if ^'{a;} do not vanish 
between a and by it must be either always positive or always 
negative for all values of x between these limits; aud 
consequently, by Art. 6, <p{x) must ooustantly increase, or 
constantly diminish, as x increases from a to fi, which is 
impossible, since ^{x) vanishes for both limits. Accordingly, 
^'(x) cannot be either always positive or always negative ; 
and hence it must change its sign between the limits, and, 
being a continuous fimction, it must vanish for some inter- 
mediate value. 

This result admits of being iUustrated from geometry. 
For, let y = ^{x) represent a continuous curve ; then, since 
^(o) = o, and ^{h) = o, we have y = o, when x = a, and also 
wnen i=b; therefore the curve cuts the axis of x at distances 
a and b from the origin ; and accordingly at some inter- 



A 



31 

r Bome 1 
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mediate point it must have ita tangent parallel to the 

X. Hence, by Art. 10, we must have ^'(j-) = o for some 

value of X hetween a and b. 

75. liBgrauge'B Tbeorem on tbe I^tmlts of Tay- 
lor'H Series. — Suppose R„ to represent the remainder after 
w terms in Taylor'a expansion, then writing Xiorx-^-ym (i), 
we shall have 

fm -A') * ~^/- w + ^-^^ /■■{•:) + . • • 

+ ^^^'/MHh.J., („) 

in which/{3'), /'(«■) /!"' {-s) are supposed finite and 

continuous for all values of the variable between X and x. 

From the form of the terms included in -Rn it evidently 
may he written in the shape 



E„='- 



where F in some function of X ajid x 
Consequently we have 



4 



Now, let z be substituted for a in every term in the pre- 
ceding, with the exception of P, and let F{b) represent the 
reaultmg expression : we shall have 

,)^....+ <^"pj, (24) 

in which P has the same value ae before. 

Again, the right-hand side in this equation vanishes 
whens = X; .-. F{X) =0. 

Also, from (23), the right-hand side vanishea when s =» ; 
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Accordingly, once tbe fmetkn F{s) T i riAe a -mitat m = Xt 
snd also vheD a = ^ it folknn from AA. 74 that its ^xired 
fanotion F\s) also Tanishes for aoBM Tsbie tA x between dte 
limits X and x. 

• Proceeding to obtain ^(z) by diffeiaitialim fitm eqn»- 
tioQ (24), it can be eaaly seen that tbe tenos destroy e«eh 
other in p^rs, with tbe exoeptim of tbe two laaL "Baa we 
nhftll bare 



1 



Consequently, for &ome Taloe of s between x and X we 
mast have 

/[•>(.) -p. 

Again, if be s positivv quantity lees than unity it is 
easily seen that the expression 

x + B{X-x), 

by assigning a suitable value to 9, can be made eqoal to any 
number intermediate between x and X. 
Hence, finally, 

p=f'^')[x^e{x-x)\, 

where is some quantity > o and < i , 

Consequently, tbe reminder after n terms of Taylor's 
series can be represented by 



£.=• 



(X--r)- 



/l-){:r+ff(X-^)j 



(25) 



Wftlring this Bubstitution, tbe equation (22) becomes 



* '^..-T' -^'-" M t^^j^r^"/'" i»ti>(x-»)). (26) 

Tbe preceding demonstration is taken, with some slight 
modificatioiis, from Bertrand's " Traite de Caleul PifE^rentiel" 
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Again, if A be substituted for X - x, tbe series becomes 
/(« + A)=/{^)+A/'((c)+&o. 

+ ^/'''"''W + ^/'"'('^ + e/0. {27) 

In this expression h may be any positive integer. 
If » = I the result becomes 

/{z + A) =/ix) + />/' {x + eh). {28) 



fix + A) =/(^) + A/ W + -—/" (^ + flA). (29) 

The student should observe that 6 has in general different 
values in each of these functions, but that they are all subject 
to the same condition, viz., > o and < i. 

It will be a useful exercise on the preceding method for 
the student to investigate the formulas (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 74. 

The preceding investigation may be regarded as furnish- 
ing a complete and rigorous proof of Taylor's Theorem, and 
formula (27) as representing its most general ea^ression. 

76. Geometrical Illaatratian. — The ecjuation 

/(X)./{») + (x-»)/'|» + e(2-»-)l 

admits of a simple geometrical verification ; for, let y =f{iE) 
represent a curve referred to rectaTigulor axes, and suppose 
(X, Y), (ic, y) to be two points P„ P, on it : then 

f{X)-f{x) Y-y 

X-x X-/ 

Y-y . 
But = — - is the tangent of the angle which the chord P, Pj 

makes with tbe axis of x ; also, since the curve cuts the 
chord in the points Pi, P^. it is obvious that, when the point on 
the curve and the direction of the tangent alter continuously, 
the tniigent to the curve at some point between P, and Pi must be 
parallel to the chord Pi P, ; but by Art. 10,/' (r,) is the tri- 
gonometrical tangent of the angle which the tangent at the 






Second FfiK, of Etn:mti4^. ;q 

point (a^, Jfi) makes with the aiis of x. Henoe, for some valae, 
Xi, between X and x, we ninst have 

or, writing ^i in tile form r + 6 (X - *), 

77. Second Porsi of Ke^ttiader. — The remainder 

after n terms in Tajlor's Series may also be written in the form 



A-^ 



- JVW (x + Oh). 



For it is evident tliat E^ may be written in the fonn 
(X-;r)P,; 

.•./(X)./W + (X-^)/'(,)+... + &^'/l"l(») 

♦ (X-:r)P, 

SulsetJtute s for a-, as before, in every term except P, ; and the 
same reaaooing ia applicable, word for word, as that employed 
in Art. 75. 'ihe vaine of £" (a) becomes, however, in tbia 



■f"('-)- 



(j-')' 



/'•H')*F:, 



and, as F'{z) must vanish for some value of s between x and 
X, we muflt have, representing that valae by a; + 9{X ~ x), 

P: - '■^"'^'^}[~ '''" /'■' I' *H^ -')',. (30) 

where 6, as before, ia > o and < i . 

If A be introduced inetead of X - x, the preceding reault 



- AY'"' {« 4 < 



whioh ia of the required form. 
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Heneo, Taylor's Theorem admits of being written in the 
form 



The same remarks axe applicahle to this form* as -were made 
with respect to (27). 

From these formulfe we see that the esaential conditions 
for the application of Taylor's Theorem to the expansion of 
any function in a series consisting of an infinite number of 
terms are, that none of ita derived functions shall become 
infinite, and that the quantity 

P/W(a: + Bh) 



shall become infinitely small, when n ia taken sufficiently 
large; as otherwise the series does not admit of a finite limit. 



Let M„ = , then -^ = ; .-. -^ becomes smaller 

and smaller aa « increases ; hence, when i! is taken sufficiently 
great, the series m„+„ »„+., . . . &o., diminishes rapidly, and 
the terms become tdtimately infinitely small. Consequently, 
whenever the n'* derived function f-"'^ (xj continues to be finite for 
all values of n, however great, the remainder after n terms in 
Taylor's Expansion becomes infinitely small, and the series has 
a finite limit. 



Remainder in the Expansion of sin x. Si 

7g. Cieneral Form of Slaclanrin's Series. — The 

ezpanBion {27) becomes, on making x = o, and substituting 
w afterwards instead of A, 



/w ./(<,) +1/(0) ^ 



-/"(o)^ 



/(.-.|(o) 



+ |^/Cl(te). (33) 

Hence the remainder after n terms is represented by 

where fl is > o and < i. 

This remainder becomes infinitely smtill for any function 

/{x) whenever ,— /'"^ {Qx) becomes evanescent for infinitely 

great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of tiiis chapter. 

80. Bemalnder in (lie Expansion at a'. — Our for- 
mula gives for E^ in this case 

^(log.)-^. 

Now, c^' is finite, being less than a" ; and it has been proved 
in Art. 78 that ^ — beeomeB infinitely small for large 

tbIqgb of n. Hence the remainder in this case becomes 
evanescent when n is taken sufficiently large. Aoeordingly 
the series is a convergent one, and the expansion by Taylor's 
Theorem is always applicable, 

81. Aemalnder In tbe Expansion of sin x. — In this 



-.=f-(?-4 



1 



Bevvhpmmt of FuncUons. 



8, and the I 



This value of B,„ ultimately vanishea by Art. 78, . 
series is accordingly convergent. 

The same remorka apply to the expansion of cos i 
Aooordingly, both of these series hold for all values of x. 

82. Remainder in the Kxpanalon oflog (i + z).- 
The series 

it ^ a? x^ 
+ + &c., 



^en a; is > i, is no longer coovergent ; for the ratio of any 
term to the preceding one tends to the limit - x ; conse- 
quently the terms form an increasing series, and become 
ultimately infinitely great. Hence the espansion is inappli- 
cable in this case. 

Again, since /"(a;) = (- 1}*^' . - — -, the remainder 

Eh is denoted by -- — — ( rr- \ fc hence, if x be positive and 

fess than niiUy, ■■ ■ - is a proper fraction, and the valuo of 

E^ evidently tends to become infinitely small for large values 
of n ; accordingly the series is convergent, and the expansion 
holds in this case. 

83. Binomial Theorem for Fraetlonal and Nega- 
tive Indices. — In the expansion 

V... "' wi (m - i) , J 

(I +a-)"'= I +Y-r+ \ ^ V +.... I 

I . 2 . . . n 
if u„ denote the n'* term, we have 



the value of which, when n increases indefinitely, tends to 
become -x; the series, aooordingly, is convergent if x 
but is not convergent if ar > 1 . 



Binomial Theorem. 

Accordingly, the Binomial Expansion does not hold wlien 
X is greater t^an unity. 
Again, as 

/!•)(«). ».(»-■) . . . («-«+,)(,+«)-, 

tile remainder, by formula (25), is 

I .2 . . . li ' 

or 

m{m-j)... jm-n + i) 



(I + to)—- 

Now, enp'posB X positive and less than unity; then, vhen 
I ie very great, the expreBsion 

fn{m~i) . . . ( w-«+i) ^ 



beootnee indefinitely small ; also ■ , — _ , is less than unity; 

(I +H^)" '" 
henoe, the expansion by the Binomial Theorem holds in this 
.se. 
Again, suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 77, which becomes 
I is this oaaa 



(-.)•• 



;...(»-!) '■• "' »' "•' ' 

^. . (m-g4i)(i-9)-':t» I i-B I — 

' ■' - 1.2. ..(„-,) I .-tel ■ 

Also, Bine© a- < i,6x<B; .•. i -Qx> 1 - Q; hence ^ 

is a proper fraction ; .■. any integral power of it is less than 
imity ; henoe, by the preceding, the remainder, when n is 
euffideaUy great, tends ultimately to vanish. 



i 



^ 



\ Xj I 1.2 



84 Developmeni of Functions. 

In general {x + y)" ms-j be written in either of the forma 

-(-r-"(-i)"= 

now, if the index m be fractional or negative, and a; > y, or 

- a proper fraction, the Binomial Expansion holds for the 

series 

(« + 2/)" 

but does not hold for the series 

{x-iy)" = y"'(i f-J =y" + - j/'^^a! + —^ -'ff'"-V + &o., 

since tlie former series is convergent and tlie latter divergent. 

We conclude that in all cases one or other of the expan- 
sions of the Binomial series holds ; but never both, except 
when m is a positive integer, in which case the number of 
terms is finite. 

84. Bemalnder In tbe JExpanston of tau^';?;. — The 

tan '3; = + — &a., 

I 3 5 

is evidently convergent or divergent, according as !r< or > i. 
To find an expression for the remainder when x< 1 , we have, 
^7 (8), p. 50— 



/""(*) = (^i;J- tan-:. = (-.}- 
Hence we have, in this case, 



B. - (- .)- 






I infin 

L for B 



which, when x lies between + i and - 1, evidently becomes 
infinitely small as n increases, and accordingly the series holds 
for Buch values of x. 
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85. Expansion of sm"'a;, — Since the function aiif'a! is 
possible unless k be < i, it is easily seen that the series 

C'ven in Art. 64 is always convergent ; for its terms are each 
js than the corresponding terms in the geometrical pro- 
gression 

a + a" + a^ + &c. 

Consequently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the 
cxpan^on of tan"' « when a: < i, as well as to other analogous 
Bdies. 

In every case, the value of R„, the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion on taking its first n terms for 
its value. 

86. Expansion bj aid of BIffterential Equations, — 
In many eases we are enabled to find the relation between 
the coefficients in the expansion of a function of x by aid of 
difEerential* equations ; and thus to find the form of the 



senes. 

For example, let y 


' e*, then 




dx 


Now suppose that v 


?ehave 


y = oo + a 


« + «^ + 


^ |-»- 


aflaU! + . . 


Aoootdingly we have 




a, + 2fl»r + za^ 


* + ...= 



• Thia method is iEdicalBd by Newton, and there can he little doubt that il 
•rubj sid irf it he nrriTed at the eipansioa of sin (mein' i), as well as othai 
•rrie*.— Vide Ep. poattrior ad Oldembargium. It is worthy of obBeryalion thai 
Kewtoa's !8tt«ii! Ui Oldemburg were wTittea for the purpose of trnnBiniaaiOQ tc 
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hence, equating coefficients, we have 

2 2 3 2.3' 

Moreover, if we make a? - o, we get do = i, 

.'. «*=!+-+ + + &0., 

I 1.2 1.2.3 

the same series as before. 
Again, let 

y = sm (wsin*"^a?). 

Here, by Art. 47, we have 

Now, if we suppose p developed in the form 
p = do-\- aix + OaOJ* + . . . + a«aJ" + &c., 

then — = fli + 2d^ + ^a^ + . . . + ndf^^ + &o., 

Substituting and equating the coefficients of (xf* we get 

n^ - w? , 

''••« = (n+i)(«+2) ''"• ^34> 

Again, when a? = o we have y = o ; .*. do^o. 

Hence we see that the series consists only of odd powers 
of ^ ; a result which might have been anticipated from Art. 
61. 

To find dx. When a? = o, cos {m sin"^a;) « i, hence ( 3~ )= ^> 

accordingly «i = w ; 

m* - I m(m' - i) 

• • fl^a ~ — " di f 

2.3 1.2.3 

fw* - m Iw? - i) (w' - o) 

4-5 1.2.3.4.5 



ein* {m bid '«) 



Expansion of sin mz and ct 



j 



+ '^if!l_iI&L^:^-&. (35) 

In the preceding, we have aasumed that sin^'^ is an acute 
angle, as otherwise both it, and also sin (m sin"' j:), would admit 
of an indefinite number of values. — See Art. 26, 

87. Expanslou of sin m 3 and gobwjs. — If, in (35), sbe 
Hubstituted for eia^'j^, the formula becomes 



(36) 



In a eimilar manner it oan he proved that 

009 mz= \ + — ^ Bin's - Ac. (37) 

1.2 1.2.3.4 

If m he an odd integer the expanBion for sin mz consists 
of a finite number of terms, while that for cos wjs contains an 
infinite number. If m be an emn integer the number of 
temiB in the series for cos mz is finite, whue that in ein mz is 
infinite. 

The preceding series hold equally when m b a fraction, 

A more complete exposition of these important expansionB 
will be found iu Bertrand's " Calcul Diff^rentiel." 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is ■; t—, r sin's, which, when 

, (" + {« + 2) . ; . 

B IS very great, approaches to sin's. Henoe, since Bin z is 
less than unity, the series is convergent in all cases. Similar 
observatione apply to expansion (37). 



^ 
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The expansioE 

1 1.2 1.2.3 1.2.3-4 

can lie easilj arrived at by a Bimilar process. 

SS. Arboiast'a Metliad of Derivations. 

If u = a + b~ + c + d + &o., 

1 1.2 I .2. 3 

to find the coefficients in the expansion of <j, (h) in ascending 
powers of .c — 

Let /(•)-*(«), 

and suppose /(x) = A + ^x + x^ + <£c. 

-/(o)+'/'(o)+^/"(o) + &c, 
then -we have evidently 

^ -/(■>) -♦(«)• 

Also, writing u', u", u'", &c, instead of 



by auccessive differentiation of the equation /{«) = ip («}, we 
obtain 

/* («)-♦'«■••. 

/-(«)- f(«)-""+»"(«)-M'. 

r w - f (») . <•■'■ + 3*" M . »' . t." + 0- {«) w, 

/"(«) - f (») . «" + *" (i.) [4»' »'" + 3 («")'] + H"'{') ■ ("?• «" 

+ ♦'■(»).("■)•■ 

Now, when x = o, u, u', u", «'", . . . obvioufllj beoome 
a, b, c, d, . . . respectively. 



Arbogast's Method of DerirMtion^. 

Aooordingly, 
B. /'(c.).f(o).6, 
C-/"(o)-0' («)■« + *■■ (")■*', 
■D = /" (o) = *' (a) ■ (^ + 3^" (o) . Jc + ^"' (a) . ¥, 
■B - /*' (o) -♦'(«). e 4 J" (o) (4SJ + 3c') + 6^" (o) . Vc 

+ f- (»).*■. 

From the mode of formation of these terms, they are seen 
to be each deduced from the preceding one hy an analogous 
law by that to which the derived fiinctionB are deduced one 
from the other ; and, as /'{a:), /"(a-) . . , are dednced from/(a!) 
by suoceasivG differentiation, bo in hkc manner, B, C, D, . . . 
are deduced from ^ («) by saeoesaive derivation ; where, after 
differentiation, n, b, c, &c., axe subBtituted for 






.&c. 



If this proceBs of derivation be denoted by the letter S, then 

^ = S. ^, G^B.B, D = S.C,&e. (38) 

From the preceding, we see that in forming the term 
£ . ip{ti), we take the derived function ^'{a), and multiply it 
by the next letter b, and similarly in other cases. 



Also 5 . ^'[rt}6 = ^'(rt)e + ^"{a)b\ 

This gives the same value for C as that found before ; D 
is derived from Cin accordance with the same law ; and ho 



The preceding method is due to Arbogast : for its 
ileta discussion the student is referi'ed to his " Calcul des 
'Privations." The Eules there arrived at for forming 
vuoceseive coefficients in the simplest manner are given 
*' Qalbraith's Algebra," page 342. 



, pieiQ 

■ l)^rii 
H vuocei 

■ *'Ga] 



the I 

M 
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As an illustration of this method, we shall apply it to find 
a few terms in the espanaion of 



sin i a + i - + c + d + &o, 

V I 1-2 1.2.3 

Hoie ^ = ain (E, B = % . &m. a = b aos 11, 

C = S . bcosa = c cos a ~ b'' sin a, 

J) = S . C= d ooB a- ibo am a ~ b' 008 

-B = 8.D = eooea- (46^ + 31!*) sin n - 



c ooB a 
¥ sin a. I 



If the 8. 



+ bx + c- 



V &c. consist of a finite num- 



ber of terms the derivatiee of the last letter is zero — thus, if 
d be the last letter, B . d = o, and d is regarded as a constant 
with respect to the symbol of derivation S. 

If the expansion of <p {u) be required when m is of the 
form 

a -I- J3j; + 73^ + 8j^ + &o., 

the result can bo attained from the preceding method by 
substituting a, b, c, d, &o. instead of o, |3, 1 ■ z 7, i . 2 . 3 . S, 
&c., and proceeding as before. 

The student will observe that in the expression for the 
terma D, E, &c., the coefficients of the derived functions 
^'(a), ^"(c), &c., are completely independent of the form of the 
funotinn ^, and are expressed in terms of the letters, h, c, d, 
&o. solely; so that, if m/c«/a(erfortce/orfl//, they can be applied 
to the determination of the coefficients in every particular 
oase, by finding the different derived functions ^'(n), ^"(0), 
&o., for that case, and multiplying by the respective eoef- 
fioients, determined as stated above. 
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Examples. 

1. If 1* =/(««+ Jy), then --j-^ it* T^ fumiflhes the condition that 

ojix o ay 

a giyen function of x and y shouM be a fimction of ax + bt/. 

2. Find, by Maclamin's theorem, the first three terms in the expansion of 
tan jT. 

Ana. » + — + — 
3 '5 

3. Find the first four terms in the expansion of sec x, 

a?« ea^ 6i afi 
Ans. I + — + i— + . 

2 24 720 

4. Find, by Maclaurin's theorem, as fiEir as d^, the expansion of log (i + sin a;) 
in ascending powers of x. 

Let f{x) = log (I + sin «), 

Av ^,i X cos « I ~ sinaJ 

then/ m = ; — = = sec » — tan x, 

I + sin as cos a; 

f"(x) = sec a; tan x - sec'a? = -fipc) sec x ; 

.'. /'"(«) = -/"(«) sec X -/'(«) sec a; tan a?, 

/*▼ (x) = -/"'(«) sec a? - 2/"(a?) sec a? tan » -/'(«) (2 sec^a? - sec a;) ; 

.•./(o) = o, /'(o) = l, /"(o) = -l, /'» = !, /^'^(o) = -2; 

«* iC* «* 

.•- log (i + sin a^ s d; + — + &c. 

"^ ' 2 6 12 

5. Find six terms of the development of in ascending powers of x 

cos a? 

23?* a?* xx^ 
Ana, i+a; + a;*H 1-— + — ... 

3 a 10 

6. Apply the method of Art. 86, to find the expansions of sin a; and cos x. 

7. FroTethat 

• • * 

t«a-i (x+h) » tan-i« + A sin «5?i _ (Asinz)^ ?5-^ + (h sin*)'?^^ - &c., 

I 2 3 

where s « oot'^s. 

Renf{x) m tan'^a; B — s ; and by Art 46, -r— = (- 1)* \n- 1 sin»«sin#i«; .*. &c. 

2 as^ '■■ 
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1 
Examples. 


8. Hence prova the aipaneion 




^ = 


+ "^™ = + 


i£if cob'i + ^!!?-1^<!ob' 


Let A = - cot 


= - a, &o. 




q. Prove that 








r = * + !i^ 


.■^■.^%. 


Ulktsmz^- 


1 in Example 


; then ii + »=""""' 
Bin. 


10. Prove tbe 


xpanaion 






'-S-:* 




ABEiimo /> ^ - 


-^ , tten 





1- + A = - tan« = Ian (t - i) ; •■.»-« = tao"' {a + *), 4o. 
Substituting in Eiample 7, we get the result required. 
The precedicg expansiona were fiiet given by Euler. 
11. Prove the equutiona 

sin <|Z ^ 9 Eiu £ — 1 10 sin's + 431 ein^x - 576 ain^2 4- 156 siii*c, 
0Ob6j = 31 cos'i — 4S COB*:!! + 18 oob'x — I, 
These follow iram tbe forniulce of Article ^i. 
ti. If m * 1, Newtoa'a furmula. Art. S7, givea 



lifj thie result hf Did of the elementar; equation ain 14 = i 
13. If ^(z f A) + f (s- A) = f (<r) ^(A), forallTBlieaofi 

and also f'(o]=o, ^"'(o)=o, £c. 



prove that 



= &o. =<ioaaaat; 



14. li, in the it 



' ?(^) 






'; prove thftt<;)(i) = e" + *". 
prove that * (r) = 2 eoa {«0. 
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15. Apply Arbogart's method to find the first four terms in the expansion 
of 

Ana. «» + fia»^i 3a? + f 5^^-^' 3* + fiao ) «»-« a:« 

^ + I 

16. Prove that the expansion of . x can contain no odd powers Of «. 

For if the sign of a; be changed, the function remains unaltered. 

17. Hence, show that the expansion of contains no odd powers of x 

beyond the first. 

■rr X X X e^ + I 

Here + - = - . ; .% &c 

«• — I 2 2 tf*— I 

18. If tf ss , proye that 

n (d>^^u\ fi (» - i) fc^u\ /du\ 

and hence caleulate the coefficients of the first fiye terms in the expansion of m. 
Here ^fi = « + m, and by Art. 48, we haye 

(du n(n—i)d^u d^u\ ^*u 

d*— I 2 1.2 1.2.3.4 1.2...0 



prorethat 



0' 30' 42' 30' 



These are called Bernoulli's numbers, and are of imp<»:tanoe in connexion 
with the expansion of a large number of ficinctions. 

90, Prove that 

0+1 2 1.2^ ' 1.2.3.4^ ' I. 2. ..6^ ' 
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21. Hence, prove that 

^+1 ^ ^ 3.4 3-4-5.6' 



=s — — 4- — — &o« 
2 24 240 



22. Froyethat 



2'3iaf« 2*^2** 2«j58«* . 

XQoix= I T — ao. 

1.2 1.2.3.4 I.2...0 

23. Also, tan - = ^irc (2« - i) + -^ (2* - i) + &o. 

2 3-4 

24. ProYothat 

— cot — s= I — ^1 JS% -. — — - ,,■■ — • • • 

* 2 I* |4 \i 

This follows immediately by substituting - for d; in Ez. 22. 

2 

25. Giyen uOu— x) = i; find the four first terms in the expansion of u in 
terms of x, by Maclaurin's Theorem. 

expand y in powers of x by the method of indeterminate ooeffioients. 

27. Show that the series 

X X* X* 9^ 

— + — + — + — +..• 

jM 2"^ V^ a"! 

is convergent when a; < i, and divergent when d? > i, for all values of m. 

28. Prove the expansion 

{x - »)"• ^ (a:) (a; - a)« ^(a) (a; - a)«-^ rfa ( ^(a) ) 

1 . 2 . (« - »)"»-« \rfa/ ( ^(a)) 

29. Find, by Maclaurin's Theorem, the first four terms in the expansion of 
(i + a?)* in ascending powers of x. 

Let /(«) = (! + «)*, 
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/"'(*) = -/"(*) (^ - ^* + ^'^ -*«•) + »/'(«) (5 - 1 '^ + *"•) • 
But, by Art. ag, /(o) = « ; 

.••/'(o)=-p rw^^. /"'(<>)=-?«. 

^ ea? I Ida?* 7* « 

Hence (1 +x)' = e + ■^a^-{-&c, 

^ ' 2 24 16 

This result can be yeiified by direct deyelopment, as follows: 
let 1* = (! + «)•, 

then log « = - log Ci + «) = I — + -+...; 

X 234 

2 8 9 s 

... ,, = /^*i-^••• = ^./5*T-4••• 
^ /« a? a5» \ a;2/i a: «* \2 ipS /i a? \s "l 



[a; iia?* 7a;* 1 
2 24 16 J 



30. In Art 76, if /(a;) and /'(or) be not both continnons between the points 
Pi, Pt, show that there is not neoessajily a tangent between those points, parallel 
to the chord. 

a? sin "tx 

31. Find the development of -: : in ascending powers of a?, the coef- 

sin X sin 2a; 

fidents being expressed in BemouUian numbers. '* Oamb. Math. Trip., 1878." 

Since -: ; = a? cot as + a? cot 2af, the expansion in question, by (22), 

sin a; sin 2a; ' ^ ^ ' j \ n 

is 

|- -77- (2+1)-— IT— (2^ + ir- (2» + i)- &c. 
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CHAPTEE IV. 



IHDETEKMINATE FOKMS. 

. Indeterminate Forms. — Algebraio expresBiouB Bome- 
timea become indeterminate for particular values of the 
variable on which they depend ; thus, ii the same value a 
when substituted for a: makes both the numerator and the 

denominator of the fraction '-7-, vanish, then"^-7-T becomes of 

the form -, and its value is said to be indetermiimte. 
o 

Similarly, the fraction becomes indeterminate \if{x) and 
0(^) both become iiijinite for a particular value of a-. We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the limiting value which the 
fraction assumes when x differs hy an infinitely small amount 
from the particular value which renders the expression indeter- 
minate. 

It will be observed that the determination of the diffe- 
rential coefficient of any expression /(a:) may be regarded as a 
case of finding an indeterminate form, for it reduces to the 
.,/{•:* I') -fi') 



determination of - 



- when A - 



In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 




. Tho fraction - 



Examples. 

- becomes - wlien i = o. 



To Bud its true ralun, multiply its numerator and denominator b; the co 
pUmMiatf/ BUrd, \/a + x + y'o — *, and the fraction 'becomeB 

tie trufl value of wMcli is \/a when i = n. 



Hnltiplf by the two complementary Burd forms, and the 

iaa {va + x + */ a - x\ 

zrfv'B'+M'+^ + 'v/o'-oi+ic'i' 



rue value of which evidently is v'o wheni = o. From the preceding 
•xamples we infer that when an expieeaiou of a surd form becomea indeter- 
minate, ite true value can usually he determined by multiplying by the eom- 
Iilementary surd form or forma. 



• -•?" 



-: becomes - when fl = 



9(c(«a-£08fle) 

To fls4 it* tree value, Eubstitute their ezpansiona for the b 
■ud the fraetian becomes 

'('-r^,^-)-(-T^,^-) 



Indeterminate Forms. 

Divide b7e3{a>- l), and oince all the terms after the first in (bene 
and deaomiaatCE vaoisb fhen 9 =o, tiie tme value of the fraotion u 

7. The fraction 

Aia" + AiX^-'^ + A^x"-^ + . . . Ar,, « , 
becomBa — when a = 00 : 

IB Tslue can, howovBr, be easily detennined, for it is eyidenlly equal tc 

, -Ai At 



. . ., all vaniah; bence^ 



UoreoTer, whene=CD, (he fractions — , — ' . 
the true Talue of the given faction is that of 

i»-.!^Vhea« = « 

The value of this cxpreBeion dependa on the aign of in — n. 

(I.) If m > H, X"-" = se when * = « ; or the ftaotimi is infinite id ihii 



(2O If«°n,thet> 
(3.) IftROi, theuj 



'-" = o when i = 00 ; and the t: 






B value oE the frac' 



9. v^a' + flj: — B, when ar = 00. Ant. -. 

10. u = ii'ain I— I, when* =™. 

(r.) If a < I, a' = o when x =«>, and therefore the true value of His icta' 
in this case. 

(2.) If > I, then If becomes infinite abiig wilh x ; but as — is infinite^ 

small at the same time, ve have »□— = —■ Hence, tlie true value 
u ia c in. this case. 



Method of the Differential Calcutua, gg 

H •= ••/ eP — x^ ^ai- A is o£ tha formo x 




-h-f^fl- 


(-^?)- 


*3 «> 1/ r>\' «» 


'O-f'^ 



4 



ra get, on diTiding b^ xi, Uiq tr 



13. 



M 



°'V)-- 



— , when a = B- 



iinV- 



Similar processes may be applied to other cases ; there 
ue, however, many indeterminate forms in which such pro- 
oeaees would either foil altogether, or else be very laborious. 

We now proceed to ehow how the Differential Calculus 
famishes us with a general method for evalaatiug indetermi- 
nate forms. 

90. — Method of the Mffierential CalcnlDs, — Sup- 

poM —t\ to be a fraation which becomes of the form - 

« -a; 

i. e./(a) = o, and (a) = o ; 



when 



Indeterminate Forms. 
4- k for X and the fraotion beoomes 
/{a + A) -/(«) 
/{a -^ A) 
$(«+ A)' 



0(« + A)-^(a) ' 



but when /i ib infinitely small the nuinerator and denominator 
in this expression become /'(n) and ^'(a), respectively; hence, 
in this case, 

/(»** ) _.rw 
<■(« + '') *'(«)' 

Accordingly, -77-^ repreBcnts the limiiitig or inie value of 
* W 

the fraction -^S- 

(1.) If /' («} = o, and ^'(fl) be not zero, the true value of 

/■(«) • 

—T-T IS zero. 
♦ W 
(2.) If/ (a) be not zero, and tt, (o) = o, the true value of 

^i.«.. 



(3.) If /'(o) = o, and 0'{o) .0,0 






still of the indeterminate form -. Applying the 

preceding process of reasoning to it, it followB that 

its true value is that of - . 7- , - , . 
(«) 

If this fraction be also of the form -, we proceed to the 

next derived functions. 

In general, if the first derived functions which do not 

vanish be/W(a) and *'"'(«}, then the true value of -A-r 
iethatot/ia?!. 



Examples. loi 



Examples. 



IT 

xemx — 
!• f* = , when d;= -, 

cos JP ' 2 



Here /(«) = a?Bm« , 



^ {x) = coBX; 
.'. /'(«) = a? cos « + flina?, /' f - J = i, 

<»'(«) = -£dn a?, <^' f^j =- I. 



Hence n = - i, when a; = -. 

2 



gmx ^^ma 



2. 


f* = -; r-f wnei 

(x-a)r' 


1 2;» a. 




Here 


f(x) ss ««« - ew«^ 








/. /(«) = IIW«*, 




/'(a) = tne*M. 




<^'(ic)=r(ic-a)'S 




<f>'{a) is o or 00, as r > or < i. 



Hence the true yalue of u is oo or o, according as r > or < i. 

ThiB result can also be arrived at by writing the fraction in the form 

i — -i — = — ' «»»« where A = a? — a ; 

hence, expanding «*»^, and making hezo, we evidently get the same result as 
before. 



3- 


X- 


-sin a; 


when a; = o. 




re 


f'{x) = I - cosa?, 




/•(o) = o. 




i>X') = P^f 






^•(0) = o. 




f"{x) ^amx, 






/"(o) = o. 




4>''(a;) = 6x, 






^"(o) = o. 




/"» = cos«, 






/'"(o) = i. 




4>'"(«) - 6, 






^'"(0) = 6. 



102 Indeterminate Forms. 

Hence, the true yalue is 7, as can also be immediately arriyed at by substituting 

6 

X— -2 ■¥ &0, instead of sin x, 
o 

a* — I 
4. when x = o. Arts, log a. 

X 

^-/W -<>■/('') _..,■■ , /(«) +/'(«) 

S» — 7~c r~» wnen ^i; = a. „ —7— 77— r. 

It may be observed that each of these examples can be exhibited in the form 
00 - 00 , that is, as the difference of two functions each of which becomes in- 
finite for the particular yalue of ^ in question. 

91. Form o xoo. — The expression /(a?) x <p(x) becomes 
indeterminate for any value of x which ma.kes one of its fac- 
tors zero and the other infinite. The function in this case is 

easily reducible to the form - ; for suppose /(a) = o, and {a) 
= 00, then the expression can be written '^-^, which is of the 

required form. 

Examples. 
I. Find the yalue of (i — x) tan — when x = 1. 

This expression becomes , the true value of which is - when x = i. 

"^ irx IT 

cot — 

2 



(«sm*-'), 



2. Sec X ( « sin a: - - K when a: = -. 



xsmx — 
2 

This becomes , a form already discussed, 

cos a: 

3. Tan {x — a) . log {x — a), when x = a. Am. o 

4. Coseu*/3i; . log (cos ax), „ x = o. 



a2 



" 2/3»* 



Method of the Differential Calculus. 



„m. 



As stated before, the fraction -Vr also 
beeomeB indetenninate for the value x = a,il 
f{a) =r», and 0{a) =co. 
It ean, however, be reduced to the form - by writing it 
in the shape 

iM. 
f¥) 

The true value of the latter fraction, by Art. 90, is that of 

„*;ii)f/i4!-. 






VwUw)' 



Now, BuppOBe A. represents the limiting value of 
Then X = a, then we have 



«(^) 



-*>) 



= />>. 



that IB, the true value of the indeterminate form ~ is found 

in the same maimer as that of the form -. 
o 
la the preceding demonstration, in dividing both sides of 
I our equation by ^, we have assumed that A is neither zero 
I nor iiLSuity ; so that the proof would fail in either of these 

It oan, however, be completed as follows : — 

StippoBe the real limit of "-V-! to be zero, then that of 

i-^-i- — ZTi-i is k, where k may be any constant ; but as the 



»w 



Indetermiiiate Forms. 



riT-D noil 1 Tiff " 



latter fraction has a finite limit, its value by the preceding 
method is 

A") ^ m*^) or-^ + i- 
*'{") ' *'(«) 

f(a) 
'. when A is zero, -rA is also zero, and h 
9 W 
vice versa. 

Similarly, if the true value of — ~ be infinity when x = a, i 



,.«- 
*'{•) 



,*w 



tJieD Trr4 J8 really zero ; we have, therefore, ^;T-^=o,ty what 



hae been just established ; .■. , , ; = oo, 
Aaoordingly, in aU cases the value of 



lW. 



/'(«) 






■ Oq letenmg to Art. 6g, ilie atudent will olMerre that -^ " of the fonn 



-, 80 that tlie procesa given aliave would not h 



'0 enabled to exhibit our cipresBiOD, after diSi 



a of lie form " - whan x 



= Mo'fB, ^(i) = — , and the fraction —-, ^ "ti^ "^ '''o fenn " , but it u 
I _ T '^V'i 



)» tranafonned in 



-, which is of the form - : the true value of the latter 



faction can be eosily shown to be — °° when x = -. 
la aome inatsncoa an expression becomes indetann 
of X. The student can eaail; see, on sabstituting - 
equally to this oose. 



te from an infinite value 
' X, that our rulea apply 



Indeterminate Expres. 



so/the Form \f[x)]^^'-\ 105 



93. Indeterminate Expressions of tJie Form 

\.f{T)\m. Let u = |/H!*'^i, then log u = 0(:r) \osf{x). 
This latter product is indeterminate whenever one of ita fac- 
tors becomes zero and the other infinite for the same value 
of ar. 

(1.) Let ^{x) =0, and log (/(a-)] = + «>; the latter re- 
quires either/(a;) =00, or /(a:) = o. 

Hence, f./(^)]*'''' becomes indeterminat© when it is of the 
form 0°, or 00°. 

(2.) Let #{«) = ±a., and log {/(«)) = o, OTf{x) = i ; this 
gives the indeterminate forms 

1° and 1"'. 

Hence, the iudeterminate forms of this class are 

0°, co°, and I*". 



ESAMPLBB. 

trae Talne of tMs &iiatian is that of 

lenettlie vtJuu of (■inx]<*°' = <° = i at tbe same time. 

. (dn*)""", when en-. 

hit U of the form I ", hut iU ti^o value is eaaily fouud to bfl uiiitr. 



'.wb„:..o. 



-m. 



Indeterminate Ibnns. 

= loe I I + — h &c. I " — + &c. 

" \ J / i 

;iog u ia - wham =o; and, accordingly, the value ofu 



...,li£lL 



. ■- by Art, 92, the true value of log u when a 
Heace, the Talue of u U i at the aamo time, 



IS also follows immcdiatalj from A 



94. Componud Indeterminate Forme. — If an in- 
determinate form be the product of two or more expresaions, 
eftch of which becomeB indetenninate for the Bame value of tt, 
its true value can be determined by considering the limiting 
value of each of the expressions separately ; also when the 
value of any indetenninate form is known, that of any power 
of it can be determined. These are evident principles : at 
the same time the student will find them of importance in the 
evaluation of indeterminate functions of complex form. We 
win illustrate their use by a few elementary applications. 



The value oCi- ia (-1 , and that of (ain.r)'""- ia unity: 1 





U 


^ 2sin2« 


IBS on 
aoaas 


oe is - irhen s » o. 

3 
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— siorx: hfeaet itstrae 

2 



Acco r diDg ^ , the true ▼aloe of die imyo wd emw— i nn -when^ s = -ia . 



meUiod of Art. 93, is thst of "-7 ; Voft the Ttlwb of die btter fiaetioB is xcso 



when x=Qo; hence the true Tahie of die |a o |io eB J fiaction is also xexo at the 
same time. 

3. u ss j^ Qog xjr, 'when s = Of tnd m Mnd u 9ie pontim. 



Here •= (a^logj?)-, 

?e^isafthefonn=-when* = o; 

s ■ 

I • 

its true yalue is that of ^ (v 1^ 






HenoOj tiie tme yalne of Uie given e xp raaioo is xefo. 

This form is inmiediatelj reducible to the preceding, by assoming r* = e^. 



u = — when s = 00. 



Here 



(t^}'' 



hut if 3 > I, and M > HI, 5*^ =s oe when x^oo. Consequently the Talue of m is 
of the form o* , or is zero in thia case. 

Again, if m > n, 3«^*^ « o when « = eo, and the true yalue of « is ec. 



io8 Indeterminate Farms. 



X 



a * , 
u = — - when a? = o. 



,m 



Let x = -, and this fraction is immediately reducible to the form discussed in 
z 

the preyious Example. 

g C-C0B^)'-{l0g(l+^)}" ^^^ ^ ^ ^_ ^^ 1 

7. u= , when a? = o. 

From Art. 29, this is of the form - ; to find its true yalue, proceed bj the 

o 

method of Art. 90, and it becomes 

Again, substituting for (i + rr)" its limiting yalue «, we get 

\ »2(i + ») y 

the true yalue of which is readily found to he — when xeso. Compare Ex. 29, 

p. 94. 

I *n* - I I (fl sin* — sinoa;)* , 

8. — : {-; : > , whcu iC = O. 

I sma; I (a:(cosa; — cosoa;)) 

iM' — I 

The true yalue of — : , when a; = o, is log m ; 

sin a? 

, , . asin^ — sinoa; , 

and that of -; :, when a? = o, 

a;(cosa;— cosaa;) 

has been found in Example 6, Art 89, to be - ; hence the true yalue of the given 



expression when x =■ o, is ( - j log m. 



-ir)' 



{^-.)» ' 



i.?-cotg), 
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EXAICPLES. 






l« + iiii2«-6«in-1 



» s= O, !•"•• 



COB Xd — COS fid _ 

3« — rs 2T7~» « = «. 00, 

V a + as — A/2fl? y- 



5. , 11 = -I. 

6. : rr— , * = 0. 



'4- ; 1^ »»o. 



.«(;). 



I~Bm«+008d; IT 

7.- « = -. I. 

■m« + cosas- 1 2 

o tand?-8inar I 

d^ tan ii? 
10. -, ««o. I. 

(e--i)» 

logBin# 2 ° 



12. — oot I -I, ««q. o. 



S*-f 200f«' 2 I 

13. -7 > «-0. 



12 



(?)■ 



no 



Examples. 



i5- 



\/2 + 



COS 2d; — Bind; 



xeoiix + «cosdr 



when as = -, uiw*. . 

» 3» 



1 6. 



fl^ sin fia — «*» sin a:<» 



17. 



«8 



tan no; — ft tan x 



i^cQsmx nemx-ninnx 



x = n. 
n^^ (ft cos fta - sin no) oos^fta. 



« = o. 



fn- 



5* 



18. 



(2 sin a; — sin 2xy 
(secar — cos2as)* ' 



x = o. 



8 



19. «^'*, 



a?= I, 



{x - y)» 



»log(i + «) 

21. , 

I —cos* 



x = o. 



^"Xv) 



2. 



22. X . ^, 



« = o. 



^3- log (I + 2:)' 



x = o. 



2. 



iraf — I 

24. , ,0 + 



• 2«« ^(tf«T*-l)ic' 



« =0. 



log (tan 2x) 
^^' log (tan a;)' 

^g g» + log(i~dg)-i 
tana; ~ a; * 



« = o. 



x = o. 



I. 



*7 



2f» 



• (i-w)^,-^* 



tan 



.1 V I -w« COS 4> - — ^ cos 4>, m = I. 



fft 



I — m 



008 s^ 



log (i + a; 4- a?^) + log (i - g + g') 
sec a; — COS « 

X9. ( ;; )'. 



«aO. 



«sO. 



«l«t • • rntha* 



JEigatnple8. 1 1 1 

30. I— — J , when* =00. An$, i. 

, i ex 

31. , * = o. -. 



sma; — log {&* 008 x) i 



«•+ sin*- I 
3*- log(. + «) • 



tana;-a; ' 









2 



I — a? + loffaf 

34- / » «='• -I- 

I - V 2a; — «' 

^^' I - a? + log «* «- . «». 

a^-« 
I — * + log X 

coax - log (i + «) + sin « — I 
37. ^-^ — ; — —. f jp = o. o. 



x^o 2, 



«• — r« — 23? 





a? = 00, — . 

ai 



«-« -«log (h 

41. i , x^a. -I. 

tan (fl + a?) - tan (fl - a?) _ i +g^ 

^ ' tan-i(a + «) - tan'^ (a - x)* " ' cos'a 



d^Bl. 



no Ewampks. 

a/h- eo8 2a; — sina? , » ^ V lo 

ic. ~ : , when « = -. Ana, . 

jp sin 2d; + fl? cos X 2 3T 

, rK« sinfMi — w^sin xa 
tan fi0 — tan xa 



««-^ (« cos fta ~ sin na) oos'wa. 



d;^ tan nx —n tan a; 



17. . — : : y « = o. —5. 

I — cos mjT ft sina; - Bin MjT m» 

(2 sin — sin 2a?)2 8 

18. -7 rr-, a; = o. 9 

(secf — cos2a;}3 125 

r^ I 

19. «i"*, «= I. 

(ar - y) {<^^(a;) + 4>^(y)} - 2^(x) + a4>(y ) <'(y) 

alog{l + «) 
21. — 2_i : aJ = o. 2. 

I — COSJT 

X 
32. X • e^y « = O, 0© , 



23. 1 -. r, X-=0, 2. 



^* log (!+«)' 



iraj — I » 

24. —--5- + ,-5;= — -r-i « = O. 

2** (tfW« - I) X 



log (tan 2g) 
^^' log (tan*)' 



« = o. I. 



e» + log(i-g)~i _ I 

20. » * = o, — - 

tana;- x 2 



• 



27. ; , ■ tan-* Y I -m QQg ^ _ jjQg ^^ f» = 1, 

('-»»)Vi-m« m '"*• 

00s s^ 

3 

log (I + g 4- g^) + log (I ~ g + a;^ 

2o» ~~~ — '• JP ss O. •• 

sec a; ~ COS a; ' 

29. I j *, aP =s O. ai 02 . • • On. 



Examples. 1 1 1 



log x\x 



30. (1^)'. 



i 



3j.«»(l + i)'-«»log(. +1). 



I — a? + logaf 
34- y. 



2X — X* 



«•+ sin^— I 
3*' log(i+«) ' 









when a; =00. ^n«. i. 



.i ex 

* ' 2 II* 



« = o. 



*=oo. 



a? = 00, 



X^U 



24 



sma; ~ log (0* COS a;) i 

32. , x^o» — . 






« = I, — I. 



I — a? + log a? 

cos* - log (i + a?) + sin a; — I 
*• - (i + «) 



a; = o 3. 



«■ — r« — 2aj 
39- tan»-:» ' * = "• 



a 



4i« ^^""^^5^^=^^^ a? = a. — I. 
a — V 2«a? — »* 

tan (g + a?) ~ tan (a ~ a?) _ i + a' 

tan-*(a + «) — tan'^ (a — a?)* "" * cos'a 



1 1 2 Exampka. 

44. (sin «)■*»•, when « = o. Ans. i. 

45. {fi^xY*^; « = o. I. 

tanc ^ 

46. (sin a?) , a? = -. i. 

2 

47. Find the value of 



(a? - y) g>» + (y - a)g» + (g - a?)y» ^ n.f»- i ^j«-2^ 

(« - y) (y -«)(«- ») ' " 1.3 

when x=iy =ta. 

Substitute + A for x, and a + A; for y, and after some easy transformations we 
get the answer, on mtJdng A = o, and k = o, 

^ X + tana; — tan 2a; . 7 

43. — —r , x = o. Ant, -2. 

2* + tan » - tan 3» 26 

of + sina; — sin2jr ~7 

^ 2« + tana?- tan 3a;' 52 

\/x-y/a + y/x-a I 

50. i ,- , «-«► 



-v/«» - a« V^«« 



a; sinjT — tana; 

51. 3- 



««o. 



— I 



< "3 ) 



CHAPTEE V. 



95. Partial DllItrentiati»M. — ^In the pKce^ng dluqt- 
tets we have regarded the foncticiiis ooder cooadentum ■• , 
depending on one Tumble Golelj ; thus, such e 

«", sin &r, i", Ac, 
have been treated as fonctioiis of r only ; the 
a, b,m, . . . being regarded as constants. We may, 
ooDceive these quantities as also capable of cjiange, 
receiving small incrementB ; then, if we regard t as 
we can, by the methods already mtablidifid, find the < 
tial coefficients of these expranione with n^gsrd to the quask- 
tities, a, b, m, &e,, conadertd m portable. 

In this point of view, e" is ngarded as a function of a aa 
well as of X, and its difloeratial ooefficiait with n^ard to a 

is represented by — ^ - ■, or * ^ by Ait 30 ; in the derivatioD 

of which X is regarded as a eonetant. 

In like manner, ein [tm + by) may be considered as a 
function of the four quantities, r, y, a, b, and we can find He 
differential coefficient with leepect to any one of them, the 
others being regarded as eoastatits. IjA tiiese derived fmictions 
be denoted by 

du du du du 

dr dy' dct db' 

reepeotively, where k stands for the expression nnder oon- 
nderation, and we have 



du . 

dt ^ 

du , 



Ay). 

H6y). 



= 6 COS (or + by), 
= y COB (<u i 




114 Partial Differentiation. 

These expressions are called the partial differential coef- 
ficients of u with respect to a?, y, a, b, respectively. 
More generally, if 

denotes a function of three variables, x, y, z, its differential 
coeflBicient, when x alone is supposed to change, is called the 
partial differential coeflBicient of the function with respect to x; 
and similarly for the other variables y and s. If the function 
be represented by u^ its partial differential coefl&oientB are 
denoted by 

du du du 

dx^ dy* dz ' 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

I. u = {ax'^ + by^ + cz^)". 

Here — = ^nax (^aafl + by^ + C2*)""^, 

dx 



du 
dy 


2nby {ax^ 


' + V + <^^^Y'\ 


du 
dz 


2nez (aa? 


+ *y« + C22)»-i. 


u = 


y 




du 


I 


du — i 



dx y^y2_a;2' ^y y\/y^-'X^ 
du , du ^, 

u = x^<l> {xy). 

du 

^ = 2X<p {xy) + x*j/ipr («y). 



Differentiation of a Function of Two Variables. 



^ 



96. Dlflterentialton or a Fnnction of Two Vari- 
ables. — Let w = ^ {x, y), and suppose x and y to receive the 
increments A, k, respgctively, and let Aj( denote tho corre- 
sponding inorenient of u, then 

Au = ^ (« + A, ff + A) - f {^, y) 

'ip {xA- h,y ■\-k)-<p{x,y ^k) --r ^{x,y + k) -^ {x, y) 
_ ^(x + h,y^-k)-^ {y, y + k) ^{x,y^k)-^[x,y ), 
" h " ^ ~ h ~ "■ 

If now h and k be supposed to become infinitely small, 
by Alt. 6 we have 

(a: + ^, ff + A) - ^ (a-, y + A) d . ^ {x,y-^h) 
A " ^r~ "' 

^^ ^ (a-, t/ + A) - 0f;r, y) _ d . ^ (a-, y) 

In the limit, when A is infinitely small, ^ (x, y + A) 
becomefl ^ (», y), and 



ri . ^ (y, y + A) 



t^ ■ ^ (^. y) . 



henoe we get, neglecting infinitely small quantities of the second 
order, 

du du 



where A and k are infinitely small. 

If da, dy, be substituted for A and A, the preceding 
becomes 



(■) 



In this equation du is called the iotal differential of u, 
where both as and y are supposed to vary. 

The student should carefully otserve the different meau- 
1 ingB given to the infinitely small quantity da in this equation. 

, in the expression 3- dx, du stands for the infinitely 
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small change in « nzising from the increment dx in r, y being 

regarded as constant. Similarly, in -y- di/, du Btanda for the 

infinitely email change arising from the increment dy iay, x 
being regarded as constant. If these partial increments be 
represented by rfiW, dyU, the preceding resuit may be written 
in the form 

du = diU + d^a. 

That is, the total increment in a function of two variables ia 
found hj adding its partial increments, arising from the i 



differentials of e 


ich 


of the variables taken separately 
Examples. 




I. Let» = fcos 
total differentiBl of x 


.in 


which r and fl are considerad variablfia, 


And Ihe 


Heia 


it 


.«.., |.-r.l... 


1 


Henco 


dt 


= cMBdr-rmaBia. 


J 



'■© 



Agun, multipljing tlie {ormDi of ths tiro preceding 
latter by ff, aud adding, we get 
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97. Difln&renllatloit of a. Fanctfon of Three or 
more Variables. — f 



« = *(«, y, s), 

and let h, k, I represent inEnitely email increTiients in x, y, z, 
reepeotively ; then 

Aw = ^ (« +h,y + k,s + I) - ^ {x, y, s) 

^ {x + h, y + k, z + I) ~ (jt I'j-, y + t, 8 4 ■ 

h 

»(a^,y + A,B+/)-^(a;,y,g+/) <p{a:,y,x+l)-j,{a!,ff,z ) 
+ ;^ A+ ^ /, 

which becomes in the limit, by the same argument as before, 
when dx, dy, ds, are suhstituted for A, /;, /, 



du~- 



^iS 



dy + - 



{') 



Or, the infinitelj small increment in m is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended to 
a function of any number of variables ; hence, in general, if 
» be a function of n variables, id, Xi, a^, . . . x„, 



rfu = -: 



di( 



■dx,- 



du 



da 



98. If 

where », w, are both functions of x ; then, from Art. 96, it is 
easily eeen that 

dii df(v,w)dv df{v,w)dw 



dx 



dx 



dw dx' 



This result is usually written in the form 



Id general, if 



da _dudf> du dw 
dx dv dx dw dx' 



(4) 



-^fe.. 



■ v.). 
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where yi, t/zy - - » Vn^ are each functions of x^ we have 

du _ du dtji du dy^ du dy^ , . 

dx dyidx dy%dx ' ' ' dyn dx' 

Also, if yi, ^29 &o,, yny be at the same time functions of 
another variable 2, we have 



du _ du dyx du dy% ^ du dyn 
d% dyx dz dyz dz ' dyn dz ' 



and so on. 



Examples. 



I. Let u = <p (X, F), 

where X = ax + by^ Y = ax + b'y ; 

^, du du dX du dY 

then — = 1- . 

dx dXdx dY dx ' 



but 

Hence 



du du dX du dY 




dy ~ dXdy"^ dY dy ' 




dX dX ^ dY 

dx * dy * dx ' 


dY 

dy 


du du ,du 




du . du du 
dy - '' dX-^ ^ dY- 





2. More generally, let 

U = <P (X, F, Z)y 

where X = ax+by + cz, 

Y - a'x\ b'y + e*z, 
Z = a"aJ + V*y + c*'z. 

When these substitutionB are made, u becomes a function of x^ y, z, and we 

have 

du du ^ ,du ^ „du 

dx dX^ dY^ dZ' 

du du ,du „du 
Tz" "dl'^'dY^'' dZ- 
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98*. IHIfereMtfatloM mt a FunetloM mt BilTe- 
renees* — If 11 be a fanction of the differences of the vari- 
ables, a, fifj: to prove that 

du du du 
da (f/3 dy 

Let o-/3 = a?, /3-7 = y, 7-a = s; then, u is a fanction 
of Xft/yZ; and, aooordingly, we may write 

u = i^{x, y, z). 

•rr du dudx du du du dz du du 

Menoe — = h -\- = . 

da dxda dy da dzda dx dz 

^. .. . du du du du du du 

Smularly, ^ = ^-^, ^ = ^-^; 

du du du 
da rfj3 dy 

This result admits of obvious extension to a function of 
the differences of any number of variables. 



Examples. 



I. If 



2. If 



<f A dA dA 
H^'dfi'^'^ 





», 


I, 


I, 


I, 


A = 


0, 


iB, 


7» 

7^, 


5, 

8^ 




a', 


iB^ 


7^, 


5^ 


dA dA 
da^ dfi 


dA 


dA 
^ d^ 


= 0. 






I, 


^ 


h 


I, 


A = 




iB, 
i3S 


7, 
7^, 


5, 

5^ 




a*, 


i3*, 


7*, 


8^, 




I, 


I, 


I, 


I, 


dA 




iB, 
3', 


7, 


5, 

5S 




a', 


iB^ 


7^, 


5^ 



, prove that 



, prove that 



r 



L 
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99, Aeflnltlon of an Implicit FuDCtlon. — S 

that y, instead of being given explicitly as a funotion of m, is 
determined by aa equation of the form 

/(a-, y) = o, 

then y is Baid to be an implicit function of jb; for its value, or 
values, are given implicitly when that of ar is known, 

100. nifltereatintlon of an Implicit FaactioD. — 

Let k denote the increment of y corresponding to the incre- 
ment A in 3:, and denote/fj;, y) by u. 

Then, since the equation f{x, y) = o ia supposed to hold 
for all values of x and the corresponding values of y, we 
must have 

/(» + i, J + i) . o. 

Hence dit = o; and accordingly, by Art. g6, we have, 
when h and k are infinitely small, 

du , du , 

— h + -y- A: = o; 

ax ay 

dii 

hence in the limit 1 " ~h' ^~'dtl' ^^' 

This result enables ua to determine the difierential 
coefficient of y with respect to x whenever the form of the 
equation f{x, j/) = o is given. 

In the case of implicit functions we may regard x as 
being a function of y, or y a function of x, whichever we 
please — in the former case y is treated as the independent 
variable, and, in the latter, ic : when y is taken as the inde- 
pendent variable, we have 

du 
dx dy _ 1 
dy ^ du dy 
dx dx 
This is the extension of the result given in Art. 20, and 
might have been established in a similar manner. 
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I. If ji» + jf»-3«3f = «,tofiiid ^. 



Here j^ = 3(^-*f). j^ = 3(r*-«); 

. ^y _ ^-^ 

" ds" ^-p'' 

See Alt it. 

2. It — + ^= i,tofind^. 

«• 4" ' dx 






loi. If t« = ^ (2;, ^), where ^ and y are connected by the 
equation /{Xj y) = o, to find the total differential of u with 
respect to ^ ; y being r^arded as a function of x. 

Here^ by Art. 98, we get 

du ^d^ d^dy 
dx dx dy dx' 
Also 

dx dydx 

Hence, eliminating -^ we get 

du dx dy dx dy /-\ 

dx" ^ ' 
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Partial Differentiation, 



This result can also be written in the following deter- 
minant form : 

d^ d<ft 

dx^ dy 



du 
dx 



dx^ dy 



d£ 
dy 



More generally, let t* = (a?, y, s), where a?, y, 2, aie oon- 
neeted by two equations, 

/i(^, y, 2) = o, /^(ir, 2^, s) = o ; 
then, as in the preceding case, we have 



and also 



Hence, we get 



du 
dx 



du _ d^ di^ dy dcj} dz 
dx dx dy dx dz dx^ 

^ dfidy ^dz^ 
dx dy dx dz dx ' 

^ ^dy ^dz^^ 
dx dy dx dz dx 



d<l> dxji dip 

dx* dy* dz 

dfx dfx ^1 

dx^ dy^ dz 

dfi ^ df^ 

dx* dy"* dz 



dfx df 
dy'* dz 



dy* dz 
This result easily admits of generalization. 



(8) 
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102. Knler's Tbeorem of Homogeneoiis Func- 
ttons. — If 

u^A(xPy^ + BaP" y^' + Cixf' y^' + &c,, 
where 

i^ + S' = i^' + / = i^" + S'" = ^^' = ^> 
to prove that 

du du , . 

Here x— = Ap^xPy^ -^ Bp' oi^ y^' + &c.; 

Q>X 
dfJL 

y — = -4gi»P y^ ■\- B^ aP^ y^ + &o.\ 

.'. a?~ + y — = ^(p + g);ijP 2/ff + j?(/)' + /) ipP' ^«' + &c. 

= nAoiP y^ + nBaP" y^ + &o. = nu. 

Hence, if u be any homogeneous expression of the w'* 
degree in x and y, not involving fractions, we have 

du du 
a? -7-+ y -r - ^^« 
aa? ay 

Again, suppose f« to be a homogeneous function of a 

fractional form, represented by — ; where 0i, 02, are homo- 

l^eneous expressions of the w** and m^* degrees, respectively, 
in X and y ; then, from the equation 



we have 



and 





02 




du 




d^2 
dx 


dx 


' («»)• 


J 


du 
dy 
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Partial Diff'ereniiaiion, 



wdingly we get 



dii 









but, by the preceding, 

ddti 

dit 



dAj 
dx 



(?")' 



dx " dy 

Si' 



»,)« 



whicli proves the theorem for homogeneoos expressions of a 
fractional form. 

This rt'sult admits of being established in a mote general 
manner, as follows : 

It is easily seen that a homogeneous expression of the «'* 
degree in x and y, since the sum of the indices of x and of y 
in each term is n, is capable of being represented in the 
general form of 



Aeoordingly, let 






rfy dy' 

multiply the former equation by x, and the latter by y, and 
add ; then 



'di^'ds" 



I - 1 
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but (by Ex. 3, Art. g6), 


do dv 1 


du du ^ J 


which proves the theorem in general. ^^^^^| 


In the oaae of three variaMes, r, y, s, ^^^^| 


Buppose u = An^ y^ z', ^^^H 


then we have ^^ 


rfw dii da 
X — = Ap x^ 11^ z"; p— -^Aqx^ifl^, %—=AraPyiz''\ 
ax ay as 


da dii dii ., , , , 


and the same method of proof can be extended to any homo- 

Hence, if m be a homogeneoua function of the n'* degroo 
in a-, y, a, we have 


du du du , , 


It may be obserred that the preceding result holds alao 
if rt be a. fractional or negative number, as can be easily Been. 

This result can also be proved in general, by the »amo 
method as in the case of two Taiiables, from the eonsirlerft- 
tion that a homogeneous function of the n'* degree ma!,y,x 
admits of being written in the general form 


OT in the form 


M = a:" ^ (p, w), where p = ^ sod w - '. 


Proceeding, as in the formea- cue, this *tud«tit md lihf/w, 
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without difficulty, that we shall have 

du du du 
ax ay dz 

Another proof will be found in a subsequent chapter, along 
with the extension of the theorem to differentiations of a 
higher order. 

Examples. 

Verify Euler*s Theorem in the following cases by direct differentiatioii : — 

a^ + y^ du du Ku 

(x + y)* dx dy 2 

a^ + ax^y + hy^ du du 

ax*-\-by^ dx dy 

, .x^-y* du du 






du du 
dx dy 



103. Theorem. — ^If U= Uo + Ui-h th- . . + Un^ 

where t^o is a constant, and t^i, tfi, . . . Uny are homogeneouB 
functions of a?, y, 2, &c., of the ist, 2nd, . . . w** degrees, 
respectively, then 

dU dU dU , , 

tKt; ay az 

For, by Buler's Theorem, we have 

dUr dUr dUr o 

dx ay az 

since Ur is homogeneous of the n*^ degree in the variables. 

CoR. If £r= o, then 

dU dU dU , 1 / V 

^Ix ^^ l^^^T ' ' '"^^ ^^'^^ "*" ^**'^' + • • • + ♦>«'o}. (12) 

This follows on subtracting 
from the preceding result. 



[ 



Samaria em Enler't Th«>reiK. 



lu an Eiil«r^ Thcvrcnk. — In the ap[^- 
cation of Enler's Theorem the student should he careful to 
flee that the fimctioaa to which it is applied are really 
expres^ona. For instance^ at £ist sight the 

expreBSLOii am"' f -r — — ] might appear to he a homogeneous 

fanctioD in x and ■/ ; hat if the fonction be expanded, it is 
earaly seen that tiie terms thus obtained are of different 
degreee, and, oonseqomtly, holer's Theorem caanot be 
directly applied to it. Howerer, if the equation be written 

in thfifoim 






, we hare, by Ealet'e f onuola, 
dsn H sin u 



/ du du\ an u 



skI z- 



2-/(ar4 + yi;'-{T 



4 



degrees i 
;, the fnnc 



denominator are the same, tGe function is of the degree zero, 
and in all such cases we have 



For example, sic 






—, «*, &c., may be 



treated as bomogeneoDS expressions, whose degree of homo- 
geneity is zero. The same remark applies to all expressions 

which are reducible to the form ^(-]; as already shown in 

Ex. i, Art. g6. 



= r 009 
xdy - 



ydx = r',^. 



('3) 
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In Ex. I, Art. 96, we found 

dx = 008 edr-ran OdO ; 
aunilarly dy = sin 6dr i- r cos BdB. 

Hence o'dy = r cos B sin Sdr + r' 009" ft 

yiic = r 003 9 sin flrf/- - t" sm' Qc 
.'. xdy - ydx = r' d9. 
n and y have the eame values as in the last, to 



^ 



106. If a 

prove that 

(d:ty + (dj,y = {dry + r'{d9y. (14) 

Square and add the expressions for dx, dy, found above, 
and the required result follows immediately. ' 

The two preceding fonnulfe are of importance in the J 
theory of plane curves, and admit of feeing easily established 
from geometrical considerations. 

107. If M = flar* + Jy' + cs' + zfyz + igzx + shxy, 

to find the condition among tfw constants that the same values of 
X, y, z should satisfy the three equations 

du dit dii 

ax ' dy dz 



Here 



— = 2(7.F + 2hy + 2g% = 
■J- = 2hx + 2br/ + 2/2 = 



du 
dz 


zgx + 2fy + 2CZ 


= 0. 


Hence, eliminating a-, y, s between these tb 
the required condition is 


abc - af - bg^ - ch^ + zfgh = o; 


or, in the determinant form. 




« A 9 






h b / 


= 0. 




9 f c 





RemarlcB on Euler's Theorem. 
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The preceding determinant ia oalled the diseriminant of the 

rdratie expression, and is an inmriant of the function; it 
expresB^ the condition that the conic represented by 
the equation u = o should break up into two right lines. 
[Salmon's Conic Sections, Art. 76.) 

The foregoing result can be verified easily from the latter 
point of view; for, suppose the CLuadratie expression, u, to be 
the product of two linear factors, X and Y; 



^ 





u 


-IF, 




= !a 


+ my + MB, F 


. (Vh 


du 
dx 


dx 


^f = 


I'X 


du 
dy 




iy 


m'X 


da 


=xff. 


r'-^' 


o'Z 



Here the expreBsiooB at the right-hand side become zero for 
the values of x, y, %, which satisfy the equations X = o, F = o, 

or & + my + ws = o, I'x + m'y + n'a = o. 

Hence in this case the equations 



dx ' dy ' dz 

are also satisfied simultaneouBly by the same Tallies, 

"We shall next proceed to illustrate the principles of 
partial difierentiation by applying them to a few elementary 
questions in plane and spherimil triangles. In such cases wa 
may regard any three* of the parts, a, b, c, A, B, C, as being 



* Tba eaw of tbe (Liee angles of s plane bungle ia ezcepUd, u tlu; u« 



•fiank&t to onl)' two independent data. 



13° 



Paiiial Diff'erentialiou. 



function of T 

ns of Ibe 

, b, and the ' 



htdepcttdent variablea, and each of the others as a function c 
the three so ehosen. 

108. Equation connecting tbe Variations < 
tbree Sides and one Angle. — If two sides, a, b, and the 
contained angle, C, in a plane triangle, receive indefinitely 
small increments, to find the correaponding increment in the 
third eide c, we have 

c^ = a^ + 1A - zab COB C; 

.-. edc = (a - b cos C) da + (b - a cos C) db + aban GdC; 

hut fl = i* COB C + c cos B, b = a oos + c cos A. 

Henoe, dividing by e, and Bubstituting c sin B for b sin C, 
we get 

de = cos Bda+ cob A db + a^ BdO. (15) 

Otherwise thus, geometrically. 
By equation (2), Art. 97, w 



I have 
dc 



dc 
Now, in the determination of -7- we must regard J and C 

constants ; accordingly, let us sup- c 

poae the side CB, or a, to receive a 
small increment, BB or An, as in 
the figure. Join AB, and draw B'D 
perpendicular to AB, produced if 
necessary; then, by Art.. 37, AB' 
<= AD when BB' is infinitely small, 
neglecting infinitely small quanti- 
ties of the second order. 
Hence 




= AB' - AB - 
= limit of -— 



- AB = BD; 

= COS B. 



r 



Examples in Plane Trigonometry. 



dc 



Bimilarlv, — = cosAi wLidi results agree with those arrived 

do 
ftt before by differentiation. 

Again, to find -r^. Suppose the angle C to receive a 

small increment AC, represented by 
JiCB' in the aceompaujing figure; 
take CB' = CB, join AB^, and draw 
BD perpendicular to A^. 
Then 

^e = AS - AB = B"!) (m the limit) 

B£^Q06ABfB^BBm^ABC{<i.^.). 

Also, in the limit, BB' = B'C sin BCS = a AC. 

Hence 




dC 



= limiting value of — ^ = aaa. B\ 



the same result as that arrived at by differentiation. 

In the investigation in Pig. 5 it has been assumed that 
AB -AD ifl infinitely small in comparison with^D; or that 

the fraction ^yr — vaniahea in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the 
observed lengths of its sides and the magnitude of its vertical 
angle, the result in ( 1 5) shows how the error in the computed 
Tuluo of the base can be approximately found in terras of tlie 
vmall errors in observation of the sides and of the contained 
angle. 

100. To And - . nlieii a and h are considered 

dA 

C*wrt«uit. — ^In the preceding figure, BAB represents the 
change in the angle A arising from the change AC in C; 
ZDoreover, as the angle A is diminished in this case, we must 
denote BAB! by - Aj4, and we have 



\ 



BB. 



ABCA 



ABI^A 



cAA 
"ooaB" 
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Also, BB'-^a^C; 

dC AC ,. ,, ,. ... e 

-'■ zn = im (™ *"S limit) = - - — -=. 
dA ^A ^ ' (11 COB 5 

This result admits of another easy proof by differentiation. 
For a sin B = b sia. A ; 

hence, when a and b are constants, we have 
a cos B dB = b cos A dA ; 
also, since A + B -i- C = tt, we have 

dA + dB + dC= o. 
Substitute for dB in the former ita value deduced from the 
latter equation, and we get 

(a oobB + b oOB A) dA = - a COB BdO; 
or c dA = — a cos B dC, as hefore. 

no. Equation connecttng tbe Tarlattons of two 
Sides and the oppot^Ite Angles. — In general, if we take 
the logarithmic differencial of the equation 



intiation. 

4 





aein B = bnJiA, 






regarding a, b 


A, B, aa variables, we get 
du dB dh dA 
« "^ tanB 6 ' tan^" 




07 


tion { 1 6) admits of being transformed into 


equa 


but 


dA dC 
acasB c ' 






c = ■yd' + b 


- 2ab ooa 0, and « oos .B = -/a^ 


- b' sin 


M; 


hence we get 


dA dC 






9 


6' Bin '.^ V" a" + 6' - 2ab cos 


C 





r 
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If C to denoted fcy 180° - 20„ the angle at A by ^, and 



2d^i 



yi-A'sm'0 yi4-2Aoos2$, + r -/(i+A)= 


-#m-t, 


2 '^'t-i 


(■8) 


(i +*)v/i-AVsiii'^,' 


where k; = -^j.- 




Also, the equatloii asiaS^hBiuA becomes 




Bin {201- 0) = ksmifr. 





The result just established furnishes a proof of Landen's' 
transformation in Elliptic Functions. 
11 We shall nest investigate some ansJogouB formulse in 

I Spherioal Trigonometry. 

112. Relation connectlDg the Variations of Tbree 
BiileB and One Angle. — Differentiating the well-known 
relation 

COB c = COS a COB b 4- sin a sin d cos C, 

regarding a and b as consianis, we get 

dc BiniBinSBinC . , „ 

-7, = : = Bin a sm Ji. 

ilU sm c 



be eoBily determined geometrically as follows :- 



1 ', 

4 



' Thii transfonnation ifl often nttributed lo Lagrangt ; it hud, howeyor, teen 
pvHooal; Bnived atbjLaudeB. (See Fhiloiophkal Ti-ttiiiactimt, 1771 and 
•T7S) 



J 
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In the spherical trifrngle ABC, making a oonatruetion 
similar to that of Fig. 4, Art. 108, we have 



{in the limit) = cob B. 
Similarly, -when a and G are 

ttants, -7; = cos ^. 

do 

Hence, finaUy, ^- ^■ 

dc = COB B da + ooaAdb + eina siaBdO. (19) 

This reenjlt can also he obtained hy a process of diffe- 
rentiation. This method is left as an exercise for the 
student. 

As, in the correBponding ease of plane triangles, we 
have assumed that AB - AD in the limit; i.e., that 

— ^ - is infini tely small in comparison with AD in tha 

limit ; this assumption may te stated otherwise, thus ; — 
If the angle A oi a right-angled spheric^ triangle bo 

very smtOI, then the ratio — — hecomes very small at the 

Bame time, where e and h have their usual significations. 

This result is easily established, for by Napier's rules we 

have I 

, tan fi sin 6 cos c I 

cos A = T^— = r— : — ; I 

tan c COB sin c I 

- cos c sin 6 ain (e - 6) _ 



' ' I + COB A sin c cos 6 + cos c sin 5 sin (c + 6) ' 

/ i\ J. ■i-^ • I .V sin (c - 6) . , ,^. A 
n (c - 0) = tan" — sin (c + 0) ; .'. — ^ — T-i= sm (c + 0) tan—. 



But the right-hand side of this equation becomes very small 
along with A, and consequently c - b becomes at the Bama 
time very small in comparison with that angle. 



ua ■ 



r 
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The formula (19) can also be written in the form 

dc da db 

dO = -. — — r—f, - -^ — 7 5 - -■ -■ , ■ / 3- (20) 

Bin fl Bin £ 8m a tan Js sin tan A ' ' 

The oorresponding formulse for the difierentials of A and B 
are obtained by an interchange of letters. 

Again, from any equation in Spherical Trigonometry 
another can be derived by aid of the jjo/ar iriangie. 

Thus, by this transformation, formula (19) becomes 

dO = - ooB b dA - ooea dB + mi Ami bdc. (21) 

These, and the analogous formulre, are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 
making certain observations; viz., those in which small errors 
in observation produce the least error in the required result. 

113. Remarks on Partial UllTereatlalB. — The be- 
ginner must be careful to attach their proper significations to 

the expreeeions — , -7^, &c., in each case. Thus when a and 

are eonatania, we have -r^ = sin (i sin B ; but when A and a 

are eOHttants, we have -tf; = 1 — 7,; these are quite dLSn^&t 
dC tanC ^ 

qaantities represented by the same expression -j^. 

The reason is, that in the former case we investigate the 
ulliiuate ratio of the simultaneouB increments of a side and 
ita opposite angle, when the other two sides are considired as 
constant; while in the latter we investigate the similar ratio 
when one side and its opposite angle are constant. 

Similar remarks apply in aU cases of partial differentia- 
tion. 

When our formulse are applied to the CEtse of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by Aq, it, Ac, ^A, AB, AC', and when these 
expressions are substituted for da, db, &o., in our formulae, 
they give approximate results. 



[ 
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For iDBtanae ( 1 9) becoiaes in this oaee 

Ac = Aa ooB ii + A6 cos ji + AC sin a sin £ ; (22) 

and similarly In other cases. 

It is easily seen that the error arising in the application of 
these formulEe to Budh cases is a Email quantity of the second 
order ; that is, it involves the squares and products of tha 
small quantities Aa, Aft, Ac, &c. This will eJso appear more 
fully from the results arrived at in a subsequent chapter, 

1 1 4. Theorem. — If the base c, and the vertioal'angle C, 
of a spherical triangle be constant, formula (19) becomes 



Now, writing $ instead of a, \}, instead of b, and A for 
~, this equation becomes 



yr 



d^ 



# 



-k^tan.'^ V I - A^sin'if 
where ijt and ip are connected by the following* relation 

oosc = oos^ coB^ + BiQ sini^ cos (7, 
or COB c = COS f cos i^ + sin ^ sin ^ \/i - ^ sin' c. 
115, In a Spherical Triangle, to prove that 
da dh dc 

COS A cos B co&C ' 



(=3) 



(»4) 



ExampUs in Spheric 
Let Bin = ^: sin c, and we g 
Ac 



dC = 



^ dc = 



ooB C sin a cos C 

Bubatitttte this value for dCin (19), and it becomeB 



cos A db-i- COB Bda = [' - 
COB A c 



GOB C 

in -4 ain B\ 



b£ 



COB C 

dc; 



cobC 

e = cos C + 008 ^ 008 B. 
db_ _dc_ ^ 
:aB'^cosC~°' 



Again, since cobA = >/ 1 - sin'^ 
ihe preceding result may be written ii 
da db 



= ■v/i - /.■• sin'ff, &o., 
the form 



dc 



(25) 



where a, d, c, are oonnected by the equation 

OOB c = cos fl cost + sin « sin& Vi-k' sm-c. 

1 16. Tbeorem of Iicgendre. — We get from {24) 

cos B cos Cda + cos A cos Cdb + cos B 00s ^irfc = o, 

OT (0O8 4 - sin S sin Cooao) rfa+ (cos^- sin j1 sin cos fi) rfS 

+ (00s — sin ^ sin i( cos e) (fc = o ; 

.'. cos Ada + cos Bdb + eos Cdc 

-riDiIainCif(sina) + Bin^ sin 0:^ (sin ft) + sin -4 ain 5rf {sin c) 

BJl*|siui aaed(an.a) + sin a eincd {sin b) + sina sin 6<2 (sin c) j 

= Pd (sin a sin 6 sin c) ; 
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or v^i - li' 8ia'arfti+ 1/1 - A* m^bdb +^1 -ft'sm'orfc 

= ¥d {Binfl ainS sine). (26) 

This fumishea a proof of Legendre'a formula for the eompaf 
rison of Elliptic Funotions of the eeoond Bpeoies. 

Tlie most important application of these resnltB has place 
when one of the angles, C suppoae, is obtose ; in this case 
cos C is negative, and formula (25) becomes 



da 



db- 



do 



v' I - A* sin' a v'l-A'sin'fi y'l — A'sin'c" 
where the relation connecting a, b, is 

COS e = cos a cos J - sin a ain 6 -^/i — A" sin'c. 
In like manner, equation (26) becomes, in this case, 



v/i — A'sin'arfa + ^i - A* aii'bdb 

= -f/i - A" sin" crfc + k^d (sin a sin 6 sine). 

117. Ifw = <p(3s + at, y + pi), where x, y, o, J3, are 
dependent of ^, and of each other, to prove diat 



dii 



dif 
dx 



jdii 



>'> 



Let 
then 



a- 



L 



:>^ = x + at, !/ = !/ + fit; 

w = (a<, y), 

dx' rf/ rfy d^ 

t/x ' dy ' dt ' dt 
Also, since y' is independent of x, we have 

du du dx' du da da 

dx dx' dx dx" dy di/' 

du da dx' du dt/ du .dtt 

dt dx dt dy dt dx ' dy 



Partial D^erentiation. 1 39 

In like manner, if /,/,/, be sdbsiitiited for ^ + a/, y + /B/, 
2 + 7^, in the equation 

u^ ^(x + at, y + fit, z + 7^, 

itbeoomes tt = ^(a?', /, O > 

du du dx du d^ d^ d& ^ 
dx daf dx dif dx ds! dx ' 

daf df/ d^ 

du _du . du _ du du _du 
H^d^d^^d^ &~&^ 

du du daf du dt/ du dd ^ 
V i <2rr d»f ^ da! 

•rr du da ^du du , ^ 

This result can be easpjr extended to anj number of Tariablai^. 
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(x\ iy\ dx dy 

- J + sin** I f^ ) , prove that du = . + — r 

(y\ du du 

3. Find the conditions that u, a fiinction of x, f/, 0, should \fe a function of 
x + p + e. 

. du du du 
Am, — = --=--. 

dx dff dz 

4. If f(ax + ^) « tf, find ^. „ - 1. 

5. If /(m) = ^(t;), where m and v are each functions of x and ^, prove that 

dudv dv du 
dx dy dx dy 

du du 
b. Find the values of a? — + y -t"? when 

wn ay 

[ \ _ g«* + ^y* 

7. If « = sinoflj + siniy + tan"* ( - J , prove that 

zdy " ydz 



du^acoBOxdx + b cos by dp + 



y2 + 2« " 



_ _ . , ^ .du .du . du I eftf - log or 

8. Ifw = logya;, find— and— . Ana, — =— , — = ,, # ., . 

9. If e = tan-* -, prove that 

y 

(«' + y') d9 = yiir - a;<fy. 

10. If « = y«», prove that 

du = y«»-* (a?«?y + y« log ydip + «y log ydz)» 




13- In a pkne triangle, if the anglos and aides t 
prove that 

C&J3 + hcosA^G=a; a, i being conetant, 
cosCai + cosiie^u; a, ^ being constant, 
t&aAiii = b^O; a, B being constant. 

14. The base c of s spherical triangle \a measured, and the two adjaesnt 
btise angles A, B are found by observation. Suppose Uiat Email errors dA, dB 
ore coBunitted in tbe observatious of jl and £ ; show that the corresponding 
error in the oomputed value oiCis 



15. If the base c and the area of a epherical triangle be given, prove that 



16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the peipendicular p ia connected with the variationa of the aides 
b; Ilie relation 

ran dp = aio ^da + sin tdi, 
t and / being Uie segments into which the perpendicular divides the vertical 



■/ a' - b' an-'A >/&- 



■9. In a ri^t-angled spherical triangle, prove that, if j4 be ii 
ji uA B (in 3MI7 ; and if e be invBtiable, tan (k£i + tan iff! = o. 



J 
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20. If a he one of the equal sides of an isosceles spherical triangle, whose 
vertical angle is very small, and represented by dm, prove that the quantity by 

which either base angle falls short oi a right angle is - cos a dc9. 

21. In a spherical triangle, if one angle be given, as well as the sum of 
the other angles, prove that 

da db 

+ -:-^ =0. 



sin a sin d 

22. If all the parts of a spherical triangle vary, then willi 

cos Ada + cohBdb + cos Cde = ^(7 (A; sin a sin d sin 0) ; 

. sin A sin B sin C7 
where k = — : — = - — r- = -; — • 

sina sin^ sin^ 

Ai ^ db dc ^ . ^ ^ ti\ 

Also -+ + — - = tan.4tan^tanC7<f(-). 

cos^ cosjS cosC \kl 

These theorems can be transformed by aid of the polar triangle P — llPOuttagh^ 
Fellowship Examination^ 1^37* 

These are more general than the theorems contained in Arts. 115 and 116, 
and can be deduce^ by the same method without diOicidty. 

23. If s ^ (^ -': j^), prove that 

dz dz 
dx . dtf 



24. If « = i/^|J, prove that 



dz de 
dx dy 

dy dz 
25. Find — and — when ar, y, « are connected by two equations of the 

form 

/(«, y, «) = o, ^(a;,y,«) = o. 

dy ^ dx dz dz dx 
"^^' dx^^dp^^dp' 
dsdy dy dz 

dz __ dy dx dx dy 
*» 1^" ^d^^df^d^ 
dz dy dy ds 
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26. Froye that any root of the following equation in y, 

yw + ay = I, 
satisfies the differential equation 

d^u €hfi du^ 

27. How can we ascertain whether an expression such as 

admits of being reduced to the f onn 

dip drp dip 
dx dy dy 



d^ 
Tx 



28. UlX+mT+nZ, I'X + tn'T+n'Z, rZ+ m''T^ n"Z, be substituted 
for Xf y, z, in the quadratic expression of Art. 107 ; and if a', l/j c^, <f, ^tf't ^^ 
the respective coemcients in the new expression, prove that 



of f (f 
f V d' 
^ d! e 



— o, whenever 



a f e 
f b d 
e d e 



= 0. 



29. If the transformation be orthogonal, i. e. if a^ + y^ + g2 _ ^t ^ T* + Z^, 
prove that the preceding determinants are equal to one another. 

29. If tf be a function of {, 17, f, and { = y+-, ij = «+-, f=ic+-, 

show that 

du du du du du .du / du du du\ 




CHAPTER VI. 

SUCCESSIVE DIFFBREHTIATION OF FUNCTIONS OP TWO OR MOEB 
VAKIABLEa. 

II 8. SDeeesslve Partial DlflTerentiatlan, — We have in 

the preceding chapter coneidered the manner of determining 
the partial dmerential coefficients of the first order in a func- 
tion of any number of variables. 

If u be a function of x, y, z, £o., the expression i 

du du du p 1 



being also functions x, y, s, &c., admit of being differen- 
tiated in the same manner as the original function ; and the 

partial differential coefficient of -=-, when x alone varies, is 
'^ dx ' 

denoted by 

d fdu\ d'u , 

^ \d^)' '^'^'d^' ] 

as in the case of a single variable. 

Similarly, the partial diftere 
alone varies, is represented by 



TyW'd 



I 



rf"*» 



and, in seneral, - — r- denotes that the funotioii » is first 

° dy'^dnf 

differentiated « times in suooession, supposing « alone to 
vary, and the resnltiog function afterwards differentiated m 
times in euocession, Tmere y alone ie supposed to vary ; and 
similarly in all other cases. 
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We now proceed to show that the values of these partial 
derived funotioua are independent of tlie order in whioh the 
Tariablea are supposed to cnMige. 

1 19. If » be a Function of ^ and jr, to prove tliat 

d /du\ d fdii\ d^u _ d'u . 

dy\dtx) diC!\di/J' dydx dxdy' ' 

where x and y are independent of eaeh other. 

Let M = ^ (*, y), then -j- represents the limiting value of 

^ (a! + A, y) - {x, y) 
h 

when h is infinitely small. 

This expression being regarded as a function of y, let y 

become y + 'k, x remaining constant ; then — f — ) is the 

dy\dxj 
limiting value of 

^{x + h,y + h) ~ ip{!>!,y + k) - i^jie + h, y) +<^{x,y) 
kk 

when both ft and k become iofinitely small, or evanescent. 
In like manner -7- is the limiting value of 

^{x,y + k)-^{x,y) 
k 



dx\dyj 
of 

^{r^h,y + k)-^{x + h,y)-i,{x,y^k) + ^{x,y) 



when both k and k are infinitely small. 

Sinoe this function is the same as the preceding for aU 



du I ' 
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Enite values of h and k, it will continue to be bo in the limit; 
henoe we hava 

d /du\ _ d /du\ 
dx \dpj " dy \dxj' 

- ,., d^u d^u 

In lite manner -rr-r = , , , . 
dor ay dydar 

for by the preceding ^— ;- ■= -;— 7- ; 

■' '^ ° dxdy dydx 

d f d'u\ d_ I ^u_ I _^ _^ I ^ I 

dz \dxdy) dx I dydx I dx' dy\ dx\ dy' dx\ dx\' 

similarly in all other cases. Hence, in general, 
dP^u _ iP*^u 
dxPdy^ ~ dy^d^' 

Again, in the case of funotions of three or more TariablcB, 
by Bimilax reasoning it ean be proved that 
d'u _ d'u ^^ 
dzdxdy dxdydz' 
Hence we iafer that the order of differentiation is in all cases 
indifferent, provided the vaxiables are independent of each 
other. 

Examples »ob TBHTPiciTioy. 



verify that 



3. If« = am(aj:" + V). 



dydx dxdy 
ify' dx dsd^' 



120. Condition lliat Pdx + Qdy sball be a total 

Differential. — This implies that Fdx+ Qdy should be the 
exact differential of some function of x and y. Denoting this 
function by m, then 

du = JP dx ■^ Q dy. 



' 




1 


Condition for a Total Differential. 






and, by (i). Art. gg, we must have 




J 


^ d<c' ^ dy' 




m 


dp _ dhi dQ _ d^ 
dy dydJ dx dxdy 




■ 






^ 


dF dQ 

dy dx 




,„ n 


\2\. irube any PonctlonoriEandy, toprovefliat 1 


|(-<»)£)=£(-(.)S) 




„ J 


where x and y are mdependent variahles. 

Sere each side, on differentiation, beeomes 




m 


^(»)^.^^'«S|---*- 




m 


13 2. Hore ceneraUy, to prove tbat 




^ 


d I dv\ d f dt>\ 

dy\'dx)~ d.t\'dy} 




(4) 


whew u and t> are hoth functions of a, and z is 
«andy. 


a function of 


d ( dA dudf> d'v 
dy y* dx) dydx'^^ dyda^ 




m 


, du du de dv dv da _ 
dy ds dy' dx dssdx' 




■ 


d 1 dv\ du dv de dz d'v 
dy\ dxj dz dz dx dy dydx ' 




^ 


«nd ^ ( ** rf" ) ^^ evidently the same 


Tdne. 


J 






^ 



[ 
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123. Enler'B Theorem or Homogeneoas Fnnc- 

■iB. — In Ajt. 102 it has been shown that 



(^ 



dy 



where « is a homogeneous function of the »'* degree in 
V andy, 

KoreoTer, as -r- and -r- are homogeneous functions of the 
dx dij ° 

degree w ~ r, we have, by the same theorem, 

d fdu\ d (du\ , , d\i 



dx \d<i] 



£fdtt\ 



(»-.), 



multiplying the former of these equations hj ; 
latter by y, we get, after addition, 



rfiPrfy dy' 



?-(» 



. / du 



.(»- 



(5) 



This result can be readily extended to homogeneoufl 
functions of any number of independent variables. 

A more complete investigation of Euler'a Theorems will 
be found in Chapter VIII. 

124. To find tbe Sncceaslve Ulfflterentlal Coeffi- 
cients nitb respect to ty of tlie Function 

${» +at, p + (i(), 

where x, y, a, (3, are independent of t, and of each other. 

By Ait. 1 17 we have in this case, where ^ stands for the 
expression ^(m + af, y + ^t), 

dt dx '^ dy 



Differmlialim 0/ J (« + «(, ? + (3i). 


■ 

■49 


H»» 3=»I(S)^'^I(|) 




-"^(S)^^i(S) 




"•li-g^'^lh^ll-l^'^lj 


■ 


-■S-»^.^,^p-f;- 


,r^ 


This result can alflo be written in the form 




d-t 1. d d\dt j d d\' 


(;) 


in wWoh (" j" + i3j-) is supposed to be developed 


m the 


usual manner, and -~, &o., aubatituted for 1 j- j (i, &o. 




Again, to find ~. 




de dt\dp) dl\°dx f^dg)^ 




-{4<lU'i^^TM<) 




= ("^^|)V 


By induction from the preceding it can be readily 
that 


shown 


1 


This expression, when expanded by the Binomial Theorem, 
piTes the n'* differential coefficient of the function in terms of 
ite partial differential coefficients of the w'* order in x Mid y. 




^J 
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d!^u tPu 

1. If M = sin (x^y), verify the equation 3—7- = -y-r-* 

dxay ayax 

2. If M s sin (y + od;) + (y — «»)^, prove that 

d^ _ JPu 

3. In general, if u =/(y + aa?) + ^ (y - a»), prove that 






4. If « = y*, prove that 



cPu . , . , d^u 



a?vz 

5. If « = — r« , find the values of 

ax +by + ez 

d'u d^u d^u 

^' d^* ^^ ^" 

6. If « « (a^ + y*)», prove that 

.d^u dNi ^dht 

7. If « = (aj* + y*)*, prove that 

«» j-^ + 2a?y;5— - + y2_-_ = £« 
dx^ dxdy dy^ 4 

8. If r= -iy* + 35y"a? + zOyx^ + Daj^, prove that 

^dV^^ ^V_dVdV ^dV2_ y 
dx^ dy^ ^ dxdy dx dy^ d^ dx^^ ^^ 



A, B, 

B, (7, D 



ai^d show that the left-hand side of this equation vanishes when F* is a perfect 
otlbe. 



'•""'' ^+7+^*''^"'^**'* 



dh* d'u d^u _^ 



^^^P CKAPTEK VII. 


1 


Lagrange's theorem. 


n 


125. KAgrance^ Theorem. — Supposa that we are given 1 
the equation 1 


s = ;. + y^{.), 


(0 1 


to expand any function of a in ascending powers of y. 

iJet the function be denoted by F{&), or by m, and, by 
Moolaurin's theorem, we have 


.....+?!('''»v ^ r"U + '^ /''■"V&o 


■ « 


"•+.Wr..A*v. ■■^.••»WJ. 


where ^VjAi &o-) represent the values of w, — , &o., ^ 

uero ie substituted for y after differentiation. 
It is evident that «„ = J' (a;). 

respect to x, and also with respeot to y, 


vhen 


with 






» J|,-S-»'WH., |(.-!,fWl=«W; 




«- !=*«§■ 


m 


Also, Binoe u ie a function of a, we have 




dif du dz dii du d% 
di"^di' d^'"^dy' 


J 



1 


■ 
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■ 


beuoe we obtain 


1 




(J 


Again, denoting <^(e) by Z, we have by Art. 121, 
^iBafimctionof w, 


since 

1 


i(-|)=|(-S)=|r"-'3). 




(4) 


Hence dso p,.-^(z-f). 
df dxdy \ dxf 




Binoe X and y are independent rariablsB ; 


, 


- |(-S)4(-|)'^(-^)'^(3,. 


J 


» ^(-S)^(IJ(-^)^ 1 


4 


9=(£j(-£) 


(5) , 


To prove tbat the law here indicated is general, Buppose 


%-^m\-t)- 




-■-» |(-l)4(-|)4(-l) 




™-' .:^K')=£(^-£)^ 




(f^'u fdYf„ du\ 
and hence ^nr = I ^ -^ 3- 1- 


(6) 


L 


^ 



This shows that if the proposed law hold for any integer 
n, it holds fop the integer » + i ; hut it has been found to hold 
for n ■= 2 and » = 3 ; aooordinglj it holds for aE integral values 
of n. 

to find the valuM of -^, -ri., 
ay dy 
Since on this hypothesis Z or 

^(ir), and ^ hecomes —r-^ or F'[x), it is evident from (3), 



It 
moke y = o. 

hecomes 
(4)» (5)1 (6), that the values of 

du d'u d^H 
dy' dy" df 

Ijeoome at the same time 



when we 



■ *w 



• ijT" 






Oonseqaently formula (2) hecomes 



yW-ii'M + ?♦(«)?{«) + 



f i 



[i^MI'Fh] 



1 [itMl"" j'm] 



Thifl expanBion is called Lagrange's Theorem. 

If it be merely required to expand 3, we get, on moldng 



♦W ' 



:(*Wl-+&e. 



^£;rl«Wl- + &«- 
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126. Iiaplace's Theorem. — ^More generally, suppose 
that we are given 

2=/{a? + y0(2)}, (9) 

and that it is required to expand any function F{z) in ascend- 
ing powers of y. 

Let ^ = 0? + y^(s), then z -f{t)j and we have 

t^x + yf^[f{t)]. (10) 

Also F{z) = F[f{f)] ; and the question reduces to the 
expansion of the function F[f{t)] in ascending powers of y 
by aid of (10) ; accordingly, formula (7) becomes in this case 

F{z)^F[f{t))^F[f[x)]^\^[f{x)]r[f{x)]-^&o^ 



^+1 ^ 



I .2 . .. (w + i) da^ 



:[*{/(*)}m/('^)]}+&o- (") 



This formula is called Laplace's Theorem, and is, as we 
have seen, an immediate deduction from the Theorem of 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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1. Expand 0, being giyen the equation 

« = a + hs?. 

Here a; = a, y s d, <p{z) = ifi^ 

and we get, from formnla (8), 

Lagrange has ahown that this ezpansion represents the least root of the pro- 
poaed ouhic, and that a similar principle holds in like cases. 

2. Given « = a + b^^ find the expansion of z. 

Jm$, « =3 a + 0**^ + 2«a*»"^ 1- 3n(3» — i) (^"^ 1- &c. 

1.2 1.2.3 

3. Giyen s = « + y^, find the expansion of z. 

Ana. « = a? + ytf« + y^t^ + -^— 3eS« + — ^ — 4»tf*» + &c. 

1.2 1.2.3 

4. sssa-ftfsine, expand (i) 2, (2) sin e, 

i\\ Ana, e = a-\-eajia+ -;- (sin^a) + ( -7- 1 (sin's) + &c. 

1 . 2da ^ '1.2.3 \^/ 

^ d 

(2). „ sins=:sina + tfsin0oosaH -^ (sin*a cos a) + &c. 

\ ,zda 

5. If « = a + -(«'- i), prove that 



ssa 



a; (a* -I) n^ d /a* - i\2 . 
I 2 \ , 1 da\ 1 I 



I . 2 . . . n \rf«/ \ 2 / 
6. Henoe prore that 

I.2...n\(fo/ \ 2 / 
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CHAPTER YIII. 

EXTENSION OF TAYLOR's THEOBEM TO FUNCTIONS OF TWO 

OB MORE VARIABLES. 

127. Expansion of ili{x + h, 1/ + k). Suppose uiohea funo- 
tion of two variables a and y, represented by the equation 
u = 0(aj, y) ; then substituting x + hiox x, we get, by Taylor's 
Theorem, 

d h^ (P 

4>{x + hyp) = <^{xyy) + A— {*(^»y)) +77^^ {*(«» y)) + &o- 

Again, let y beoome y + k^ and we get 

ip{x + h,y-\'k) = fp{x,y + k) + A— {0(iP, y + k)] 






But 



d K^ d^ 

(l>{x,y-^k) = ^(x,y)+k-^{ip{x, y)]+—- — {0(0?, y)} + &o. 

, du A* t^w o 

t;^ \ ,2dxr 
Also 

dx'^^'^ /i ^ ^^ i.2dxdy^ ' 



and 



— :o {0W y + *)} = — -7^ + — TTT" + Ac. 
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Substitutmg these values in {i), we get 

, , ,,. , du , du 

A (x + h,y + Kr = u + h -r + k-z- 
^ ^ '" ' dx dij 

h' ipu , , d'u k" dru . , . 

+ ■ -j-^ + hk -r-r + — -T-; + &o. (2) 

1.2 dor dxdy i.zdy' ^ ' 

128. TMb expanBion can also fee arrived at otherwise as 
follows : — Substitute x + at andy + ^t for x tmAy, reBpectively, 
In the ezpiession ^ ix, y), then the new function 

^{x-\-at, y-i-fii), 

in whioh x, y, a, P, are constants with respect to t, may be 
regarded as a function of (, and represented by F{t) ; thus 

^ {a: + a^ y + ^t) = F{t). 

The latter function F{t), when expanded by Maclaurin's 
j Theorem, heoomeB, by Art. 79, 

Fit) = ^(o) + - F'{o) + — F"{o) + ... 

+ ~F<.'-){9i), ( 

vlicm ■P'(o) ifi the value of F{i) when i = o, i. e. F{o) =^ ip {x, 
- « ; also i^(o), /*'(o), &o. are the values of 

^. t± A.. 



when t = o; whepe stands for ^{a: + at,i/ + 
Moreover, by Art. 1 1 7, we have 



* Since it ia iodifierect whether ire first change x into x + h, and sftcnrardi 
•hADgs g into y -I- J:, or iriei ccrii; (he expansion given ahove fumiahea an in- 
' ' *: proof of die leiulta airived at ia Art. 1 19. 
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but, wten ^ = o, 0(a? + a^, y + ^t) becomes w, or i^(o), and ~ 

becomes a -r- + /8 -7- at the same time. 
dx ay 

Hence Fid) = a — + j3 -r-. 

' dx ^ ay 

Also, by the same Article, 
whioh, when t = o, reduces to 

i^(o)=«»^+2a^^+^'^„ (4) 

&C. &C. &0. 

These equations may also be written in the symbolic 
form 

• • • • • 

Again, f a ^ j w = a** — , &c., since a, /3, are independent 

of X and y : and hence the general term in the expansion of 
F{t) can be at once written down by aid of the Binomial 
Theorem. 
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Finally, we have, on Bubstituting h for at, and k for j3i, 

, dii du h^ (fu d'u 

^ * ' " ' (& dy 1 .2 dx' dxdy 

129. EzpansloD of ^ (x + ^, y + k,z + I). — A function 
of three variables, x, y, z, admits of being treated in a similar 
manner, and accordingly the expression 

^(a: + ai,3/ + /3f, S + 7O. 
when « IB substituted for <p{x, y, z), beoomea 

ff f d ^d dV . 
t.2\dx'^dy ' dsj 

or 

I .2\ dx dy dzj 

,du ,dti ,dii A' d'tt f^ d'u P (?« 

» « + A3- 4 k—+ I— + 3^ + -j^ + -J2 

dx dy dz i.aor i .zay' i.aifir 

(iK^ rfaas! (/yaii 

The general term in this expansion, and also the re- 
muadei Eifter n teams, can be easily 'writton down. 



^ 



Extension of Taylor's Theorem. 



I These results admit of obvionB geueralizatiou 

I number of yoriables. 

K Also, by making s, y, z each oypher in (6), we have 



for aaj j 

ave 



,d,kWr 



wbere { -^ I > f :f~ 1 1 ■ ■ ■ denote the values wliioh the functions 

du du , . , 

-r, -;-, . . . assume on makinc ^ = o, v = o, and s = o, 

ax ay " 

'Sim result may be regarded as the extension of 
Maolaurin's Theorem. 

130. Symbolic ExprewrioiiCprpreeedlncResiilto. — 
Since 

/^+*S= 1 + I^A — + k-^ + ^-^h-+ it— Y + 
~ \ dx dyj 1 . 2 \ dx dyj 

\n\ dx dyj 

equation (5) may be written in the shape 

e'^''^^{x,y)^^{a! + h,y^k). (7) 

This is analogous to the form given for Taylor's Theorem 
in Art. 67, and may be deduced from it as follows : — 

"We have seen that the operation represented by e*" 
■when applied to any function is equivalent to changing e 
into x + h throughout in the function. 

Accordingly, e^'^^{xj y) = ip{x + h, f/), since y is indepen- 
dent of X. 



Exieiieion o/Taf/lor's Theorem. i6i 

In like manner, the operation e*"', when applied to any 
function, changes y into y + A ; 

.-. e"^ . e"'"^ {x, y) = ^'f{x + A, y) = 0{^ + A, y + k), 
or e*^/*^0(3-, y) = f{x + A, y + k), 



cording to the same laws* as ordiaary algehraio expressions. 
In an analogous manner we obtain the symbolic formula 

/i'V'^^Jj., If, b) = <p{x + /(, y + ft, B + I). (8) 

131. If in the development (2), dx be substituted for A, 
and dy for k, it becomes 



•fii^^^,A 



tlxtly+-^^drA + &o. 



f4o. 



If the Bum of aU the terms of the degree n in dx and rfy 
be denoted by rf" ^, the preceding result may be written in 
the form 

t (. + &, y + *).* + ^ + ^^ + j^ + . . . 
Since dx, dy, are infinitely small quantities of the first 

• Hit dii* U the cue appears inmiBdiiitely from tlio equaliona -—j- = j-j 1 
Am P« 



telj BIUEtll 
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order, each term m the preceding expansion is infinitely bi 
ia comparison with the preceding one. 

Hence, since d"f is infinitely amall in oomparieon with 
rf0, if infinitely small quantities of the second and higher 
orders he neglected in comparison with those of the first, in 
accordance with Art. 38, we get 

(f$ = ^{x + dr, y + dj/) -<j,{x,y) =^<f^+ -^<iy, 

which agrees with the result in Art. 97. 

132. Euler*8 Theorems of Uomageneona Fnnc- 
lions. — We now proceed to give another proof of Euler's 
Theorems in addition to those contained in Arte. 102 and 123. 

If we Buhstitute ^;i; for/t and i/j/ fori in the expansion (s), 
it becomes 



^[x^ gx, y ■* gy)=u^ 



dtt, du\ 



where 11 stands for ^(ir, y). 

But <^{x + gx,y + gy) = *{(i + g)x, (i + 9)y] ; 

and, if Aix, y) he a homogeneous function o! the »'* degree 
in X and y, it is evident that the result of suhstituting (1 + g)a 
for X, and (i + g)y for // in it, is equivalent to multiplying it 
by (i + g)". Hence, we have for homogeneous fimctions, 

*(■« + 9^,y + 9y) = (i + ?)"*(*. y) = (i + ?)"«- 

, ,„ (da dwN 

or (,+s)-„.„ + i,^^»- + j,-j 

1,2 \ ds^ d^dy dy'J '' 

irhere u is a homogeneous function of the »"' degree in < 
Kniy. 



Euler'a Theorems. 



Since the preceding equation liolds for all values of g, if 
ve expand and equate like powers of g, we obtain 



&o. &a. &o. 

The foregoing method of demonstration admits of being 
easily extended to the case of a homogeneous function of three 
or more variables. 

Thus, substituting gx for h, gy for k, gz for I, in formula 
(6) Art. i2g, and prooeeding as before, we get 



du 



da du 



, rf'u tPw d*u 

ds' dxdy dxdx 



«(«-!)« 



&0. 



&a. 



These formulie are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in 
«ther applications of analysis. 

The preceding method of proof is t^en from Lagrange's 
Miecmique Analytique. 

M 2 
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CHiPTEE IK. 



MAXIMA AND MINIMA OF FONCTIONS C 



T 



I SINGLE VARIABLE. 



133, Deflnidon of a Dflaxlmiuii or a BKlnliiiani. — If any 

function increase continuously as the variable on which it de- 
pends increases up to a certain value, and diminish for higher 
values of the variable, then, in passing from its increasiny to its 
decreasing stage, the function attains what is called a maximum 
value. 

In like manner, if the function decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passeg through a minimum stage. 

Many cases of masima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence vith a few geometrical and algebraic examples of this 
class. 

134. Geometrlcttl Exajnple. — To find the area of the 
greatest triangle which can be insoribed in a given ellipse. Sup- 
pose the ellipse projected orthogonally into a circle ; then any 
triangle inscribed m the ellipse is projected into a triangle 
inscribed in the oirole, and the areas of the triangles are to 
one another in the ratio of the area of the eUipse to that of 
the ciiele (Salmon's Conies, Art. 368}. Hence the triangle in 
tbe elHpse is a maximum when that in the circle is a maxi- 
mum ; but in the latter case the maximum triangle is evidently 
equilateral, and it is easily seen that its area is to that of the 
circle as v'a? to 471. Hence the area of the greatest triangle 
inscribed in the eUipse is 



where a, b are the semiaxes. 

Moreover, the centre of the eUipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 




r 



Algebraic Examples of Maxima and Minima. 

EsAMTLEa. 

. Prow (iat the area of the greatBBt ellipse inBcrited in a given I 
' (area of the triangle). 



1. Find tlio urea of tfao least ellipse circumscribed to a given triangle. 

]. Place a chord of a given length in an ellipao, so that its distance fiom the 

The lines joining its extreinitieB to the oentre must be cdnjugato diameters. 

4. Show- that the preceding oonstmction is impoaaible when tho length of 
the givon chord is >a\/ 2 or <b\/\; where a and I are the aemiaies of the 
ellipse. ProTo in this case that if the distance of the chord fi-em Iha centra be 
a mazijnuin or a minimmn the chord is parallel to an axia of the curve. 

J. A chord of an ellipse passes through a given point, find when tiie triangle 
formed bj joining its eitcomitiea to the centre is a maiimum. 

6. Prove that the ores of the naiironm polygon of n sides, inscribed in a 
^ven ellipae, ia repraaent*d by - ahira — . 

135- A-lgebralc Examples of IHaxlma and IHlnlina. 

— Many eases of maxima and minima can be solved ty ordi- 
nary algebra. We ahail confine our attention to one eimple 
class of examples. 

Ijet/(3;) represent the function whoBe maximum or mini- 
miun Tallies are required, and suppose u =f{x), and solve 
for ar; then the values of 11 for whioh x changes from real to 
imaginary, are the aolutiona of tho problem. This method is, 
in general, inapplicable when the equation in x ia beyond the 
second degree. Wa ahall illustrate the process by a few ex- 
amples : — 

EllUPLES. 

. To divide a nnmbet into two parts rooh that their product shall be a 



Let a denote the nnmber, c one of the par(«, then x (a — s) ia to be a mm- 
mlTing tot Tvn get 




J 
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1. To find the muximum and minimum values of tho fraction . ' 

3:5+1 



In tbis case we iniei that the muTimnm and '"''"'"""" yaluea of « are - and i \ 

— ; and the proposed fraction ai:cordingly lies betweaa the JimitB - and I 

for all real values of z. I 

Theae lesults cao be also easily eatablished, as fbllowE. We have in all cases ' 
Ix + y)' = (z- yf + 4ij(. 

Aeeordipglyi if * 4-y he given, xy is greateBt when a — 1/ = o, or when x = y. 

ConTBnely, if xy be given, the leaat value of x -|- y ia when i = >j. 

Hence, denoting xy hy a', die minimum value of x + — ia is, for poattive 
values of I. 

Again, it is evident tliat whea a function attains a mazimnm value, its in- 
verse becomes a mioiuum ; and vies vsrsS. 

Aaqgidinglf , the max. value of — r is — , und<:r Che same condition. 

3. Find the greatest valoe of -. 7-7: r. 

(a + a) (S + X) 

Hare f° + ^) (* + ':) ij jq b« a minimum or- + iisamin- ■»= v/^ 
and the max. value in question 



(•."+••)■■ 



Let » + » = !, and the fraction becomi 






V ^. ..... ^ i, ii + te + oi 

r finite limits if o" + c' > ai and d' <4C-; that there nill be t»o limits between 

W whith it cannot lie if it= + e* > o4 and 4' > 4 «■ : and tliat it will be capable of a!I 

I values if a' + c' < a*. 

L 



5. Find the least value of ulanS + >i uotS. .1''^ 7v' a^. 

G. Prove that the eipreasion — — -. will always lie! between two flied 



136. To And Hie Maxlmuni and Minimum values 

Sj:' + 2bxi/ + CI/' 



a'ai* + 26'ary + cV 



Algebraic Examples of Maxima and Minima. 



1 

167 



Iiet M denote the proposed fraction, and substitute a for - ; 
then we get 

aV + 24's+u" ^ ' 

or {« - a'-a)z- + 2 (fi - b'u)z + c-(/u = o. 

Solving for b, this gives 



(a-a'M)B + fi-6'« = ±y(6-6'«)'- («-«'«) (c-c'm). (z) 

There are three eases, according as the roots of the equation 

(S'' -<^<r}u'+ {ac' + ca'- zbb') u+b'-ac = o (3) 

are real and unequal, real and equal, or imaginary, 

(1). Let the roots be real and unequal, and denoted by 
a and |3 (of which J3 is the greater) ; then, if 6'' — n'c' > o, we 
shall have 



{a-a'u)z + b-b'u = ±./{b''-aV) {u-a) {u-(i). 

Here, so long as m ia not greater than a, s is real ; but 
when u > a and < j3, s becomes imaginary ; consequently, the 
lesser* root (o) is a maximum value of m. In like manner, it 
can be easily seen that the greater root (fi) is a minimum. 

Accordingly, when the roots of the denominator, a'aJ' + 26V 
+ (f " o, are real and unequal, the fraction admits of all pos- 
sible, positive, or negative values, with the exception of those 
whioh lie between a and (3. 

If either d = 0, or c' = o, the radical becomes 



and, as before, the greater root is a minimum, and the lesser 
a maximum, value of u. 

In gEmaral, in aoeking tlie msiimQm or minimum values of y from tiie 



tquition, y ^ f{x), if tur lUl Tslues of ^ butwiKD the limits a and ^, IIlb oc 
■poodioK Tolaei 01 1 are imaginary, while x is real when y = a, or ^ = ^ ; then 
it u evident that the leseer oftbe quantities, a, ^, is a maiiniuiii, and the greater 
A minimum, value of y. This result also admits cf a simple geumetiicai proof, 
bj conaidefiog the corvo whose equation ay = ^{^)- 



i 
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(2.) When a = fi, the expression under the radioal sign is 
positive for all values of it, and consequently k does not admit 
of either a maximum or a minimum value, 

(3.) "When the roots a and (i are imaginary, the expree- 
Bion under the radical sign ia necessarily positive, and u in 
this case also does not admit of either a maximiun or a mini- 
mum value. 

Hence, in the two latter cases, the fraction admits of all 
possible values between + 00 and - 0= . 

In the preceding, the roots of the denominator are sup- 
posed real ; if they be imaginary, i.e. if 6'' - o'c' < o, -we have 



{a - a'it)s + b-b'u = ± ^(a'c'-P) (u-a) (|3 - «). 

It IS easily seen that z is imaginary for all values of u 
except those lying between a and /3. Accordingly, the greater 
root IB a maximum, and the lesser a minimum, value of u. 

Hence, in this case, the fraction represented by u liea be- 
tween the limits n and /3 for all real values of x and y, 

137. Qaadratic for determining z. — ^Again, the value 
of E, corresponding to a maximum or a minimum value of h, 
must satisfy the equation 

{a - a^i>)= + h-h'u = o. 

Substituting for m in (i) its value derived from this latter 
equation, we obtain the following quadratic in s : 

{ah' - ba')z' + z{ae' - ra') + *</ - ch' = o. (4) 

This equation determines the values of s which correspond 
to the maximum and minimum values of u. It can be easily 
seen that if the roots of equation (3} are real so also are those 
of (4) ; and vice versd. 

The student will observe in the preceding investigation 
that when « attains a maximum or a minimum value, the 
corresponding equation in s, obtained from (2), has equal 
roots. This is, as will be seen more fully in the next Article, 
the essential criterion of a maximum or a minimum value, in 



' 
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Find the maximtim or mininnim values oiu'm ths f ollow- 




ingcaaea:— 




EXiMPLES. 




, u *>+"+■' s„ . 




'■ " -' + 4i+,o- ''"'■" ^.'""^■■'' e^"""- 


« '^'-'+' .. . 1 '-" . 




^ ia a max. or a jnin. according oB is a min. or a mfii., i. e. 




„^-,i...„l„™„.,d™u.. 




.-. „ 0, „ . . . . lb. t™, gi„. . ,^„.„, tt, hit., . „iM.um ..l.ti... 




We now proceed to a general inveatigation of the condi- 
tions for a maximum and minimum, by aid of the principles 
of the Difierential Calculus. 

138. CondlUon for a Maximam or Minlmiim.— If 

the increment of a variahle, te, be positive, then the corre- 
aponding increment of any function, f{x), has the same sign 
a8thatof/'(aT),byArt. 6; hence, as « increases, /(fl;)increaaea 
or diminiaheB according aa/'(!c} is positive or negative. 

Oonsequently, when f{x) changes from an increasing to a 

change its sign. Iiet a be a value of x corresponding to a 
maximum or a minimum value oif{a:) ; then, in the case of 
a maximum we muat have for small values of h. 




f («) >f{a + A), an(l/{«) > / (a - h) ; 


, 


And. for a minimum, 


J 


/•(«)</(» + i),and./(o) </(«-*). J 


■ 


Accordingly, in either ease the expressioiis H 


■ 


/(« + ;.)-/(»), and /{a -/,)-/(«), M 


■ 


r""^* J 
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Again, by fommlaa* (29), Art. 75, we have 
/{<. + /.) -/(«) - hj\a) + ^/'C- + «'•), 

/(« - 4) -/(») - - ¥{«) * 7^/'(« - 9.4). 

Now, when A is very small, and /"(«) finite, the second 
term in the right-hand aide in eaoh of these equations is very 
email in comparison with the first, and hence /{a + A) -/(a) 
and /{a - A) - /{a) cannot have the same sign nnless 
/(»). o. 

Hence, l/ie mines o/x which render /{x) a maximum or a 
minimum are in general roots of the derived equation f{x) = o. 

This result can also he arrived at from geometrical 
considerations ; for, let g = f{x) be the equation of a curve, 
then, at a point from which the ordinate y attains a maximum 
or a minimiun value, the tangent to the curve is evidently 
parallel to the axis of »; and, consequently /'(«) =0, by 
Art. 10. 

Moreover, if x be eliminated between the equations 
f{x) = u findf'{x] = o, the roots of the resulting equation in 
M are, in genei'al, the maximum and minimum values o£/(^). 

This is the extension of the principle arrived at in 
Art. 1J4. 

Again, since /'(a) = o, we have 

/(« + *)-/(.). ^/■'(, , , 

: (5) 

/(«- 4) -/(«). ^/>- 9,4) 



* In tbe iavcBtigalian of maiimBi SDd minima given above, Lagnngie'efona 
of Taylor's Theoreni has been emplaned. For students who tire unacquunled 
with Hob form of tho Theorem, it may bs obaerred tliat the oonditiaiia for 1 
maximum or minimum can be readily established team, the form of Taylor"! 
Beriea given in Art. 54, viz,, 

/(" + *) -/(«) = /■no) + ^^f'i-) + 777:5 -^'f"' * *"" ' 

for whan A is very Bmall and ths coeffitienta /(oJi^Ca), &o. finite, itiaevideo 
that the sign oJ tbe series at the right-hand side depends on tbat of its Gn 
term, and hcnae all the results actived at in the above and tLe subsei^ueDb 
.Actirlfifl i^nn hn rpidilv r-ntnbTiHbpH. '* 
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Condition for a Maximm 

But the eipreBsions at the left-hand eide in these equations 
are both positive for email values of h ■when _/"'(«) is positive ; 
and negative, when ./"(a) ia negative ; therefore f{a) is a 
maximum or a minimum according as f"{a) is negative or 
positive. 

If, however,/"{ffl) vanish along with /"(a), we have, by 
Art. 75, 

/(a + h) -J\a) =Jt-r{a) + , /'' /■"(« + Q'')> 



1 



.2.3 



/(« -i) -/{«)■ 



.2-3 



/"(«) - 



.2.3 . 
4' 



2.3.4 



/"(»-«.'■). 



Hence it follows that in this case, /(«) is neither a 
maximum nor a minimum unless ./""{a] also caiiisk; but if 
/"'(a) = o, then/(fl) is a maximum when /'^(o) is negative, 
and a Tninimiim when./'''(fi) is positive. 

In general, let /!")(«) be the first derived function that 
does not vanish ; then, if w be odd, /(a) is neither a maximum 
nor a minimum ; if » be even, /(b) ia a maximum or a mini- 
mum according as /!"*')(«) is negative or positive. 

The student who is acquainted with the elements of the 
tiieory of plane curves will find no difficulty in giving the 
geometricaJ interpretation of the results arrived at in this 
and the subsequent Articles, 



EliMPLBS. 



I. u = a i1q2 4- i DC 

Hare tlie mn-iimm.. giiid 



Honce, the max. value of u is -^/n- 
■Uo erident independently, since 11 1 



r" 


1 
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Accordingly, if — = o, we haye -j- = o, and —— = i. 










3. « = 00a a + 4 oofl 11, and i being lioth poaitiTe. 




Here ^ --a ain«- li sin .1, 1 




s.......,.™„. 




Tlie maiimum and jninimiua Taluea are given ij the cquntion a anas + 2i 1 




-■. ■«-BhaTC,(i),Ein«: = o; or (»), cos i = :^. ■ 




ThosimplestBolulionof (i)ia»: = o,in whichcoae ^^^M 




^M 












gives a mo-timiim or a minimum Bolulion, accordiog as 17 ia < or > 4*. 




K« = 4J,^efc-.twhen« = ,r, g^o. 








^ = o{>inar-t i aini*), = d when r = i- 




Again, -— = a (oOB I + 4 COS 23:) = 311. CanaDqUBntly llio Eolution ia a 












i. e, when < 48, we easily find — poaitire, and aocordingly this gives a mia. 




TaluB of «, viz. - ^ - i. 




4. Find tte valua of ic for which sec i - a: ia a maiimuro or a minimum. 


y 


^«. siu«=^'-'. 



Application to Rational Algebraic Expremoiii:. 17J 

139. Application to Rational Algebraic Expres- 

ns, — Suppose /{x) a rational fimotion containing no 
fractional power of x, and let the real roots of f'{x) = o, 
Drranged in order of magnitude, be a, /3, 7, &o. ; no two of 
vhioh are auppossd equal. 

Then /W-(«-.)(.-P)(»-t) . . . 
|and r'W-{.-/3)(a-v) . . . 

But by hjpotlieEis, o - (3, a — y, &o. are all positive ; hence 
/"(o) is also positive, and oonsequentlj a corresponds to a 
minimum value of /(j-). 

Again, /'OT-(/3-<,)0-ri 

here /3 - o is negative, and the remaining factors are positive ; 
hence /"(/B) is negative, and/(j3) a maximum. 

Similttrly,/(y) ia a minimum, &o. 

140. maxima and Mlninia Values occnr alter- 
1 nalely. — We have seen that tlm principle holds in the ease 
I just considered. 

A general proof can easily he given as follows : — Suppose 
/{x) a maximum when x = a, and also when x=h, where b is 
the greater ; then when x= a + h, the function is decreasing, 
and when »= 6 - A, it is increasing (where A is a small inore- 
ment) ; hut in passing from a decreasing to an increasing 
state it must pass through a minimum value ; hence between 
two maxima one tninimnrn nt least must exist. 

In like manner it can be shown that between two minimn. 
one maximum must exist, 

141. Cue of Equal Boots. — Again, if the equation 
f{x) = o has two roots each equal to a, it must be of the form 

/(.).(.- a)' *W. 
In this case f"{a) = o,/"'(a) = 2if (a), and accordingly, 
from Art. ij8, a corresponds to neither a maximum nor a 
Tnitiitninn value of the function /(a:). 

In gemeral, if/'(3;) have n roots equal to a, then 
/'(«).(»-.)■*{;.). 
I Here, when n is even, /(a) is neither a maximum nor a 
I miniTniiTTi solution : and when n is odd, f{d) is a maximum or 
a minimum according as ^|/{a) is negative or positive. 



r 
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142. Case n'liere /'(si) = 00. The inveBtigation in 
Art. 138 shows that a funotion in general changes its sign in 
passing through zero. 

In like manner it oan he shown that a function changes 
its sign, in general, in passing through an infinite value ; i.e. if 
^(o) = 00, ^(a - h) and ^(et + h) have in general opposite sigiu, 
for Bmall values of h. 

For, if M and - represent any fnnction and its reciprocal, 
they have necessarily the same sign ; beoause if w be positive, 
- is positive, and if negative, negative. 

Suppose Ki, Mj, 113, three sucoe^ve values of «, and 

— , — , — , the corresponding reciprocals. 

Then, if «, = o, by Art. 138, Mi and «a have in general 
opposite signs, 

Hence, if ~ = « , — and — have also opposite signs ; and 

■we infer that the values of x which satisfy the equation /'(*) 
■= 00 may furnish maxima and minima values of /(«). 

143. We now return to the equation 

in which h is supposed to have any real value, positive, nega^ 

tive, integral, or fraotional. 

In this case, when x = a,f(x) is zero or infinity according 

as « is positive or negative- 
To determine whether the corresponding value oifM : 

a real maximum or minimum, we shall investigate whether 

/'(«} changes its sign or not as 0: passes through a. 

When x = a + h, f{a + h)=h''^{a+h), 

„ x^a-h, f{a-h) = {-hY^{a-h)i 

now, when h is infinitely small, i/- (a + A) and 1/. (a - A) beoomfl- 
eaoh ultimately equal to 1^(3) : and therefore /'(a + A) and 
/'((J - A) have the same or opposite signs according (u (~ i)" 
ifl positive or negative. 



(i). If n be an raen integer, positive oriiegatiTe,/'(3;) does 
not ohange sign in passing throngh a, and accordingly a cor- 
responds to neither a maximum nor a miTii'mnm eolulion. 

(2). If » be an odd integer, positive or negative, /'{a + A) 
and/'{fl - /(} have opposite signs, and a correaponda to a real 
TnaTimiim or minimuiD. 



(3). If n be a fraction of the form h 



, then ( - i) 



minimum. 



responds to neither a 



thia is imaginary lip be even, but has a real value ( - 1) when 
p is odd. In theformeroa8e,,/"(a -A) becomes imaginary ; in 
the latter,/'(ffi + /i) and /'(a — A) have opposite signs, and /(a) 
is s real maximum or minimum. 

Thus in all cases of real maximum and minimum values 
the index n must be the quotient of two odd numbers. 



ExlUTLES. 

b 
Here f{x)=i{ax + h) = o; hence B = — , 

And is a roaximum oc a minimum value of ai' + ih. 

u a ii oegntiTe 01 poaitive. 

J. /(r) = ii3 - iSi' + J6' + 'o- 

Ben, /' (T) = 6(j;- - jr + 6) = f,{z -»){»- 3)- 

(t.) L«li=i: then /"(i) ia negative ; hence /(i) oc 38 is 
(s.) I^jr°3; theii/"(*)i«po«itive; hance / (3) or 31 i 
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for large Tiiluea of*, f{x) canslatillt/ inctensea in oneeaae, and cooBlantly dimi- 
□iBhoa in (he other. 

It ia asBily seen that mx jncreases from — 00 to + i,/(t} iQcreasea from — 00 
to 38 ; aa X inoreeBes from i to 3,/{r) diminishea trom 38 to 37 ; and as x in- 
creases from 3 to en, /(x) inorensea from 371000. 'When considered geomo- 
trioaUy, the preceding inTestigaliou shows that in the curve represented b; the 
eq^uatioa 

y = aa*- 151^ + 361+ id, 

the t&ngect ia parallel to the axis of x at the points 1; =s 1, y = 3S ; and > = 3> 
!/ = 37 ; and that the ordinate is a '"■•""""" in the former, snd ' ' ~ 
the latter caac, &c. 

3.f(x} = a + i{i!-c)i. Am. x = e. Neither a n 

Substitute a + A ioi x, and the et|UBtiou becomes 

/(a + fl} = * + oH + rfrfj 

aUo /(o-ft) = i + iiH + rfA*; 

but -when A ia very email Al ia very small in compnriaon with hi, and accordingly i 
ia a minimum or a minimum value of /{a") nctording as c ia positive or negatlTe. 

S- /W = S^+ "I*- 15** -402"+ liar" + 601+ 17. 

Ahs. « = ± I gives neither a mar, nor a min. ; x = — i gives s min. 

ta-i)lx-6) 
6. ' . Let a — 10 = e, and the fraction becomes 



The maximum and minimum values are given by the equation 



/w 






i,/(x) is noitiier a "imfpiTifp nor a mi 



Again, the reciprocal fuadioii j !-^ is evidently a ami. when * = - 

tar if we substitute far x, — i + A, and — l — A, guccesairely, the result: 
T juos are bath negative ; and conaequantly tte proposed function ia a minim 
In thia oaee. 

Tbia fitmiBheB an eiamplo of a solution corresponding to /'(^) —i"- 
Art. 141- 

144. We shall now retuxn to the fraotion 
Oic' + zhxi/ + ey^ 
ds^ + aJ'icy + e'lf 

the maxinmm and minimum values of which have been already 
considered in Art. 136. 

Write as before the equation in the form 

f^{a - du) + 2a(6 - h'v) + {e - c'») = o, 
■where 2 = -. 

y 

Differentiate with respect to z, and, as --r = o for a maxi- 
jniun or a Tninim iim , -we have 

3(« - o'm) + {i - 6'«) = o. 

Uultiply this latter equation by %, and sabtraot from the 
tbrmer, when we get 

a(5 - 5'm) + (c - c'«) = o. 
Qenoe, eliminating s between these equations, we obtain 
(a - da) (0 - */«) = (fi ~ J'«)», 
or Vi\dd - 6") - tt(ffi)' + oa' - 254') + {ac - b')= ; (3) 

iho same equation (3) as before. 
The qoadratia for », 

»'(a6' - Ja^ + s{a(f - cd) + htf - eb' = o, (4) 

is obttuned bj eliminating ti from the two preceding linear 
enutimis. 



n 
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This equation can also be written in a determinant form, 
as follows : — 



It may be observed that tbe coefficients in (3) are in- 
mrianis of tbe quadratic expressions in the numerator and 
denominator of the proposed fraction, as is evident from the 
principle that its maximum and mJTii'Ttmm values cannot be 
altered by Knear transformations. 

This result can also be proved as follows : — 



Let 



gX'+ 2bXY+cT' 
" a'X' + 2b'Xr + <fY" 



where X, Y denote any functions of x and y ; then in seeking 
the maximum and minimum values of « we may Bubstitute 



and we obviously get the same maximum and minimum values 
for w, whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, F be linear functions of x and y, 1. e. 

X= U + nil/, Y= tx + m'y, 
then « becomes of the form 

Ax^ + 2Bx y + Cf 



h 2Sxy + OV" 

■where A, B, C, A', IT, C, denote the coefficients in the trans- 
formed expressions ; hence, since the quadratios which detw- 
mine the mB^imum and minimum values of u must have the 
same roots in both cases, we have 
AO-S'^ k{ac - J'), AC + CA' - IBS' = X(a<f -t- cc^ - 2U'), 



A'0'-B" = X{(/(f-b''). 



Q.E.L. 



It can be seen witliout difficulty that 

X = {h)i' - m?Y. 

I We diall illustrate the use of tie equatiouB (3) and (4) by 
■ applying them to the followiDg question, which occurs in the 

determination of the principal radii of curvature at any point 

on a curred Burface. 

145. To find the IHaxlma and minima Values of 

r COS'a + 2S 008 a OOB /3 + ^ oos'/3, ' 

where cob a and cob /3 are connected by the equation 

(i +p^ coB*o + 2pq cosn oos/3 + (i + q^) eos-/3 = r, 

and p, q, r, s, t are independent of a and (3. 

Denoting the proposed expression by k, and substituting 
, COB a . 

* tor -,, we eet 

oos/j " 

(i +y)a' + 2j?ga+ (1 +g')' 

The maximum and Trn'riiTnnTn values of this fraction, by 
the preceding Article, are given by the quadratio 

u'li +j)* + y')-«{{i+ff')r- 2pj8+ (i +_p°)() + j'i-«^ = o; (6) 

while the oorreeponding v^ues of s or ^ are given by 

«M{i +p')s-pqr\ +e|{i + p'Y - {i + f)r) 

+ [;)?i-(i+§'}s) =0* (7) 




The student will observe that the roots of the denominator 
a the proposed fraction are imaginary, and, consequently, the 
tlaes of the fraction lie between the roots of the quadratic 
S), in accordance with Art. 136. 

Lttcroii, Lif. Cal, pp. J7j, 376. 
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146. To find tbc Httxlmiim and niinimam Kadlus 
¥eetoT of the EUlpse 

ax'' + zbxij + e// = I. , 

(i). Suppose the axes rectangular ; then 

r' = j:^ + y^ is to be a mosinium or a mioiniai 



s, and we get 



«s- + 2bz 



4 



Henae the quadratic wliich deternuDes the muximnm and 
Tniniminn distances iiovo. the oentre is 

»-'(ae-6')-r'(« + c) + i =0. 

The other quadratio, viz, 

bx^ - (a ~ c) ny ~ bi/' = o, 

gives the directions of the axes of the curve. 

(2.) If the axes of oo-ordinates ho inclined at an angle m, 
then 

r" = »" + y' + zxij 00a w 



as' + 2bs + c ' 

and the quadratio hecomes in this case 

t*{ae - 6') - r*(a + c - 25 eosw) + sin'w = o, 

the ooeffioients in which are the invarianh of the quodntia 
expressions foiming the numerator and denominator in ttu 
expression for r*. 

The equation which determines the directions of the ax» 
I the conic can also be easily written down in this case. 



Sfaximum nnd Minimum Section of a Right Cone. i8i 

147. To Investigate the Maxlmnm and Mlnlmom 
Valaes of 

d'lK* + 3iVy + 3c'irj'' + d'y*' 

Substituting a for -, and denoting the fr^tion by w, we bare 

OB' + 3ftg' + 3cn + t^ 
ffV + 3i'a' + 3c'a 4- tf' 

Prooeedinff, asin Art. 144, we fiad that the Talues of « ands 
are given by aid of the two quadratioa 

ie' + 2CB + rf- (JV+ ai/g + d')tt, 

Eliminating ft between these equations, we get the f ollowiDg 
biquadratic in z ; — 



t'(ab' - ba') + 2z'{iii 



' - ed) + s' ( ttt 
•.z{bd' - db') 4 



-cb')\ 



'-a'ti+3(Jc'- 

(ccf - <fd) = o. (8) 

Eliminating s between the same equations, we obtain a < 
liiquadTatio in «, whoso roots are the maxima and minima 
vnfaes of the proposed fraction. Again, as in Art. 144, it 
oan easily bo shown that the coefficients in the equation in u 
are imariants of the oubics in the numerator and denominator 
of the fraction. 

148. To cut tbe ]nax.iinaiii and Minimum Rlllpae 
fk-om a Rl(ht Cone which mtandit 00 a given elrcular 
kaite. — Let AD represent the axis of . 

the cone, and suppose BP to be tbe 
axis major of the required sootion; 
its centre ; a, b, its semi-axea. Through 
O and i* draw ZJfand PR parallel to 
BO. Then BP = 2a, b' = LO . OM 
(Enolid, Book ni., Pr. 35) ; but LO 
PR ^„ BC_ 



OM-^^;.: f = - 

2 2 4 

Heam BP* . Pi? m to be e 



BC . PR. 



wiaTiTTnitn 




L 
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Let i BAD - -, PBC - B, BO ^ e. 



Then BF.BOT^"^ ' '""' 



BinBPC ooa{8-o)' 
ceoB (fl+ o)_ 



Bin BMB 

'(0*' } 



--) 



IB a maxunom or a, imuuaum. 



du 



- 2 Bm2o 



i'(8-=) 



The solution becomes impossiblo when 2311120 > i ; i.e. if 
the vertical anglo of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°. For, if 01 be the leaat value of 9 derived from the 

eq^oation Bin2fl = 2Hin2a; then the value 9i evidently 

gives a second eolation. 

Again, by differentiation, we get 

d'u 2 00B2( 



d6' cos' (tf - 



r (when sin2fl - 2 Bin2a). 



This ia positive or negative according as coszO is positiTe or 
negative. Henee the greater value of 6 corresponds to ft 
maximum section, and the lesser to a minimum. 

In the limiting case, when a = 15°, the two solations 
ooincide. However, it is easily shown that the corresponding 
section gives neither a maximum nor a minimum BOlution of 
the problem. For, we have in this ease 6=45°; whichvalue 



gives 


W"°' 


On proceeding to the next difTerentiation 


we 


find, 


when 9 = 


45°. 












d¥' 


-4 


64 






cos* (45° 


-a) •' 9 





Hence the solution is neither a maxi m um nor a minim 
When a> 15°, both solutions are impossible. 



J 
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149. The principle, that when a fimrtion is a maximain 
or a TTiiTiimiim its reciprocal is at the eame time a minimTtTii 
or a maxiimim, is of frequent nse in finding saeh solutions. 

There are other considerations by which the determina- 
tion of maxima and iptnimft valnes is often facilitated, 

ThnS} whenever w is a maximiim or a minimnm, so also 

is log (u), nolees u vanishee along with — . 

Again, nay constant may be added or sabtracted, i.e. if 
/{x) De a maximum, so also is/(2:) ± c. 

Also, if any function, u, be a marimnm, bo will he any 
positive power of u, in general. 

150. Again, if 3 = /(m), then dz =_f{u)du, and eonse- 
qnently s is a maximom or a minimnm; either (i) when 
du '' o, i.e. u-^fn u is a maximum or a minimum ; or (2) tchen 
/•(.). o. 

In many questions the values of u are restncted, by ths 
conditions of the problem,* to lie between given limits; 
sooordingly, in such cases, any root of fin) = o does not 
famish a real maximnm or minimum solution tmless it lies 
between the given limiting values of u. 

"We shall illustrate tms by one or two geometrical 
examples. 

(1). In an ellipse, (0 find when the rectangle under apair of 
eotijugnte diameters is a maaimum oraminimum. Let r beany 
■emi-diameter of the ellipse, then the square of the conjugate 
eemi-diameter is represented by d' + d' - t", and we have 

« = r* («* + i' - r*} a maximum or a Tnim'Tnmn 

Here ^ = 2(3' + 6' - 2r')r. 

Accordingly the maximum and minimum values are, 
(i) those for which r is a maximum oraminimum; i.e, r = a, 
or r ■= i; and, (2) those given by the equation 



1 
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or r = o, and r = / . 

\ 2 

The Bolution r = o is inadoiiBsi'ble, Bines r muflt lie Intween 
the limits a and b : the other solution corresponds to the 
eqiueonjugate diameters. It is easily seen that the eolution 
in (2) is the maximum, and that in (i) the minimum valne 
of the rectangle m question, 

151. As another example, we shall consider the following 
problem* : — 

Gicen in a plane triangle two sides {a, h) to find the 
maximum and mimmum values of 



■where A and c Lave the usual significations. 

Squaring the expression in question, and substituting jt 
for c, -we easily find for the quantity whose maximum and 
minimum values are required the following expression : 

I 2b a- - IP 



negleoting a constant multiplier. 

Accordingly, the solutions of the prohlom are — (i) the 
maximum and minimum values of x, i.e. a+ b and a- b. 

(a) the solutions of the equation ~, i-e. of 

■ , "'' 3(.--y) , „ 



whence we get x = 

neglecting the negative root, which is inadmissihle. 

Again, if i > n, vsa" + b" - zi is negative, and accord- 
ingly in this case the solution given by (z) is inadmissible. 
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If a > 6, it Temains to see whether v^3a' + i' - 2J Uefl 
Iwtween the limits a + 6 and a —b. It is easily Been that 
t/io' + i' - 2hhB> a- b: the remaining condition requires 



f 6aJ + 96* > 3a' + 6% 
I- 3flJ > a*, 



„ , 9a' 250* 



or, finally, i > -. 

We Bee accordingly that this givea no real Eolntion nnlesB 
the lesser of the given sides exoeeds ono-fonrth of the 
greater. 

When thie condition is fulfilled, it is easily seen that the 
ooireepondiug solution is a. maximum, and that the solutions 
oorresponding to z = a + 6, and x = a — b, are both minima 
■olationB. 

t^Z. HBxima &Dd aUniniM Talnee of an Implicit 
FoBctlon. — Suppose it ho required to find the maxima or 
TTiinfmn, values Of y from the equation 

f{z, y) = o. 

Differentiating, we get 

du ^*^_ 
dx dydx ' 

where u represents /{x, y). But the maxima and minima 



Tilaefl of tf most satisfy the equation 



d!/ 



o ; aceordiDgly the 



i 
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Tnam'TniiTn and T niniTniiTn valueB are got by combining* the 
equations -7- = o, and M = o. 

153. Haxlntmn and nil nl mom in case of a Fnno> 
don of two dependent Tarlablea. — To determine the 
maxinmm or minimum values of a function of two variables, 
X and y, which are connected bj a relation of the form 

Let the proposed function, ^ {sr, y) be represented by w ; 
n, by Art. ioi,wehave 

du _ dx dy dy dx 
dx~ ^ 

dy 

But the maxima and minima values of u satisfy the 
equation j- = o, heuoe the values of a; and y derived from 
the equations /(a-, y} = o, and 

^¥__d^df _ 
dx dy dydx ' 

furnish the solutions required. To determine whether the 
solution 90 determined is a maximum or a minimum, it 

is necessary to investigate the sign of — . We add 

example for illustration. 

154. Given the four sides of a quadrilateral, tojind when itt 
area is a maximum. 

Let a, b, e, d be the lengths of the sides, ^ the angU 
between a and b, yp that between c and d. Then ab sin ^ 
+ cd sin i^ is a m nyir rmm ; also 

a' + i' - 2ab COB = c" + tf - 2cd cos \p 
being each equal to the square of the diagonal. 



■ Tliis rosult ia evident also Erom geometrical oonsiderationB. 



J 
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„ duL 

Henoe abooB^-i-ed oob tL^ = o 

for a TnaTininTn or s iimuniiim ; also, 

•*. tan ^ + tan ^==OyOr^-i-^= i8o\ 

Henoe the quadrilateral is insciibable in a circle. 

That the aolntion amyed at is a maxunum is evident 
from geometrical oomddenitions; it can also be proved to be 
80 by aid of the preceding prinGq>le8. 

For, substitcite -r— : — % instead of ^, and we gek, 
' cdtm^lt d^ ^ 

du ^abtiii{f + \l^) 
d^ sin Tp 



difk* sm^ V di^j 



+ a term which 



d^u 
vanishes when f^ + xf/^ 180^ ; and the valne of -=-^ becomes 

in this case 



ab r ai\ 
sin <^ \ cdf 



which being negative, the solution is a TnaTriiniiTn. 
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EXAUFLBS. ^^^^^H 




I. Frove tiai atecB + b coaeo B is » minmiunE tIibii tan ° !j-. 1 








^Mj. I = J. a mar. ; i = a, a min. 




5. It a ftnd i be Buot that f{a) >^ /(*), fiow fhnt /(«) hoe, in general, » 
nasiBiQm or a minimutn yalua for aome value o( * between a audi. i 




4. Find tbe Talus of x which makes J 


cos"(6o'-irj 1 




unaaimutn. Atii. a = 30'. 




f{x) - -(,(*) ?(«) 


L 


6. Find Ite value of <io» i when Jl^f.. _ ia a maximum. 
-/s-4ooa» 


■ 


L ....»„.^. 


■ 


7. Findwhen-i:=^i"ainaiinium. „ « = -- 
\/4 + S** * 




1. Apply the meliod of Ex. S to ^^« eiproMion ^,_„^^- ^ 




9. -VHiat are the values of x wUvh moke the eipresBioa ^^^H 




ii? ~ iiic^ + 361 ^ lo ^^^^H 




TalueBrfthaeipieaaion? ^"'- a.= i,amai.; r=6,amia. 




11 Giventhe angle C of atriangle; prove thirt8iDU + iin''.fliEftinaiimuni, 
and toa'^ + coa'i a minimum, when A~B. 




12. Find the least value of iM^ fir*'. -^»«. i-/**. 




'3' („-,)(i-^)- 


ij_ 





Eitamples. 



s 


u = « cos X. 






Am. r=ootK. 


6 


PiOTB that iC is a n 


azimui 


Q when :E = *. 




7 


Tsn'"*.taii«(a-« 


isam 


tiimttm when tan i 


a-ii)=^-^tan«? 


8 


Prove tUat ^ ia 


miniiE 


um when x = e. 




„' 


Given the vertical a 


iigleof 


a triangle and its n 


ea, Gud when its base is 


o 


Given one an^le ^ of a lie 


it-onglod spherica' 


triangla, find Mrhen the 



Hece tan « coa ^ = tan ft J and since e — b 

HcDoe we fbd tan i = v^cos ^> 

This questian admits of another eaaj solution ; for, as in Art. 1 1 

emueqneatly sin (a - b) becomes a maiiiaum along with ein {a ■)■ 6), 



II. Prove that the problem, to describe a circle with ita contro on the 
circnmierence of a given circle, so that the length of the arc intercepted within 
IbA giran oirolB shall be a maximum, is reducibla to the solutian of the equation 
=cot«. 

3X. A perpendicular is let fall from the oentre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 
dicular is a maximum. Prove that p = "/ah, and ijitercept — a — b. 

ij. A eemicircleisdescribedontheaxis-majorof ancUipse ; draw a line from 
ooe extremity of the axis ao that the portion intercepted between the circle and 
lh« ellipse shall be a nm-rimnm. 

14. Draw two conjugate dismetera of an elUpae, so that the sum of the 
perpendiculnra Irom their eitremities on tb.o aiie- major ahail be a maximum. 

ij. Tbiough a point on the produced diameter AB of a semiciicia draw a 
•ecant ORTS, bo that the quadrilateral ABRK inscribed in the semioirclo shall 
b« • maximuni. 

FtovG tiat, in this case, the pinjectiou of ES! ou AB ia equal in length to 
llw ndtus of the circle. 
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i 7. Find tlie aroa of the ellipse 

ax' + zKiy + (j,* = ( 
in tenna oE the coefficients in its equa.ticiQ, by the method of Art. 146. 
(1) for rectangular aiea. Am. 

(a) for ohliqae. „ 

iS. A triangle inscribeil in a giren circle has its baae parallel to ft given line, 
and its vertex at a given point ; find an expression for the cosine of Us vertical 
angle vhen the area is a mnviTnuTn 

29. Find when the haae of a triangle is a micimiun, being given tba ver- 
tical angle and llie ratio of one taAe to ths difference behreen the other and a 
filed line. 

30. Of all spherical triangles of equal ares, that of t^ least perimeter ii 
equilateral ? 



mailn 


Let tf' + 1= - 3aw* = 


o; dotermin 


e whether the valua x = 
Ahi 


M^er" 


Si- 


Show that the maxin 


um and mini 


imnm values of the cubii: 


expression 






a>? + ihx' + zcx-Vd 






are tile 


roola of tic quadratin 


0=1' - 2G% - 


a-a- 






whiiTO 


G = a-'d-ialc + 


2P, and A ^ 


a-'S' + iat^i-id^- 


3J»^ 


-6*J*A 


33. Through a Blod point within a 
The line is biaected in the given pcunt 


givon angle draw 


aline 


so^iat tl 



I 



35. If the portion, AB, of the tangent (o a given carve intercepted by two 
Bied lines OA, OS, be a Tninimiim , prove that FA = HB, where Pis the point 
of coQlaut of tiie tangent, and S the foot of the peipeodicular let fall on the 
tangent from 0. 



-3(* -nS')'(«-w.')'-6(«-.«')(i-.rf') {«-«■) (rf-«r) = 



[ 
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155. naxlma and Minima for Two Variablesi. — la 

eecordance witK the principles estatlislied in tho preceding 
chapter, if ip (x, p) be a maximum for the paxtioular values 
Jto and t/t, of the independent variables at and t/, then for all 
email positive or negative values of A and k, ^ {x^, j/o) must 
be greater than ^ (ico + A, j/o + A) ; and for a Tni'nirmim it must 
. be leas. 

Again, since x and y are independent, w* inay suppose 
either of them to vary, the other remaining constant; 
accordingly, as in Art. 138, it 15 necessary for a maximum 
or minimum value that 

du . du 

-— = 0, and-T- ^ o; (i) 

dx dy ^ ' 

omitting the case where either of these funotiona becomes 
infioite. 

156. Lagrange's Condition. — We now proceed to 
consider whether the values found by this process correspond 
to real maxima or minima, or not. 

Suppose Zo, y^ to be values of x and y which satisfy the 
equations 

du , du 

-;- = o, and -r = o, 

dx dy 

and let -^t S, C be the values which -r-^, -r-,-, -r^ assume 

dx- dxdy dy 
when Xt and ijo are substituted for x and y ; then we shall 
bare 

0(a-, + A, yo + A) - <p{x„ y,) = -^{Ah^ + zBhk + CA') + &o. (2) 



192 Max. (iiid Mill, far two or more Indepeiident Variables. 

But when h and k are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah^ + ^Bkk + Ck" ; accordingly the sign of 
^{xo + A, i/o + A) - 0(a;g, j/() depends on that of 

^k'jAG-B') 



Now, in order that this expression should be either alwaya 
positive or always negative for aU small values of h and k, 
it is necessary that AG - & should not be negative ; eis, if 
it be negative, the numerator in the preceding expression 
would be positive when A= o, and negative when Ah + Bk = o. 
Hence, the condition for a real maximum or TniniTviTim is 
that AC rfiould not be less than B', or 

da? dy^ \dxdij) ' 

and, when this condition is satisfied, the solution is a maxi- 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

li B' ha > AC the solution is neither a maximum nor & 
minimum. 

The necessity of the preceding condition was first estab- 
lished by Lagrange ;" by whom also the corresponding con- 
ditions in the case of a function of any number of variables 
were first discussed. 

Again, if ji = o, 5 = o, C = 0, then for a real maximum 
or Trn'T^iiniiin it is necessary that aU the terms of the third 
degree in A and k in expansion (2) should vanish at the same 
time, while the quantity of the fourth degree in h and k 
should preserve the same sign for all values of these qoan- 
tities. See Art. 13S. 

The spirit of the method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

157. To find the position of the point the sum of the 
squares of whose distances from w given points situated in 
the some plane shall be a rnJTiiTnmn 

■ I%^»ri# iti Fotutiotu. Denxi^me Paitie. Cb. ODziSms. 
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Ijet the oo-ordinates of the given pointB referred to 
leotangular axes be 

(oi, hi), (f(i, ii), (rt3, h) ■ ■ • (a„, b„), respectively ; 

(ar, y) those of the point required ; then we have 

u={x- a,y +{y- byf +{s!- a^f + (y - 6,)' + . . . 

+ {x- a„y +{y- 5„)' 
a Ttiini'miim ; 

du . . 

.: -T-^^-ffli + ii!— (ij + . .. + a:-a'„ = «a;-(fl,+02+...+a„) = o; 

— - =y-fii + y-fi,+ ...+2/-J„=Hy-(i, + fei+...+6„) = o. 



Eenoe 



«! + B, + . . . + a„ 6, + 6, + . . . + S„ 



■Dd the point required is Che centre of mean position of the 
fl given points. 

From the nature of the problem it is evident that this 
result corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 



dx' 



B = Pr 



In this case AC - B' ^ positive, and A also positive; 
and accordingly the result is a miTiinn iTn. 

158. To find Uie naxlmain or Wlnlmom Valne 
•r the expression 

ax'' + by^ + 2hxy + 2gx 4 2^ + c. 

Denoting the expreamon by «, we have 

idu , 

--r°aa! + ny-i-g = o, 
zax ^ 4- / 

idu , 

--r = A* + ov +/•= o. 
zdff 



r 
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Maltiplying the first equation \ty x, the second by y, and 
subtracting their sum from the given expreBeion, we get 

a^gx+fi/ + c; 

whence, eliminating x and j/ between the three equations, 
we obtain 



1 



u{ab - A') = 



h b f 
3 f c 



This result may also be written in the form 



where A denotes the discriminant of the proposed expression, 
ji„ js., ^tf^ 

= 20, ^::x: = 2B. 



fte' 



dy* 



dxdy 



Hence, if at - A' be positive, the foregoing value of u is a 
maximum or a minimum according as the sign of a is negative 
or positive. 

If h^ > ab, the solution is neither a maximum nor a 
Tnim'tniim . 

The geometrical interpretation of the preceding result is 
evident ; viz., if the oo-otdinates of the centre be substituted 
for X and y in the equation of a conic, « = o, the 
value of « is either a maximum or a minimiim if the 
be an ellipse, but is neither a maximum nor a minimum for 
; as is also evident from other considerationa. 
. To find the Maxima and Minima Tatnea 
of tbe Fraction 

■' + zhxy + 2gx + ify 



aV+ b'j/'+ 2A'ay+ 2^x+2fy+<f' 

Let the numerator and denominator be represented b^ 
^[ uid ^ ; then, denoting the fraction by u, we get 



r 



Examples for Tico Variables. i 

Differentiate with respect to x and y separately, then 

rf^, du d^i '^^i _ ^ J, ^. 

dx'^dx'^'^ dx' dij d>/^' dy ' 

but for a maxiiBuiii or a mitdmum we must have 
du du 

dx ' dy ' 

hence, the required eolutions are given by the equations 

ax + hp + ff = u{a'x + h'l/ + t/), 

hx + by+f = u{h'x + b'y +/ ). 

Multiplying the former by a-, the ktter by y, and subtiaottng 
the som from the equation (a), we get 

gx +fy + c = u{^x +/'y + e'). 

These equationB may be written 

(a - <iu)x + (A - h'u)y +g - (fu-o, 

(h - h'v)x +{b- b'u)y +■/ -fu = o, 

{g - ^a)x + {/-/'u)y + e-du = o. 

Eliminating x and y, we get the determinant 

a-du h- h'u g - ^u 

~h-u h-b'u /-/'« =o. (4) 

g-tf^ f-f* e -^u 

The roots of this cubic e^ostum in it are Uu "■ftVinfr M 
minima required. 

This cubio is the aame aa that wfaieh gtm Hm fhv 
Byatems of right Unee tlist pan tfaroo^ flw pofartt 
intersection of the oonicB >i - o, fi » a' 
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The cubic is written ty Dr. Salmon in the form 

A'jt' + 0'j(' + ew + A = o, (5) 

where A, A' denote the discriminants of the expressions ^] and 
^3, and G, 6' are their two other invariants. 

On the proof of the property that the coefficients are in- 
Tariants compare Art. 144. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case either A = o, or A' = o. 

If both the numerator and denominator be resolvable into 
factors, the cubic reduces to the linear equation 

g'm + e = o, 

and has but one solution, as is evident also geometrically. 

160. To find the Staxlma or mnlma Valnes of 
a^ + y' + s% where 

ax^ + iy' + cs' + 2kxy + 2gxz + 2/ay = i. 



1 



Let H = 
we have 



a;* + y' + c' ; substitute 3/ and 2/ for - and - 



and 



aa/" + V" + c + zhafj/ + igx' + 2/1/' 
Aooordingly the cubic of formula (4) beoomes in this case 
U-' h g 

h b-ir' f =0. (6) 

9 f »-«- 

This IB the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation : when expanded it becomes 

i"' - (« + 6 + c)«"' + (fl6 + 6e + ac -/' - g^ - /*')«■■' 
+ (a/"' + S3' + cA' - ahc — zfgK) = o. 

■ See Salmon'* Qiomitry of Thru Limtiaiotu, 3rd ed., Ait. Sa. 



Henoe 
, id'u d'u 



di/' \dxdy) ] 




Application of Lagrange^ 

i6i. Application of Kiagrangc's Condilion. 

applying this eoDdition to the general 
write the equation in the form 



from which we get, on making 



(7) 



Aooordinglj, the sign otAO-B' is the Bame aa 
the qnadratio expression 

{ab - A') - (ab' + Sa' - 2kh') u + {a'b' - h")u\ 

I vhere i* is a root of the cubic (4) or Cs). 

II Ai represent the determinant in (4), the preceding 

qoadratio expression may be written in the form ~-r^. 

Again, w,, «,, Uj representing the roots of the eubio (4) ; 

I 11, (3, those of the quadratic (7) ; if «i be a real maximum or 

I Tninittinni value of u, we must have (wi - a)(Mi - ^){i/b'- A*") 

positive quantity. 

Aooordmgly, if a'b' - A'' he positive, tt, must not lie be- 

i values a andfi. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and |3, 
they correspond to real maxima or minima, but any root 
which lies between a and /3 gives no maximum or minimum. 

In the particular case discussed in Art. i6o the roots of 
the cubic {6} are all teal, and those of the quadratio 

II = o are interposed between the roots of the 
k, i - tr' I 

cubic. (See Salmon's Sighcr Algebra, Art. 44). Accord- 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid ; viz., the axes a and e 
are real maximum and n"'"''Ti ""i distances from the centre to 
the surface, while the mean axis b is neither. 

It would be unauited to the elementary natiire of this 
treatise to enter into further details on the subject here. 

162. Maxima or BUnima of Fanctlonit of three 
Variables. — Next, let u = i^{x, y, s), and suppose Xa, yo, «» 
to be values of x, y, s, which render « a maximum or a mini' 
mum ; then, if a-, y, a be independent of each other, by the 
same reasoning as before, it is obvious that Xg, y„ , Sq must 
satisfy the three equations 



omitting the ease of infinite values. 
Accordingly we must have 

A' jfc' P 

*(j:o + A, S'o + *. a« + - *(*!>. yw ■=») = -4 f^ + -2 — + C" — 

where A, B, C, F, G, H, are the TaJues that 

d=» ^u (Pu _rf^ d'u cPa 

dx'* dy^' rfs'' dyds' dxdz' dxdy 

respectively assume when x^, yo, za are substitated for us ^i * 
in them. 



Maxima or Minima for Three Variables. 



r 

I Now, id this, as in the case of two independent variables, 

I it is neoeBsary for a real maxitmim or mipimum value that 

the preceding quadratic fimction should be either always 

positive or (dways negative for all smaU real values of A, k, 

and /. 

Substituting al for h, and ^l for A, and suppressiDg the 

positive factor /', the expression becomes 

^a' + iJ/3' + C + 2JJ3 + 2Ga + 2^0/3, (8) 



Completing the sijuare in the first term, and midtiplyiiig by 
A, we get 

{Aa-^H^ + G)"+ {AB-m)^'' + 2[AF- OE]^ ^{AC- CP). 

Moreover, since the first term ia a perfect square, in order 
that the expression should preserve the same sign, it is neces- 
aary that the quadratio 

(AB ~ S')ii' + 2{AF - Cff)li + AC-CP 

ihould be positive for all values of (3 : hence we must have 

AB~M->o, (9) 

and {AB - S']{Aa - (?) > {AF- GSy, 

or A(ABC + 2FQH-AF^ - BCP - CH') > o, (10) 

i.e. A and ^ must have the same sign, A denoting the c^- 
eriminant of the quadratio expression (8), as before. 

Aooordingly, the conditions (9) and (10) are necessaty 
that Tt, fftt ^ should correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions »are fulfilled, if the sign of A be 
jKXntive, the function in (8) is also positive, and uie solution 
IS a minimum ; if ^ be negative, the solution is a mftyimnm 

163. Maxima and Hiiiiina for any niunbcr of 
Tarlables. — The preceding theory admits of easy extension 



1 



r 



^ 
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to fimctiona of any mimber of independent variables. The 
values which give maxima and minima in that case are got 
by equating to zero the partial derived functions for each 
variable separately, and the quadratic function in the ex- 
panaion must preserve the same sign for aU values ; i.e. it 
must be equivalent to a number of squares, multiplied by 
constant coefficients, having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of » independent variables is simply » - i, and not 2"— i, 
as stated by some writers on the Differential Caloulus. A 
simple and general investigation of these conditions will bo 
given in a note at the end of the Book. 

164. To Invesligate the ntaxlmimi or SUnliniim 
Value of tbe Expression 

(fcE* + Sy* + ca' + zhmy + zgzx + 2fyz + 2px + 2qy + 2rz + d. 

Let u denote tbe function in question, then for its maxi- 
mum or minimum value we tiEve 



- = 2{aa> + hy -v gs -vp) = o, 

- = 2{hx + by +/z + q) = o, 

- - 2 {gx -¥fi/ + es + r) = o ; 



I 



hence, adopting the method of Ait. 158, we get 1 


w = px + qy ->r rz ■{■ d. 




Eliminating x, y, z between these four equations, we obtsin 1 




a h g p 


aha 






k h f q 




h b f 


. 




St'' 










p q r d 






Again, 8 

L 


<Pu d 


'a 


b, Sai., 





MasHma or Minima for two or more Varinhles. 
ttie result is neither a ina:ximiim nor a. miTiimiim uolesB 



I is pOBitire, and 



9 f '^ 



has the same sign as a. 



The Btudent who is acquainted with the theory of surfaceB 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

165. To And a polat Hacta Oiat tbe stun of tbe 
■qaares orite distances from n given points shall be 
a BUnlmum. — Lot {a, b, c), {a', b', c"), &e., be the co-ordi- 
nates of the given points referred to rectangular axes ; iP, y, 2, 
the co-ordinates of the required point ; then 



(.• 



■+((,-*)■+(.-«)■ 



is equal to the square of the diBtanoe between the points 
{a, 6, c), and (a;, y, s). 
Hence 

+ &0. = 2(» - ay + 2(y - bf + S(b - cf, 

where the summation is extended to each of the n points. 
For the mftxipnim or rniniminn value, we have 



s^'^f"'-)-™"- 


zSa = 


— - 2-2.{y - J) - 2«J - 


2Si = 0, 


^... .-, = .»- 


zSc = o; 



*^ "^ y«t »» MB the co-ordinates of the centre of mean posi- 
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tion of the given points. This is an extension of the result 
established in Art. 157. 



Again 



dPt* d^u d^u ^u o 

= 2W, = 2W, = 2W, = O, &0. 

da^ dy^ dz^ dxdy 



The expressions (10) and (11) are both positive in this case, 
and hence the solution is a TniniTnuTn. 

It may be observed with reference to examples of maxima 
and minima, that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a Tninimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange's conditions. 
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ExAlfPLES. 

Find the maxiirnim and miTiinnim values, if any such exist, of 

«a; 4- Jy + <? ^ « + \/«* + **+<;* 
[« -5 = . Ans, -= . 

ax-^ hy + e 

3. ** + y* - «* + «y - y*. 

(a). a; = o, y = o, a maximum. 

08). d? = y s :t -, a minimum. 

2 

(7). a? = - y =s j. Jl — , a minimum. 

z 

4. AC* + hxy •^de^ + lxz-\- myz, 

xssysss:=o, neither a maximum nor a minimum. 

5. If tf s «ay - «*y« - a3y8^ prove that « = -, y = - makes u a maximum. 

2 3 

6. Prove that the value of the minimum found in Art. 165 is the -th part of 

n 

the sum of the squares of the mutual distances between the n points, taken two 
and two. 

7. Find the maximum value of 



S. Find the values of x and y for which the expression 

{aix + *iy + tfi)* + (aa» + *ay + ^2)* + . . . + (on* + *ny + e»i)'* 
^•OOBMI a minhnnm. 



( 'Of ) 
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METHOD OF UNDETEEMINED MULTIPLIERS APPLIED TO THE 
INVESTIGATION OF MAXIMA AND MINIMA IN IMPLIlUT 

FUKCTIONS. 

l66. Method of Undetermined nmtlpllerg, — ^In many 

oases of maxima and minima tile variatles wtieh enter into 
the function are not independent of one another, but are con- 
nected by certain equations of condition. 

The moat convenient process to adopt in such cases is 
■what is styled the method of undetermined* multipliers. Wa 
shall illustrate this process by considering the case of a funo- 
tion of four variables which are connected by two equations 
of condition. 

Thus, let u = ^(tfi, Xi, Xi, x^j, 

where x^, x^, x^, or, are connected by the equations 



F,{x„ 3-j, x„ X,) = o, Fi{xi, Xi, : 

The condition for a maximum or a i 
eTidently requires the equation 



,, «=.) - o. (I) 

linimiiTn value of t 
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quantity A,, the other by Aj, and adding their Bum to the pre- 
ceding equation, we get 






dF, , dF,\. I, 



Ab >„ Xj are completely at ou 
them determined bo as to make t 
Tanish. Then we shall have 



—' + \ ^\dx 
dXi ^ dd^J ' 

IF, , dF,\^ 



dx,- 



:^ + X, -3- + X, -— 

•'-, (tea (tea/ ^l^. ,,^1 »*,/ 

Again, since we may regard cr.„ Xt as independent variables, 
and a-,, x, as dependent on them in conBequence of the equa- 
tions (i), it follows that the coefficients of dxs and dxi in the 
last .equation must be separately zero, for a maximum or a, 
miT^iTTiiini ; consequently, we must have 

dA , dF, , rfJL 



dxt dx, dxi 

[These, along with equations (t) and 
d^ 

dA . dF, , dFt 
3^ + X, 3- + X) 3- = u, 
OTi dxt dxj 

i tlieoretioally sufficient to determine the six unknown 
^quantities, x,, wt, x,, 2-,, X], Xi ; and thus to furnish a solution 
I m the problem in general. 

I This method is especially applicable when the functions 
I -Fi, Fit &o., are homogeneous ; for if we multiply the preceding 



i 



1 
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differential equations by x„ x^, Xa, Xi, reapeotively, and add, 
we can often find the result with facility by aid of Euler's 
Theorem of Art. 103. 

There is no diffioidty in extending the method of undeter- 
mined multipliers to a function of n variables, x„ x,, x,, . . . 
a*„, the variables being connected by m equations of condition. 

J", = o, i?!, = o, J", - o, . . . J"™ = o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliera, Xi, Aj, . . . A„ reapeotively; by the same 
method of reasoning as that given above, we ^lall have the n 
following equations, 



- + x, 



dF, dF. 



^ + Ai 3- + . 


, dF„ 


dA , dF, 

rfj-n dx„ 


, dF^ 

dXn 



These, combined with the m equations of condition, are 
theoretically sufficient for the determination of the m 
unknown quantities 



1. To find the triangle of marimuin area inacribed in a giyen circle. 
Let Jl denote the Tsdina of the oiiole, A, B, C, tlia angloa of on ioscrUiM 
tiiuigle, K its area ; then 

Also, A + S+C= iSo"; .-, clA + dB +dC = o; 

■sd, tilcmg logBrithinio differentiala, we get 

cot AdA + cot BdB + oot CdO =c o, 




d oousequently 

taaA = t^B~taiiO; hanco^ =5= £7=60°; 
aod tlierefore the triangle is eqiulalcrd. 

a. Find a point Each, tbat the sum of tLs aquarea of the pecpendicolan 
drawn from it lo tbo aides of a giten triangle shall he a minimum. 

Ijflt X, y, z denote the petpendiculars : a, b,c the sides of the triangle ; thea 

also m + ii/ + e: = douUo tHe ana of a triangle = za (auppoae) ; 

. '. xdx 4 gdy -i^ sdi = o, adjt + bdy + i!de = o , 

.'. s = An, y — \i, f = as: multiplying these equations by a, h, c, roBpeotirely, 
ud adding, -we obtun 

«+iy + a = \(fl' + i^ + c'),or \= t^—^ 



le the poeition of the point. The 



3- Similiirly, to find a point BUah that the Bum of the sqnares of its dislancoB 
from four given plsnes shall be a minimum. Suppose A, B,C,D^ rapteaunt 
the areas of the tacaa of the tetrahedron formed hy tha four planes ; x, y, x, u>, 
the pctpandiaulora on these laces respectirely ; then, aa in the praccding 
eiudple, we hare 
At-hB]i + Cz\I>w = three times the Tolume of the tetrahedron = jF{suppo»ii), 



and proceeding as before, 

4. To prove that of all I 
luB tba least surface. 



■. xdx + ydy + sfc + tcdai — o, 
Adx + Big -)- Cdi + AAd = o 
= \A,ii = \B,z = \C,vi = \\ 
9V^ 



egelu 



'A^+B'4-C + IP' 
rctangnlar paralk Ji!|apedi of tiifl M 






167. To 
Talnes of 



Method of TTndetermined Multipliers. 

find die fllaxlmum and fllinlmnj 



aa? + h/' + c^ + zhry + zgzx + 2fy^, 

■where the varia'bles are conneoted by the equations 

Im + My + iVs = o, and a^ + y' + a' = 1. 

In Hub case we get the following eqnatioiifl : 

ax + ky + gs-i- XiZ + X^ = o, 

hs + by +fz + \iM+ \^ ■= o, 

gx +fy + es + \iN + Aas = o. 

Multiply the first ty x, the second ty y, the third by 
add; then 

w + Ai 



, and 



I, or Xj = - M. 
Hence [a~ u) x + hy ■¥ gz + \iL - o, 

hx + {b -a) y +Js + X,M= o, 
gx +fy+{c- ») a + X,iV = o, 
Lx + My + Ns = o : 

eliminating x, y, z and Xj, we get the determinant equation 
: - «, A, 9t L 

h, b-u, f, M 
g, /. e-u, N 

L, M, N, o 
The roots ol this quadratio determine the maximum and 

iniTiiTTniTYi valuOS of M. 

The preceding reault enables us to determine the principal 
xadii of curvature at a given point on a Burface whose equa- 
tion is given in rectangular co-oidinates. 



Application to Su/rfacea. 
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Again, the term independent oi um this determinant is 
evidently 

a, A^ flr, L 
A, », /, M 

X, M, N, o 

and the coefficient of «' is i' + JIf* + J\P. Accordingly, the 
product of the roots of the quadratic (2) is equal to the frac- 
tion whose numerator is the latter determinant, and denomi- 
nator i' + ilP + IP. Erom this can be immediately deduced 
an expression for the measure of curvature* at any point on a 
8urfiEU3e. 

• Sahnon't Geometry of Three Dimennont, Art. 295. 






2IO Examples. 



Examples. 

1. Find the minimum value of 

where xi, 0^2, ... d;» are subject to the condition 

a\xi + a2ixz + • . . + Of^Sn = h. Ana, 

2. Find the maximum value of 

where the variables are subject to the condition 



*« 



a* + a* . . . + <* 

1 » » 



- m)v- 



3. If tan - tan - = m, find when sin — m sin is a maximum. 

2 2 

4. Find the mazimimi value of (a; + i) (y + i) (2 + i) where a'bve^ ^ A. 

(logMoAc)}' 



Ans. 



27 log a . log 6 . log «* 



5. Find the volume of the greatest rectangular parallelepiped inscribed in 
the ellipsoid whose equation is 

3P^ y^ z^ , 8abc 

-o + ^ + -5 = I. -^na, —p. 

a* ** <?' 3^/3 

6. Find the mayjmum or the minimum values of fi, being given that 

u = aV + iV + ^'^^^i «* + y* + «* = I, and to + my + ms = o. 
Proceeding by the method of Art. 167, we get 

o^a? + Aflj + yu/ = o, *V + ^y+/**» = o> fl*« + Ajb + /*« = o. 
Again, multiplying by 2:, y, s, respectively, and adding, we get X = — K. 

.-. (« - a'-*) a; = yu/, (a - *•) y = /i»i, (a - «*) a = /aw. 
Hence, the required values of m are the roots of the quadratic 

2 + T- ♦■ :, = o« 



-^=1, aadii + Biy + nir^i 
I. Prooeediiig, uin the last ei 



I And when e* + jr" + e' ia » 
imple, we got tho qundratio 



:e reduced to CliD last 'bj eabrtitutuig ii 



Ant, ValuD ofminiaium surface is 



ii^v-^ 



'■ p', where a, h, c 
9 inBCTibed oiNte ; i 



Q. Divide the qn&draat of a circle into three pnrte, such that the warn <if tlin 
prodocta of the ^nes of every two dull be a maximiun oc a miniinuTn; and 
dfltermtne which it ie. 

10. Of all polygons of a given number of sides cireamwiibed to a clriiln, tha 

regular polygon is of rninimum area? For, let #i, ^, • • ■ ^» be tbe «xt*maf 
angles of the polygon, then the area can be easily seen to be in general 





( "2 ) 



CHAPTEE XII. 

TANGENTS AND NORMALS TO ClJRVEe. 

i68. Equation of tbe Tangent.— If (^r, y), {x„ ^,), be the 
oo-ordinateB of any two points, P, Q, taken on a curve, and 



■A 



if (X, T) be any point on tbe 
line wHoh joins P and Q ; then 
the equation of the line PQ is 



in which X and Y represent the " ^ 

ouirent oo-ordinates. '^S- *■ 

If now the point Q he taken infinitely near to P, the line 
PQ becomes the tangent at the point P, and, as in Art. lo, 
we have for it£ equation 



F-s.(X-.) 



dy 



(■) 



where X, Y are the co-ordinates of any point on the line, 
and x, y those of its point of contact. 

For example, to find the equation of the tangent to the 
ourve 

xfy" = a"*™. 

Taki;^ the logarithmio difierentials of both sideB, we get 
n mdff _ ^ dy ny 

X y dx~ ' " dai^'mx* 

and the equation of the tangent becomes 
nX mY 



L 



Tangents Parallel to a Given Line. 213 
If we make X = o, and I" = o, eepBjately, we get a- 

and y for the LengUis oi the interoepte made hy tbe 

taogent on the axes of 3; and y, respectively. This resnlt 
fnmifllieB an easy geometrical method of drawing the tangent 
at any point on a curve of tHa clasE- 

If w = I, n = 1, the preceding equation represents a 
hyperbola ; if m = 2, and b = - 1, it represents a parahola. 

169. If the equation of the enrve he of the form 
/{*! y) = °i and if /(?, y) he denoted by u, we have from 
Art. 100, 



and heuce the equation of the tangent hecomea 

The pdnts on the curve at which the tangents are 
parallel to the axis of x must satisfy the equation — = o; 
they are accordingly given by the intereection of the enrve, 
« = o, with the curve whose equation is -^ = o. The y co- 
ordinates at such points are evidently in general either 
maxima or minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of t/. 

To find the tangents parallel to the line 1/ = mx+n. The 
points of contact must evidently satisfy 

da du 
dx dy 

The points of intersection of the curve represented by 
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this equation with the given curve are the points of oontaot 
of the system of parallel tangents in question. 

The results in this and the preceding Axtiole evidently 
apply to oblique as well as to rectangular axes. 



Examples. 
To find the equatioD. of the tangent to the ellipse 



ioA Qie required eqaatioa ia 



2. Find (he equntion of the tangent at anf point on 


tho oun-Q 








r.*f.- -* 




y„^i 
4- - 




3. If two 
a point (i, y). 


iirvea, whose equationa are denoted hy u = 0, «" = 
ind if » he their angle of intecaaotion, prove that 


inteneo 


in 




da d,/ d,.' d.i 

dx dv ~ dx dy 

^^ dudJ dud,r 

dx dx ■•" di/ dy 








4- Hence, 


f the cuTTes ioteraect at right angles, we 
du du' da du' 
dtdx* dydy~°' 


muat ha>« 






5. Apply this (0 find the condition that the cnrvea 










^,y* , »' y' , 

0' 4' ' a''"^*'- 








should interseot at tight anglea. Am. a" - 4> 


.«'i-4'> 












y 






^^^H 







^ JT/nmbL 
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170. 
point on a cnrre is 
when the ocMndmale 



t&i? 



I sir 



to 



(r-,)|-x- 



-r = o. 



or 



pointB at wlufili nomials sie |miIM 
h n are girenljaidof tlieeqaaizoa oitf 
Lth the eq[iiation 



(3) 



«sO 



I. Kiidt]ie6q[iiitianofdie 



aft aaj point >, f) <b die 



^' 






2. ESndtiieeqiiatkmof die nansal aft «Dj point on die cnrre 

— ^In the aceom* 



171 
panying figure, let PI* repie- yt 
sent the talent at the point P, > 
Pi\r the normal; Olf, Plf the 
oo-ordinates at P; then the 
lines TM and JfiV are called 
the sobtangent and sabnormal o' 
coirespondmg to the point P. 




Pig. 9. 



To find Ine expressions for their lengths, let = z PTif, 



then 



PJf 



dy 
= tan0=-; 



dx 



2tN . dy ^„ e^y 

^=tan# = ^, MN^y^. 



Tangents and Normals to Curves. 



1 



The lengths oi FT and PJV are Bometimes tailed the 
lengths of the tangent and the normal at P : it is eaeilf 

seen that 



PN=t/ 



,/-gJ. 



.j^Ri 



Examples. 
. To find the length of the gubnonnal in the elHpge 



the negafdve sign signMea thai MN is meaeoied from M in tlie negatlra 
direction, along the aria of 2, i.e. thepoint .fflieH between Jf and the oentre 0; 
aa IB bIbo evident from the Uiupe of the aurre. 



3, Prove that the Eabnormal in the purahols, y' ^ imz, a equal to m, 

4. Find the leng;th of the part of the noimol to the catenary 



intercepted by the axis of X. Am. ^. 

5. Find at what point the subtangent to the ourre whose equatioD ii 

172. Perpendicular on Tangent, — Let p be the length 

of the peipendicular from the origin on the tangent at any 
point on the curve 



Ffic, s) - 0, 



Length of Perpendicular an Tangeni. a 1 7 

then the equation of the tangent may be written 

X COB w + F sin w = j», 

where cu is the angle which the perpendicular makes with 
the axis of a. 



Denoting F {xy y) by Uy and comparing this form of the 
equation wim that ii 
of the fraction by X, 



luation wim that in (2), and representing the common value 



du du du du 

™««f ^ dy dx dy 

we get =■ I = ^ ■ A. 

^ 00s 01 sm cii p 



Hence A' 



^_(du\ (du\ 



du da 
and «= '^ ^ ■ (4) 



IfduV (du\ 



Gob. If F(^j y) be a homogeneous expression of the n*^ 
degree in x andy, tnen by Euler s formtda. Art. 102^ we have 

du du 

and the expression for the length of the perpendicular 
becomes in uiis case 

nc 



173. 



m<) 






^ « (a ooa^)*^ -r (-6 mimY^. (5) 



2i8 Tangents and Karmals to Curves. 

By Ex. 2, Art. 169, the equation of the tangent is 

a" ^ j™ ~^' 
oomparing this mth the form 

X COS w + ¥miu>=p, 
COS la IE""' ein u> w*^' 



Hence, eubatitnting in the equation of the curve, we obtain 
the result required. 

1 74. 1.0CII8 of Foot of Perpendlenlar for tlie sainc 
Carve. — Let X, T be the co-ordinates of the point in ques- 
tion, and we have, evidently, coa w = — , sin u = — : substi- 

P P 

tating these values for oos tu and sin u in (5), it beoomeB 

{S? + F-)^ = [a Xy^' + {b YY^\ 

since J)' = X' + F°. 

175. Another Form of tlie Kqnatlon to a Taa- 

. gent. — If the equation of a curve of the »** degree be 

k written in the form 

I wt 

■ thi 

L 



^{x, y) = tt„ + M„.i + M„.j + . . . + !(j + Ml + «„ = O, 

where «„ denotes the homogeneous part of the n'* d^ree in 
the equation, u^-i that of the {n - i)'*, &o. ; then, by Coi. 
Art. 103, we have 




; + rjii + i,.., 



(') 



Henoe the equation of the tangent in Art. 1 69 beoomea 

dy 

an equation of the {n - i)'* degree in x and y. 

176. SniDbcr of TuDgente from an External 

rolnt.— To find the number of tangents which can be 
drawn to a curve of the «'* degree from a point (a, /3), we aub- 
Btitute a for X, and ^ for Fin (6), and it becomes 






dy 



(7) 



This represents a curve of the (w - i )'* degree in x and y, 
and the points of ita intersection with the given curve are the 
points of contact of all the tangents which can be drawn 
from the point (a, j3) to the curve. Moreover, aa two curves 
of the degrees n and n - 1 intersect in general in n (n — i) 
points, real or imaginary (Salmon's Conic Sections, Art. 2id1, - „ 
it follows that there can in general be n{n — i) realtor 
imaginary tangents drawn from an^e xtw -g i ri point to a ourye 
of the «" degree. 

If the curve be of the second degree, equation {7) be- 



d^ 



an equation of the first degree, which evidently represents 
the polar of (a, (3) with respect to the conic. 
In the curve of the third degree 



equation (7} 



dx dy 



L 



which represents a conic that passes through the points 
contact of the tangents to the curve from the point (a, 3). 

This conic is called the polar conic of the point. For th 
origin it becomes 
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177, IHutnber of ISormals whicb pass tliroDgli 
dlven Point.— If a normal pass througb. the point (a, /i), 
we must tave from {3), 



: 



(.-)|h3-.v) 



dx' 



This represents a curve of the k'* degree, ■which intersects the 

given curve in general in n' points, real or imaginary, the 

normals at which all pass through the point (a, /3)- 

For example, the points on the ellipse 



at which the normals pass through a given point (o, ^), 
are determined hj the intersection of 4^e ellipse with tha 
hyperbola 

xjf{a* - V) = fl'nji - i'/3a;. 

For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon's Higher Plane 
Curves, Arts. 66, 67, iii. 

178. niffterentlal of the Arc of a. Plane Carve. 
Direction of the Tangent.. — If the length of the arc of a 
curve, measured from a fixed point A on it, be denoted by 1, 
then an infinitely email portion of it is represented by dt. 
Again, if tji represent the angle QPL (fig. 8}, we have 



PL 



and sin ^' 



QL_ 



but in the limit, PL = dx, QL = dy, and PQ = rfs,* and also I 
0' becomes PTX, or {fig. 9). 



' In Art. 37 it haa heea proved thai, the difference between the lengUi of u I 
inflnilely small arc and its chord is an infiiiitelj small guaDtitf of thefsM*' | 

order in compariBon with the length of the chord] i.e. — is inf 

small of the second order, and therefora this IroctiDn vaniahas in tha linuL ■ 



Differential of the Arc of a Curve. 

Hence 

dx . dy 

eoa A = T, sin * = -j- : 

^ d^ '^ ds 

squaring and adding, we get 



(S)HIJ=- 



Henoe, also, we have 

ds' = d3?-i 
and therefore 



-*^&,. 



(8) 
(9) 

(lO) 



On acconnt of the importance of these reBults, we ehall 
give another proof, aa follows : — 

Let, as before, PR be the tangent to the curve at the 
point P, 

OM=x, PJf = y, 
MN= PL = Ay, QL = iy. 
i PTX = ^, arc PQ = as, 

Then, if the curvature of 
tiie elementary portion PQ 
of the curve be continuous, 
we have evidently the line 
FQ<taiiPQ<PE+QR; 



•/ ^s^ + ay° < As < Aa; see ^ + Ay — Aa^ tan ^ 
Ay 




tan ^, and J. .(^J 



Taugeiils and Normals to Curt 

r sec ^ ; accordingly each of the pre- 
oeding expressions converges to the same limiting value, tcoA 
we have ~r ~ -l^ '^{'j'} > "^^^ eatablisheB the required 

result. 

179. Polar Co-ordinates. — The position of any point 
in a plane is determined when its distance from a fixed point 
called B.pole, and the angle which that distance makes with* 
fised line, are known ; these are called the polar co-ordinata' 
of the point, and are usually denoted by the letters r and fl. 
The fixed line is called the prime rector, and r is called tha 
radius rector of the point. 

The equation of a curve referred to polar co-ordinates il 
generally written in one or other of the forms, 

r=/(e), orF(r,e)=o, 
according as r is given eTplicitly or implicitly in terms of ft 
AJao, if S be positive when measured ahone the prime veetorj 
it must be regarded as negaiive when measured below it. 

iSo. Angle between Tangent and RadioH Vector* 
Let be the pole, P and Q two near 
points on the curve, PMa perpendicular 
on OQ, OP = r, POX = e, and ^ the 
angle between the tangent and Kidius 
vector. Then 

tan OSP. If, .in OOP. ^, 

COB OOP = §1) : but in the limit 

Q and P coincide, the angle OQP 
becomes equal to ip, and* 

QM dr PM rdd , ,, 

- at the same time ; 





we get, on proceeding to the limit, 



* = V'"^^rf/^ ('3) 
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Sonce, also, we can determine an expression for the 
differential of an arc in polar co-ordinatea ; for, since 

L WE 

I" 

m These results are of importance in the general theory of 
curves. 

181. Application to tbe IiogBrlttamlc Spiral. — 

The curve whose eijuation is r = (?* ia caRed the logarithmic 
spiral. In this curve we have 

^ , r,m I 

tan 1/1 = -J- = 1^~ . 
dr log a 

Accordingly, the angle hetween the radius vector and the 
tangent is constimt. On account of this property the curve 
is also called the equiangular spiral. 

182. Polar Mubtangent and Subnormal. — Through 
the origin let -ST be drawn perpendi- 
cular to OP, meeting the tangent in T, 
and the normal in S. The lines OT and 
OS are called the polar subtangent and 
sabnormal, for the point P. To find 
their values, we have 

OT- OPtan OPI'^rtan^- 
05 «. OP tan 0P8 - r cot 1^ = 
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Again, if Oif be drawn perpendicular to PT, we have 
dr 



1 



PN-OP<m't, = r 



di 



183. Expression for Perpendicnlar on Tangent, — 

Ab before, leti) = ON, then 



" t'dS- * r" 



^^J- 



(.6) 



The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve can be fouad without 
difficulty : they have, however, been omitted here, as they 
are of little or no practical advantage. 



To find the lengtli of Qie peipendicDlar from a fociu on tlie tangent (0 id 



H ellipse. 

^^ The fooal cq^uation of the 



I. Prove that the politi inhnormd ie oooitont, in the oi 
■nbtangent, in ue outtb n) = e. 




Inverse Curves. 

184. Inverse Carves. — If on any radius vector OP, 
drawn from a fixed origin 0, a point P' be taken such that 
tlio rectangle OP . OP is constant, the point P" is called the 
inverse of the point P ; and if P describe any curve, P" 
describes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 
from that of the original curve by 

substituting — instead of r in its 

equation ; where A* is equal to the 
constant OP . OP'. 

Again, let P, Q be two points, 
and P", Q' the inverse points ; then 
since OP . OF' ^ OQ . OQ', the 
four points P, Q, Q, P', lie on a 
circle, and hence the triangles 
OQP and OP'Q^ are equiangular ; 




. PQ 



OP _ OP . OQ __ OF. OQ 
0&~OQ.OS'~ f ■ 



(•7) 



Again, if P, Q be infinitely near points, denoting the 
lengths of the corresponding elements of the curve and of its 
inverse by ds and ds', the precediug result beeomea 

d>.~d,: (.8) 

185. DlrecUoD of tite Tangent to an Inverse 
Cnrve. — Let the points P, Q belong to one curve, and P", Gt 
to its' inverse ; then when P and Q, coincide, the lines PQ, 
P*©" become the tangents at the inverse points P and P" : 
again, since the angle 8PP' = the angle 8^Q, it follows that 
the tangents at P and P' form an isosceles triangle with the 
line PP". 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding 
point of the inverse curve is known. 

It follows immediately from the preceding result, that if 
tmo curves intersect at any angle, their inverse curves intersect at 
the same angle. 



M 



r 

r ti 
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86. Eqaatloii to the Inverse of a Klven Cnrre. — 

Suppose the curve referred to rectangular axes drawn thxoagh 
the pole 0, and that ar and y are the co-ordinates of a point P 
OQ the curve, X and T tlioae of the inverse point P* ; then 
X OP OP, OF k' . ., , y A" 

i= OF = -OF^ = ^r^,; aiimlarly^= XMrT^' 

hence the equation of the inverae is got by substituting 

_ . and ^ 

r- + //- a:= + y" 

instead of a; and j/ in the equation of the original curve 

Again, let the equation of the original ourve, ae in Art. 
174, be 

«n + "n-l -i- ««-2 + . . . + M2 + Ml + Mo = O, 

AVhen^T — -^ aud-z-^-^ — - are aubatituted for x and v. «• 

becomea evidently -j-i tt;;- 

Accordingly, the equation of the inverae curve is 

+ «»(^ + yT = o- (19) 

For instance, the equation of any right line is of the form 
Ml + Mo = o ; 
hence that of its inverae with respect to the origin is 
*■», + «. (a? + y-).o. 
This represents a circle passing through the pole, as is 
well known, except when «„ = o ; i.e. when the line passes 
through the pole 0. 

Again, the equation of the inverse of the circle 
ar' + y' + Wi + Mj = O, 
with respect to the origin, is 

{k* + i'wi + ii„{x' + f)) {x^ + j') = o, 
which represents another circle, along with the two imaginary 
right lines ai* + j/' = o. 




Pedal Curres. : 

Again, tLe gener^ eqnaiioQ of a oomc is of Uie form 



henoe that of its inrene vith respect to the oiigin is 

k'u-, ^ ifw.C^ + /) + ".(j* + y'T = o, 

which representE a curve of the fooith degree of the class 
called "ticireular qnartics." 

If the origin be on the conic the absolute term Wo vanishes, 
■nd the inverse ia the enrve of the third degree represented 



J 



**«, + w,(j^-^y=) =o. 

This curve is called a " circular cubic," 

If the focna be the origin of inversion, the i 
carve called the Limacon of Pascal. The form of this curve 
will be given in a subsequent Chapter. 

Pedal Carves. — If from any point as origin a per- 
pendionlar be drawn to the tangent to a given curve, the locus 
of the foot of the perpendicular is called the jii^d/ of the curve 
with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedfil 
of the original, and so on. With respect to its pedal, the 
original curve is styled the/rs/ negative pedal, &c. 

ifiS. TaDgent at any Point to tlie Pedal of « 
Stven Curve.— Let ON, ON' 
lie the perpendiculars from the 
origin on the tangents drawn 
points P and Q on the 
irve, and X the intersec- 



; join 



NN'\ 




I since the angles ONT and 
N'T are right angles, the qua- 
lateral jOiTiV' 2" 18 inscribahle 
\ circle, 

.-. iON'N=lOTN. 

In the limit when P and Q coincide, L OTN = L OPN, 
1 JVJV' becomes the tangent to the locus of N; henoe the 



■X. 



^ ' 






' -- 



/- 












"T— 






>'- ■^r.:. 



/ - - — 









9 'lifWHfititt^'» ^^^9t Ototrutr^, vol. L, p, 319. 



Reciprocal Polar b. 

hence the greatest num'ber of points in which its reciprocal 
polar can be out by a line is m (» - i), or the degree of the 
reciprocal polar is n{n- i). For the modification in this 
resiilt, arising from singular points in the original curve, as 
well as for the complete discussion of reciprocal polars, the 
student is referred to Salmon's Higher Plane Curves. 

As aji example of reciprocal polara we shall take the curve 
considered in Art. 173. 

If r denote the radius veotor of the reciprocal polar cor- 
responding to the perpendicular _p in the proposed curve, we 



Substituting this value for^ in equation (5), we get 
(~t) = {a COS hi) +(6 sin id) , 

which is the equation of the reoiprocal polar of the curve re- 
presented by the equation 

In the particular case of the ellipse, 
the reaiprooal polar has for its equation 



I 



The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section {IT) of all the tangents to a given curve 
A, we shall get a new curve B ; and it can be easily seen, as 
before, that the poles of the tangents to B are situated on the 
carve A. Hence the curves are said to be i-eciprocal polars 
with respect to the conic U. 

It may be added, that if two curves have a common point, 
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latter tangent makes the same angle with ON that the 
tangent at P makes with OP. This property enables aa 
to draw the tangent at any point N on the pedal locus in 
question. 

Again, if p' represent the perpendicular on the tangent at 
N to the first pedal, from similar triangles we evidently have 

P . . . . , 

Henoe, if the equation of a curve be given in the form 

r =f{p), that of its first pedal is of the form —, =f(p), in 

which J) and^' are reBpectively analogous to r and p in the 
original curve. In like manner the equation of the next 
pedal can be determined, and so on. 

189. Ueelprocal Polars. — If on the perpendicular ON 
a point P' he taken, such that OP'. ON is constant {A' sup- 
pose), the point P' is evidently the pole of the line PN with 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. "We shall denote these curves by the letters A 
and B, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the pole of the line 
joining the poles of the lines* Now, if the lines be taken as 
two infinitely near tangents to the curve A, the line joining 
their poles becomes a tangent to B ; accordingly, the tangent 
to the curve B has its pole on the curve A. Hence .d is the 
loons of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves A and 
B are called reciprocal polars of each other with respect to tie 
circle whose radius is k. 

Since to every tangent to a curve corresponds a point ou 
its reciprocal polar, it follows that to a number of pointa it 
directum on one curve correspond a number of tangents to its 
reciprocal polar, which pass through a common point. 

Again, it is evident that the reciprocal polar io any curf 
is the inverse io its pedal with 'aspect to the origin. 

"We have seen in Art. i So that the greatest number of tan- 
gents from a point to a curve of the »'* degree ia n (w - i) ; 
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Reciprocal Poian. zig 

hence the greatest Dmnber of pconts in which its reeijnocal 
polar am be out by a line ts n (n — t), or the degree of the 
reciprocal polar is n (h - i). For the modification in this 
resiUt, aiising from singolar points in the original carve, as 
well as for the complete discnsHion of reciprocal polais, the 
student is referred to Salmon's Higher Plane Curves. 

Ab an example of reciprocal polars we shall take the curve 
considered in Art. 173. 

If r denote the radius vect^ir of the reciprocal polar ccv- 
reeponding to the perpendicular p in the proposed carve, we 

Sabstituting this value fc^ p in equation (5), we get 
[ — j = (a cos (v) -!- (( sin w) , 



which is the equation of the reciprocal polar of the curve re- 
presented by the equation 

= -?=■■ 

_ In the particalar ease of the eDipee, 

R . ".^^'. 

nQk« reciprocal polar has for its equation 

The theory of reciprocal polars indicated above admits of 
tBsy generalization. Thus, if we take the poles with respect j 
%o any conic section {U, of all the tangents to a given carvs J 
jt, vee shall get a new curve B; and it can be easily seen, M] 
b^ore, that the poles of the tangents to B ate situated on tb* , 
curve A, Hence the curves are said to be reciprocal polart 
with respect to the conic XT. 

It may be added, that if two carves have a common p 
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their reciprocal polars have a common tangent; and if the 
curves touch, their reciprocal polara also touch. 

Foriiluatrations of the great importanoe of this " principle 
of duality," and of reciprocal polars as a method of investi- 
gation, tiie student ia referred to Salmon's Comes, eh. xv. 

We next proceed to illustrate the preceding by discuBHing 
a few elementary properties of the curves which are comprised 
under the equation r" = a"' eoa mB. 

igo. Pedal and Reciprocal Polar of r" = a" coam6. 
We shall commence by finding the pj 

angle between the radiuB vector and — -O" 

the perpendicular on the tangent. /""""^^^ 

la the aecompanying figure we / ^__.5\ 

have tan PON = cot OPN = - --. -j^-"""""""""""^ \ 

Pig- IS- 
But wi log »■ =■ m log a + log {cos mO) ; 

hence -^a = - 1^^ ^"'■'1 

and accordingly, I PON = mO. (20) 

Again, p=ON-r cos m6 = ~, 

or }■"'*' = <!"'p. (21 

The equation of the pedal, with respect to 0, can be in 
mediately found. 

For, let lAON= w, and we have 

AlBo,from (21), (*")"'= (f)""'- 
Hence, the equation of the pedal ia 

;/"•'= a-" cos -—- . (24 
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Consequentlj, the eqnatioii of the pedal is got hy Wbeti- 
tutiog instead of m in tlie equ&tioD of the earva. 

By a like Babstitation the equation of the teetmd pedal is 

easily seen to be 

— -=- Md 

zm * I 
and that of the w* pedal 

,-«i = «"*' oce . (23) 

Again, from Art. 1S4, it is plain that the inverse to the 
ctirve r" = a" coe mQ, with respect to a circle of radius o, is 
the curve r~ cos m9 = n". 

Again, the reciprocal polar of Uie proposed, with respect 
to the same circle, being the inverse of its pedal, is the curve 



r~*' cos - 



(»4> 



It may be observed that this equation is got by substitut- 
ing for »i in the original equation. 

Accordingly we see that the pedals, inverse curves, and 
reciprocal polars of the proposed, are all curves whofie equa- 
tions are of the same form as that of the proposed. 

In a subsequent chapter the student will &id an additional 
disouGfiion of this class of curves, along with illustrations of 
their shape for a few particular values of m. 



. Then 



Examples. 
ition of a parabola refencd ta its 



r(l- 



o.»]. 



to Qqi] the relation bctwetn r and p. 

Here H coi - = ol, nnd consequently ji' = a; 

% »ell.knoirn clemenUry property of the curve. 
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1. Tha eqmtion H* cos 29 = a' repreaanta an 6q«ilftterul hyperbnln; provs 

3. The eqoatiQD r' = n^ cos ill representa a Leniiiiacate of BemouUi ; find 
tliB eqiiBtion coniiEcSng p and r in tli& caac. Atu. 1^ = ^. 

4. Find the equatiim connecting the rildius vectoc and the perpeadicolar OD 
tho tangent in the Cardioid whose equation is 

r = n(i + cosfl). Ant. i' = lap". 

It is evident that the Cardioid is the iuTeise of s parabola witli reepeit tn 
il3 facua ; and the Lenmiacate that of an equilateral hyperbola with respect lo 
its oentro. Accordingly, we can easily draw tho tangente at any point od either 
cf these cnrves by aid of the Theorem of Art. iSj. 



6. Sbow that the pedal of the equilateral hyperbola /ir = n- iaa Lenmiecate. 

7. Find the pedal of the circls H = tap. Ans. A Cardioid, H = 20^', 

191. GsprcBBlon for FN. — To find the value of the 

intercept between the point of 
contact P and the foot N of 
the perpendicular from the 
origin on the tangent at P. 

Let ?) = OJV, w = z NOA, > 
PN^ t ; then l NTN' = L NON" 
= Aw,&\^o SN' = T8 BmSTJV; 

SN' 
■"■ 7'^= ■ \.r,^„/ , but in the 

limit, when PQ is infinitely small, 
and T8 becomes PN or ( ; 





Vectorial Co-ordinates. 
On reference to the laat figure we have 



- eif' + Piy. TIf- TN'; 



This result, which is due to Legendre, is of importance in 
the Integral Calculus, in connexion with the rectification of 
ourres. 

If — be eubatituted for t, the preceding formula becomes 






(^8) 

This ahape of the result is of use in connexion with curva- 
ture, as will bo seen in a subsequent chapter. 

193. DlrectioD of Konual In Tectorial Co-ordi- 
nates. — In some oases the equation of a curve can bo 
e.xpressed in terms of the distauces from two or more fixed 
points or foci. Such distances are called vectorial co-onli- 
Dates. For instance, if r,, r, denote the distances from two 
fixed points, the equation ri + ri = const, rej.resents an ellipgo, 
and f I - Tj = const., a hyperbola- 

Agtun, the equation 

r, + mr, = const. 

representfi a curve called a Cartesian* ovaL 

Also, the equation 

r, r, = conti. 
repreeenta an ovtd of Cassiui, and bo on. 

The direction of the normal at any p^'iiit of a ciirv«, tAM 
tnoh cases, can be readily obtained hy a g«oinetrioal ooD> 
■traction. 
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For, let 

-^(''11 n) = const, 
be the equation of the carve, where 

F,P = r„ F^P = r„ 
then we have 

Fig 17. 
dFdj\ dFdij _ 
dr, ds dri ds 

Now, if f rbe the tangent at P, then, by Art. 1 80, we have 

P^coaxL,, $^ = oo8iij, where ^, =£ TPi^:, 4-,^^TPF.. 
da ^ ds ^ 

„ dF , dF , , . 

Jienoe -;— 00a li, + -7- cos lia = o, (20) 

dr^ di\ 

Again, from any point R on the normal draw RL and 
iZJf respectively parallel to F^P and i^iP, and we have 
PL: LR = sin RPM : sin EPL = cos if- : - cos 0, 



Accordingly, if we measure on PF^ and PF, lengths 
PL and PJlf, which are in the proportion of -7— to -;— , then 

the diagonal of the parallelogram thus formed ia the normal 

required. 

This result admits of the following generalization : 
Let the equation of the curve" be represented by 



Fifit fi, »"j, • - ■ J'n) = const,. 



* The theorem given above is taksa from Foinsof s EUmtiili de Slatitm, 
JSetmkwe Edition, p. 435. The principle on which it tss founded wat, how- 
ever, given hy Leibuitz (Journal dis Satani, 1693), and was deduced frcil 
meeiiaiiical cocBideratiDns, The term nndl/mt is borrowed from Mechimw, 
and is obtained b; the same oonEtruction as that for the reiultant of a aaialMr 
offerees acting at the same point. Thus, to find the resultant of a nombei d 
lines Fa, Tb, Fe, Fd, . . . iasning from a point F, we draw through a a rigll 
lineal, equal and parallel ta Fb, and in the same direction; through £, a tiglit 
line BC, equal and parallel to Fe, and bd on, whatever be the ouoibac of Una 
then llie line F£, which closes the polygon, is ihs resultant in question. 
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where r,, n, . , . r„ denote tlie distances from n fixed points. 
To draw the normal at any point, we connect the point with 
the n fixed points, and on the joining lines measure off 
lengths proportional to 

^ d_F ^ <iF 

dfi drl df^ ' ' ' di\' 

then the direction of the normal 13 the resultant of the lines 
thus determined. 

For, as before, we have 

dFdn dFdr, ^^_ 

drj da dr, da ' ' ' df„ rfs 

■a dF , dF , dF , 

Menoe -;— cos lii + -;- cob u-s + . . . -^— cos \l„ = o. (30) 

dfi ^ rfrj ^ dr„ ^ ^^ ' 

J. dF , dF , dF , 

Wow, ^— 008 lii, T- cos Wt, . . . -— COS ii„, 

(ft*i ^ dvi ^ dr,. 

are evidently proportional to the projections on the tangent 
of the segments measured ofE in our construction. Moreovei', 
in any polygon, the projection of one side on any right line 
is manifcBtly equal to the sum of the projections of all the 
other Bidea on the same line, taken with their proper signs. 
Consequently, from (30), the projection of the resultant on 
the tangent is zero ; and, accordingly, the resultant is normal 
to the curve, which estahliahes the theorem. 

It can be shown without difficulty that the normal at any 
point of a surface whose equation is given in terms of the 
distances from fixed points can be determined by the same 
construction. 

EXAHFLSS. 

I. A CorteBian oval ia the tocua of s point, F, Bnch that its diataDces, PJI, 
tif, from thecircuiafeteDceB of two given uirules are toeachothpr in aconslaat 
ntio ; provo geametncall; that the taBgents to the oral at P, and to ths cirdea 
■t M ud M', meet ia the sacte point. 

>, The equnlian of an allipae of Caa^ini ia r/ = ah, wht^re r and i' are ths 
HltatuiaBS of any point P on the curve, from two filed points, A and B. If O 
It the middle point of .^£, and PJVtlui normal at P, prove tliat L A.l-0= L £PJV. 

3. In tha ourvo represented by the equation ri' + rj' = n', prove thai the 
BOimal diviilts the dialaaeo between the fuci in the ratio of ;a to ri. 
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194, In like manner, if the equation of a curve be givea 
in terms of tlie angira 0,, 0j, . , . 6„, which the vectors <^vn 
to fixed points make reepeotively with a fixed right line, the 
directioii of the tangent at any point is ohtained by an analo- 
goi^ construction. 

Tor, let the equation he represented by 

F{Q„ e„ . . . 8„) = const. 

Then, by diflerentiation, we have 

dFde^ dFdd, dFdBn^ 

dBi da '*' d9t ds '^ ' ' ' ddn ds ~ °' 

Hence, as before, trom Art. 180, we get 

I dF . , I dF . , 1 dF . 



Accordingly, if we measure on the lines drawn to the fixed 
points segmente proportional to 

I dF i_dF t dF 

7,dO,' r, itO,' ' " 7„dO,.' 

and construct the resultant line as before, then thin line will 
be the tangent required. The proof is identical with that of 
last Article. 

195. Curves STtnincfrlcal irltli respect to a Line, 

and Centres of Curves. ^It may be observed here, that 
if the equation of a curve he unaltered when y is changed 
into - y, then to every value of x correspond equal and oppo- 
site values of y ; and, when the co-ordinate axes are rect- 
angular, the curve is synametrieal with respect to the axis of r. 

In like manner, a curve is symmetrical with respect to 
the axis of y, if its equation remains unaltered when the sign 
of ir is changed. 

Again, if, when wo change x and y into - a- and - y, re- 
spectively, the equation of a curve remains unaltered, then 
every right lino drawn through the origin and terminated by 
the ctirve is divided into equal porta at the origin. This 
takes place for a curve of an even degree when the sum of 
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the indices of z and y in eaflh term is even ; and for a cnrve 
of an odd degree when the like sum is odd. Such a. point is 
called the centre* of the curve. For instance, in oonicB, when 
the equation is of the form 

ax' + zhxy + by' = c, 

the origin is a centre. Also, if the equation of a eubiof he 
Teduaible to the form 



the origin is a centre, and every line drawn through it is bi- 
Beoted at that point. 

Thus we see that when a cubic has a centre, that point 
lies on tbe curve. This property holds for aU curvra of an 
odd degree. 

It diould be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
teqoisite number of t«rni9 from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we aubsti- 
tate X + a for x, and T ■¥ ^ for >j, in its equation, and equate 
to zero the coefficients of X% XT' and F% as well as the abso- 
lute term, in the new equation : as we have but two arbitrary 
oonetants (a and /3) to satisfy four equations, there will be 
two equations of condition among its constants in order that 
the oubio should have a centre. The number of conditions is 
obvioualy greater for curves of higher d^rees. 



* For « geueial meaning of the w<iid " centre." u tpplied U 
Ligjier degrees, lee Cliulea^B Apttcu EUtoriqm, p. i!3< note. 

t TbiiDome has be«n giren to currec <rf tlt« tlind degree W t 
in his Eiglur Flant Cunt*, tnd h«B been pnenll; adc^ited Djr 
wiiten on the iubi«ci 
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T. Find the lengths of the subtangent and subnormal at any point of the 
curve 

yn = (fffix. Ana, nXf — . 



nx 



2. Find the subtangent to the curye 



nx 
m 



3. Find the equation of the tangent to the curve 

afi = cfliA. Ans. =3. 

X y 

4. Show that the points of contact of tangents from a point (a, iS) to the 
curve 

are situated on the hyperbola (m + n)a;y = n^x + may. 

5. In the same curve prove that the portion of the tangent intercepted be* 
tween the axes is divided at its point of contact into segments whioh are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocydoid, xi + ^ 
= ol ; and prove lliat the portion of the tangent intercepted between the axes it 
of constant length. 

7. In the curve ic" + y»» = a*», find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also the intercept made by 
the axes on the tangent. 

Am. p = - ; intercept = ^ -i^r 

8. If the co-ordinates of every point on a curve satisfy the equations 

x^eein 20(i + cos 20), y = « cos 20(i — cos 20), 
prove that the tangent at any point makes the angle d with the axis of x. 

9. The co-ordinates of any point in the cycloid satisfy the equations 

X = a{e -BiD.$)f y = a(i-cos0): 

prove that the angle which the tangent at the point makes with the axis of y 
. e 

IS-. 

2 
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othe origin, ofanequi- 
'0 giTcn lloeB at two given points ; prors 
13. Find the equatdon of the leciprocal polai of thecurva 



H'iLh respeot to the origin. Ata. The Cacdiold rl = nl 

14. Find the Dquation of tlie inverae of a Dooio, the focua being the pole of 
e of en sllipw 



wbete -F] and Fi are the foci, and p, pi , ;n repTeeent the distances of any point 
on the curve from tbe points 0, /i and /i, respectiTely ,- /i und /i being the 
poinlB inverse to the foui, *i and F\. 

j6. The equation of a Cartesian oval ia of the form 

vhere r and r* are (lie distances of any point on the curre from tiro fixed pointe, 
■nd a, i arc conataota. I'rove that the equation of ita inTorae, with respect to 
any origin, ia of the form 

api + flpj + 7p3 = 0, 

vhen pi, «, pa we the distances of any point on tbe curve from thiee fiied 
unti, ua a, S, f are eoniianta. 
17. In general prove that the iDTerae of tbe curre 
api + flpj + 7P3 = o, 
witb teapeot to any origin, ia another carve whoas equalion ia of eimilar form. 
1 1, If the radina vector, OJ*, drawn from the origin to any ptnnt i* on a 
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curve be produced to Pi, until PPi be a constant length ; proye that the nonnal 
at Pi to the locus of Pi, the normal at P to the original curye, and the perpen- 
dicular at the origin to the line OP, aU pass through iJ^e same point. 

This follows immediately from the value of the polar subnormal given in 
Art. 182. 

19. If a constant length measured from the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new curve 
which is .the locus of their extremities. 

20. In the ellipse — + £- = i, ifa; = asin^, 

prove that 

-- = a^y 1 - e^ sin' A. 
dp ^ ^ 

21. Ifdshe the element of the arc of the inverse of an eUipse with rei^eei 
to its centre, prove that 

,„ a \/i - tf2sin«A ^ , fl« - *« 

as — ffl — — — ad>, where n = , 

*2 i+«sin2^'^' WU«r«7» ^ 

22. If <a be the angle which the normal at any point on the tS^fm 

J' da 

ds = — 



a (i — ^*8in*a)t 



23. Express the differential of an elliptic arc in terms of the semi-axis major, 
fjLf of tiie confocal hyperbola which passes through the point. 






24. lu the curve r-* = a^ cos iwO, prove that 



ds — ^ 

^r = a sec "» mO. 
d$ 



25. If F(x, y) = o be the equation to any plane curve, and ^ the ang^ be- 
tween the perpendicular from the origin on the tangent and the radius TMtor to 
the point of contact, prove that 

dF dF 

y X — 

dx dy 

^ dF 



dF 
dx ^ dff 



I 
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CHAPTER Xni. 



ASTMPTOTBB. 



196. XntenecUaii of a Curve and a Right Une. — 

Before entering on the Bubiect of this chapter it will he ne- 
ceBBary to oonBider briefly the general question of the int«r- 
seotioQ of a right line with a curve of the w'* degree. 

Let the equation of the right line he p = fix + v, and sub- 
stitute fiX + V instead of 1/ in the equation of tho curve ; then 
B roots of the resulting equation in x represent the abseissie 
the points of section of the line and curve. 

Moreover, aa this equation is always of tho «'* degree, it 
Ibllows that erery right line meets a curve of the «*'' degree in 11 
pouiU, real or imaginary, and cannot meet it in more. 

If two roots in the resulting equation be equai, two of the 
points of section become coincident, and the Hue becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
lorm of Art. 175, viz. : 



tixen, since u„ is a homogeneous function of the n"" degree iu 
r and y, it can be written in the form «"/o[ )i Bimilarly 

And aoooidingly, the equation of the onrve may be written, 

^/.(?)-.^y.(|).^y.g)+*...o. (■) 

Babititating ^ -1- - for - in this, it becomes 



^/. 



^iu + ^) + If-' A (/■+;)+ «"■"/= (»■+;) + *»■ ■ 
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Or, expanding by Taylor's Theoram, 

»■/. W + «■- 1 vA(/.) +/. M I + «^ I ^. v'/."M + ./,'{„) +/,« 1 

+ &e. = o. {2) 

The roota of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above : — 

1°. Every right line must intersect a curve of an odd de- 
gree in at least one real point ; for every equation of an odd 
degree has one real root. 

2°, A tangent to a curve of the «'* degree cannot meet it 
in more than ji - 2 pointa besides its points of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point besides its point of contact. 

4°. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

197. Deflnition of an Asymptote. — An asymptote U 
a tangent to a curve in the limiting position when its point 
of contact is situated at an infinite distance, 

1". No asymptote to a curve of the «"' degree can meet it. 
in more than n - 2 points distinct from that at infinity. 

2°. Each asymptote to a curve of the third degree inter 
sects the curve in one point besides that at infinity. 

igS. Metliotl of finding tlie Aaymptotes to a Carre 
of tbe )('* Degree. — If one of the points of section of ths 
line 1/ = fis! + V with the curve be at an infinite distonoe, 1 
root of equation (2) must be infinite, and aooordingly 
have in that* case 

,/;w - o. (!) 

Again, if two of tho roots be infinite, we have in additioi 



<W+/.W-o. 



w 



■ This can be easilf cstoblislied bj aid of the reciprocal equation ; lorif< 
mibstJtute - for i in aquation (1), the reaulting equation in r will have one icd 



Method of finding AtympHMt' 

Accordingly, whea the vslaee at ^ 
OS to satisfy the two 
line 

y = 




jfteeta the cnrre in two poinlB in infinity, sad eoaaeqa^d^B 

in ^mptote. (Sslnum's Ctmie Seetiam*^ Axt. 154.) 

I Henoe, if ^1 be a zoot o{ tbe sqaa&n/Jjt) ^ o, the fine 

I in general an tsympttAe to tlie eonr?. 

U/iOt) = o and/.Gt) = o hsre a eramiKHi root (ft, ■qmcND), 
kB oorrespouding asympbite in gmenl panes throng the 
tigin, and is represented by the etp»&m 



In this case tr. and u,^, endoifiy It«fe • eaa a aoa laetor. 

The exoeptibnal ease wheaj^iji) » «"i'*«« at the tame 

le will be coasideved in a eobae^tnent Artide. 

To each root of /^/t) = o oomnoads an aafmptof^ and 
HSOrdingly,* er^ry turte ^ the iA degree hm M ftmeni m 
1f/mptoU», real or imaginary. 

From the pieeeding it felhm Oat ewny line panJld 

an asymptote mee^ the ennv in one point at infini ty. 

Ilia also is immediately apparent from the geometzieal 
Dperty that a system of panDel lines may be eonaidered 

meeting in the same point at infinify — a principle intro- 
aced by Desargnee in the begiamnf of the eereateeodi 
getory, and which most be neazded bb one of the flnt 
nportant t,tev» in the pn^reaa <h modon geometiy. 

Cob. No une paraUel to an asymptote can meet a ottrre 

the n" degree in more than (« - t) points beeidea that 

infinity. 

Since every equation of an odd d^iee has one real 
Dt, it follows that a cmre of an odd ^^ree has one real 
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aaymptote, at least, and has accordingly an infinite braooh 
or branches. Hence, no curse of an odd degree can be a closed 
eun-e. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation /o(fi) = o, when multiplied by o^, becomes 
M„ = o ; consequently the n right lines, real or imaginary, 
represented by this equation, are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of /n(f/) =o either vanishes or is 
infinite; i.e., where the asymptotes are parallel to either 
co-ordinate asis. This case will be treated of separately in t 
subsequent Article. 

If all the roots of fai/i) = o be imaginary the oture 
has no real asymptote, and consists of one or more closed 
branches. 

EXAUFLES. 
To find iJie asjmptotes to the foUowing oorvoB ; — 
I. y3 = or' + a>. 



:e has liut one real nsymptoU, \ 



2. i,»-** + afliV = *'«>. 




lere ths equations for deterroLmog the nsTmptotes are 




/.•- i = o, and4;i3i'+aB/( = o; 








((=«--, aady + x + - = o. 




3, ir> + l^'D - xf - 31/3 + 1= - 2jry + 3J,l + 4j; + 5 = 0. 




Am. y + -+^ = o, y = «+i, y + «=j- 
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199. Case In vrhich «„ = o represents Uie n Asymp- 

toteii. — If the equation of the curve contain no temiB of 
the (« - 1)'* degree, that ia, if it be of the form 



the equations for determining the asymptotes become 

/o(/i) = o, and vfaiji) = o. 

The latter equation gives i- = o, unless /u'(iu) vanishes along 
with./'p(;u), i.e., unless /u{jii) has equal roots. 

Hence, in curves whose equations are of the above form, 
the » right lines represented by the equation u„ = o are the 
H asymptotes, unless two of these lines are coincident. 

This exceptional case will be considered in Art. 202. 

The simplest example of the preceding is that of tiia 
hypedrbola 

ax^ + zhxy + by' = c, 

in which the terms of the second degree represent the asymp- 
totes (Salmon's Conic Sections, Ait. 195)- 

EXAMPLES. 

Find tbe real uymplotes to tbe ouitcb 

I. If* - 1*^ = o"(i + y) + i". Am. x-a, !/=o, x-j/ = 

J. ** - y* = -'If + iV- ,. a: + y = 0, 2 - y = 



200. AsymploteB parallel to tlie Co-ordinate 

Ax««.— Suppose the equation of the curve arranged aocord- 
iog to powers of a, thus 

a^x" + {ihy + b)x''-^ f &c. = o ; 

then, if flo = o and a,y + b = o, ox y - - —, two of the roots 

of the equation in x become infinite ; and consequently the 
line flij/ + 6 ■= o is an asymptote, 
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In other words, whenever the highest power of a; is 
wanting in the eq^uation of a otirye, the coefEeient of the 
next highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If Ua = o, and l> ~ o, the axis of x is itself an asymptote. 

If a:" and a;"'' be both wanting, the coefficient of a^'* re- 
presents a pair of asymptotes, real or imaginary, parallel to 
the axis of a: ; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can he determined. 

EXAMTLES. 





utile 


following cm- 


ea:- 


1. S'a - 


«tf^=»3+Bl' + 


P. 


A:ii. j: = a 


y = 


2. y(,zi - 


ibx + 2i=) = ^= 


-3« 


■^+0?- x = b 


x = 


3. «V = 


»'(»' + V--)- 




x = ± 


a, y 


4. :^V = 


a' C^ ->-'). 




y + n 


= °, 


^.,''<.- 


1,13: = i3. 




X = B 





201. Parabolic Branches. — Suppose the equation 
faif) = o has equal roots, thsa/a'ijii) vanishes along with/ip(ji), 
and the corresponding value of v found from (5) becomw in- 
finite, miless/i{^) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 

(ax + /3y)' = lx+ my . ., 

fumiehes the simplest example of this case, having the 
line at infinity for an asymptote. {Salmon's Conic Seciioiu, 
Art. 254.) 

Branches of this latter class belonging to a carve an 
called parabolic, while branches having a finite asymptote are 
called hyperbolic. 

202. From the preceding investigation it appears that 
the asjTnptotea to a curve of the «"• degree depend, in 
general, only on the terms of the ?i'* and the (w- i)'" degreei 
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in its equation. Conseqiiendj, all atrres which hate the 
same terms of the two highest degree* hate generalig the same 
asymptotes. 

There are, however, exceptions to this rule, one of which 
will be oonsidered in the next Article. 

203. Parallel Asya^tetcs. — ^We diall now consider 
the case where^(/i) - o has a pair of equal roots, each repre- 
sented by /fi, and where/i(;it) = o, at the same time. 

In this case the coefficients of u^ and 3^ in {2] both 
vanish independently of f, when ;* = /il ; we accordingly 
infer that all Unes parallel to the line y = 91^ meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are, however, two lines which are 
more properly called by that name ; for, substituting jul for ft 
in (2), the two first terms vanish, as already stated, and the 
coefficient of af^^ becomes 

Hence, if vi and vt be the roots of the quadratic 



p» 



a • ^ 

the lines y = fiix - vi, and y = fijc ^ vi, 

are a pair of parallel asymptotes, meeting the curve in three 
points iat infinity. 

If the roots of the quadratic be imaginary, the corre- 
sponding asymptotes are also imaginary. 

Agam, if the term t/»_t be wanting in the equation, and 
if /oOi) = o have equal roots, the corresponding asymptotes 
are given by the quadratic 

//'Oll) 'f-Jil.l = O. 



I . 2 



In order that these asymptotes should be real, it \a 
neoessary that/t(;ii) and f%'(p^ shoidd have opposite signs. 

There is no difficulty in extending the preceding investi- 
gation to the ease where fjji) = o has three or more equal 
loots. 



248 Asymptotes, 

Examples. 

1. {x 4- yY (a;* + y® + xy) = a^y'^ + a^(x - y). 

Here /oW = (i + /*)'* (!+/* + /*')» /iW = o, /2W=-aV^ 

.-. /ui = -i, /o"(/Ai) = 2, /20«*i)=-«*; 

accordingly yi = «, i^ = - «, 

and the corresponding asymptotes are 

y + a: - a = o, and y + a: + a = o. 
The other asymptotes are evidently imaginary. 

2. a;* (a; + y)* + 2ay'^(x + y) + 8a2a;y + aV = o. 
Here /,(/*) = (i + /u)8, /iGu) = 2a/i«(i + /*), /2W = 8aV ; 

.-. Ml = - I, /o"W = 2, /I'Oii) = a«, /2(/ti) = - 8«», 
and the corresponding asymptotes are 

y + X — 2(1 = Oy and y + « + 4a = o. 

204. If the equation to a curve of the n** degree be of 
the form 

. (y + aa? + j3) 01 + 02 = O, 

where the highest terms containing x and y in 0i are of the 
degree n - i, and those in 02 are of the degree n - 2 at most, 
the line 

y + aiP + j3 = o 

is an asymptote to the curve. 

For, on substituting - ax-fi instead of t/ in the equation, 
it is evident that the coefficients of af^ and af^^ both vanish; 
hence, by Art. 198, the line y + aa; + /3 = oisan asymptote. 

Conversely, it can be readily seen that if y + aa? + /3 be an 
asymptote to a curve of the n*^ degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n** degree 
be of the form 

(t/ + aiX + p,){y + 020? + /32) ... (y + anO? + /3n) + 02 = o, (7) 



w 
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where ^i contama no term higher than the degree n - 2, the 
lines 



y + a,a: + /3i ^ 



are the n asymptotes of the curve. 

This follows at once as in the case c 
mencement of this Article. 

For example, the asymptotes to the curve 



are evidently the four lines 



y + (Ts) 4 SiiF 



If the cui've be of the third degree, ^1 is of the first, and 
accordingly the equation of such a curve, having three real 
asymptotes, may be written in the form 

(y + «ta: + /3i)(y+o»ii:+/3i)(y+ Qji!+/33) + ^ + my + h = o. (8) 

Hence we infer that the three points in which the asymp- 
totes to a cubic meet the curve lie in the same right line, viz., 



The student will find a short diacuasion of a cnbio with 
three real asymptotes in Chapter xviii. 

205. To prove that, in general, the distance of a point 
in any branch of a curve from the corresponding asymptote 
diminishes indefinitely as its distance fi-om the origin increases 
indefinitely. 

If y + a^ + P = o be the equation of an asymptote, then, 
an in the preceding Article, the equation of the curve maybe 
written in the form 

(// + ,.x . /3) ^, = f» 
wheie $] is at least one degree lower than f i in x and y. 



I 



y + OB + J3 = 



1 



and the perpendicular distance of any point {^, y^ oa the 
curve from the line y + aa) + (3 = oi8 



where the suffix denotes that arg and yo are substituted for x 
and y in the functions ^i and ^a, 

Now, when iCo and y^ are taken infinitely great, the valuo 
of the preceding fraction depends, in general, on the terms 
of the highest degree (in a: and y) in ^, and ^a ; find since the 
degree of ^j is one lower than that of ^i, it can be easily 

seen by the method of Ex. 7, Art. 89, that the fraction — 

beoomes, in general, infinitely small when x and y become 
infinitely great. Hence, the distance of the Kne t/ + ax + ^ 
from the curve becomes infinitely email at the same time. 

It is not considered necessary to go more fully into this 
diacuaaion here. 

The subject of parabolic and other curvilinear asymptotes 
is omitted as being unsuited to an elementary treatiae. 
Moreover, their discussion, unless in some elementary oasee, 
is both indefinite and un satisfactory , since it can be easily 
seen that if a curve has parabolic branches, the number of its 
parabolic asymptotes is generally iafinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating, is referred to a 
paper by M. Plucker, in Liouville's Journal, vol. i,, p. 229. 

206. Ai«yinptoteB In Polar Co-ordinates. — If i 
curve be refen-ed to polar co-ordinates, the directions of ito 
points at an iufinite distance from the origin can be in gene- 
ral determined by making »■ = 00, or « = o, in its equatian, 
and solving the resulting equation in 9. The position of the 
asymptote eoiTesponding to any such value of 9 is obtained 
by finding the length of the corresponding polar subtangent, 

i.e., by finding the value of -r- corresponding to « = o. 
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d9 

It should be observed that when — is positive, the asymp- 
tote Kes dbof>e the corresponding radius vector, and when 
negative, below it ; as is easUy seen from Art. 182. 

If we suppose the equation of the curve, when arranged 
in powers of r, to be 

fVo(fl) + ^-'A{0) + . . . + rU,{e) +/n(0) = o, 

the transformed equation in w is 

u-fniO) + vT'Um + . . . + uf,{d) +/o(fl) = o : (9) 

consequently, the directions of the asymptotes are given by 
the equation 

MO) = o. (10) 

Again, if we differentiate (9) with respect to 0, it is easily 

dtL 

seen that the values of -^ corresponding to i* = o are given 
by the equation 

/iW^ +/o'(0) = O, (II) 

provided that none of the functions 

/m, M6), . • . MB) 

become infinite for the values of which satisfy equation (10). 

Consequently, if a be a root of the equation /o(0) = o, the 

curve has an asymptote making the angle a with the prime 

vector, and whose perpendicular distance from the origin is 

It is readily seen that the equation of the corresponding 
asymptote is 

r sm(a - 0) +'T7^^ = o. 

Jo [a) 

This method will be best explained by applying it to one 
or two elementary Examples. 
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Examples. 

I. Let the curre be ]:epresented by the equation 

r s a sec + d tan B, 
COS0 



Here u = 



When 



a + d sin 0* 

du — I 



= -, we have f* = o, and -—■ = r. 

2' rf9 a + d 



Accordingly, the corresponding polar subtangent is a + d, and henoe the^ line 
perpendicular to the prime vector at the distance a + d from the origin is an 
asymptote to the cnrye. 

'imp 

Again, u yanishes also when = — , and the corresponding yalue of tbt 

2 

polar subtangent \aa — b\ thus giving another asymptote. 
2. r = a sec m0 -f d tan m0. 

cosfn0 



Here u — 



a + ^ sin m0 



"Wiien e = — , we have « = o, and -— = ; , 

im * dB a-\-b 

whence we get one asymptote. 

Again, when B = — , « = o, and — - = r, 

^ 7.m de a-b 

which gives a second asymptote. 

On making B = — , we get a third asymptote, and so on. 
2m 

It may be remarked, that the first, third, . . . asymptotes all touch one 
fixed circle; and the second, fourth, &c., touch another. 

3. Find the equations to the two real asymptotes to the curve 

r28in(0 -a)-\- ar sin (0 - 2a) + a* = o. 

Ane. r em[B - d^ = ± a %m.a. 

207. Asymptotic Circles. — In some curves referred to 
polar co-ordinates, when Q is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 



Asymptotic Circles. 253 

approaches more and more nearly to the oironlar form at the 
same time : in suoh a case the curve is said to have a circular 
asymptote. 

For example, in the curve 

r = 



+ a^ 



so long as is positive r is less than a, a being supposed 
positive; but as increases with each revolution, r con- 
tinually increases, and tends, after a large number of revo- 
lutions, to the limit a ; hence the circle described vdth the 
origin as centre, and radius «, is asymptotic to the curve, 
which always lies inside the circle for positive values of 0. 
Again, if we assign negative values to 0, similar remarks are 
applicable, and it is easily seen that the same circle is asymp- 
totic to the corresponding branch of the curve ; with this 
difference, that the asymptotic circle lies within the curve in 
the latter case, but outside it in the former. The student 
will find no difficulty in applying this method to other 
curves, such as 

aO __ aO^ _ g(0-f COS0) 

''"e+sin0' ^"e^ + o^' ^" + sin0 • 
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Examples. 

Find the equations of the real asymptotes to the following cnnres : — 

1. f/{a^ - x^) = b'^(2x + e), Ans. y = OfX + a = o, x-a = o. 

2. x^ - a^i/i + a^x^ + i* = o. a? + y = o, a; — y = o, a? = o. 

3. x^ — x^ip' +a;2 + y'-a* = o. «— 1=0, a:+i = o, ar — y=o, a? + y = o. 

4. {a + fl?)2 (J* — x^) = x^y^, a? = o, 

5. (a + a;)2{J2 ^ <j;2) _ 3.2^2^ a; = o, y = a; + a, y + a? + a = o. 

6. a:8y — 23^y^ + a?y8 = a^a:^ ^ ^2^2^ a; = o, y=o, a? — y = i \/ «« + ^. 

7. a;3 - 4a;y« - yc^ + i2ary - iiy^ + 8a; + 2y + 4 = o. 

-4w«. a: + 3 = o, a; — ly = o, a? + 2y = 6. 

8. a;2y* — ax{x + y)* — 2a2y* — a* = o. a; + 2a = o, a? - a = o. 

9. If the equation to a curye of the third degree be of the form 

«3 + «i + «o = o, 
the lines represented by f/3 = o are its asymptotes. 

10. If the asymptotes of a cubic be denoted by a = o, i8 = o, 7=0, the 
equation of the curve may be written in the form 

1 1. In the logarithmic curve 

X 

prove that the negative side of the axis of a; is an asymptote. 

12. Find the asymptotes to the curve 

r cos nd = a. 

13. Find the asymptotes to 

r cos md ^ a cos n9. 

14. Show that the curye represented by 

«* + aby — «a7y = o 

has a parabolic asymptote, a?' + Ja? + i* = ay. 
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15. Find the drciilar asymptote to the enrve 



r = 



= a« 



16. Find the conditioa that the three vjmpbates of a cnhic ^oald psM 
through a common point, 

Let the equation of the cnrre be written in the form 

then the condition is 

ddj di, i%, 

'i» ^ ^ 

Cth, ^. <i- 

This result can be easilj arrired at by sobstztntin^ * ^ a -nd y -^ ^ instead 
of X and y in the equation of the eabifC, and finding the eoikdinon that the port 
of the seomd degree in the lesnltxng eqnatioa should Tazddi. See Art. 204. 

17. When the preceding cooditioB is latiffiH dicnr that tiie co-ordinates, 
a and fi, of the point of inteneetioa of the three asTrnptoCes, are giTen ij the 
equations 

18. If from any point, 0, a right line be iriwn meeting a curve of the «^ 
degree in Ri, £2, • . • £», and iu asympDXes in ri, 1% . . . r», prore that 

OSi \ ORx - . . . 0J2, =r CVi J- ^ - . . . Or,. 

N.B.^The terms of the n^ and (>• - i ,^ ct^jntA arc the sarce for a enrre 
and its asymptotes. 

19. If a right line be drawn throogh the point -m^ «] parallel to the asymptote 
of the cubic {x — a)^ — jry = o, proxe'taat the ^x^ffD. A the line inteieepted by 
the axes is bisected by the eurre. 

ao. If from the origin a right line be drawn panUel to any of the asjrmptotcs 
of the cubic 

y(«x* + iJunf -«- «y* + »/^ -^ lyy + r) - 1* = o, 

show that the portion of tins line inteieeptod between the origin and the Hne 
gx -Vfy + « = o is bisected by the rarre. 

21. If tangents be drawn to the eorre ^ + f* s= «* from any point on the 
line y = X, proTe that their points of eontaet He on a etrde. 

22. Show that the asymptotes to the eobie 

•x^y ^hx^Jtdifi^V^ ^ •'£ ^iry = o 
are always real, and find their equations. 

Am, far -♦- y = o, «y -t- 1^ = o, 
s^(«r r iy) - e'y - sT^ =: o. 
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CHAPTEE XIV. 

MULTIPLE POINTS ON CURVES. 

208. In the following elementary discussion of multiple 
points of curves the method given by Dr. Salmon in his 
Higher Plane Curves has been followed, as being the simplest, 
and at the same time the most comprehensive method for 
their investigation. The discussion here is to be regarded as 
merely introductory to the more general investigation in that 
treatise, to which the student is referred for fuUer information 
on this as well as on the entire theory of curves. 

We commence with the general equation of a curve of the 
n** degree, which we shall write in the form 

+ 60^ + 6iy 
+ c^ + Cixy + c^^ 

+ &0. + &0. 

+ ^ + hsif^'^y + &o. + If^ = o, 

where the terms are arranged according to their degrees in 
ascending order. 

When written in the abbreviated form of Art. 175, the 
preceding equation becomes 

We commence with the equation in its expanded shape, 
and suppose the axes rectangular. Transforming to poliff 
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oo-ordinateB, by Bubetituting r cos 9 and r sin 9 instead of 
m and y, we get 

«,+ (6oCOB0 + fti ainfl)/- 

+ (co cos'fl + ci cos ain 9 + Cj sin'fl) )■' + ... 
+ (/i,C08"6+ ?, eos"-'6 sinfl + . . . + /„ain''9)>" = 0. (i) 

If Q be considered a constant, the n roots of this equation 
in r represent the distances from the origin of the n pointa 
of intersection of the radius vector with the curve. 

If a a = o, one of these roots is zero for all values of fl; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides «„ = o, we have 
So 00s fl + 6| sin 6 = o. The radius vector in this ease meets 
the curve in two consecutive points' at the origin, and is 
oonBcquently the tangent at that point. 

The direction of this tangent is determined by the 
equation 

i<, cos + 6] sin = o ; 
accordingly, the equation of the tangent at the origin is 
6o» + b^y = o. 
Hence we conclude that if the absolute term be wanting 
in the equation of a curve, it passes through the origin, and 
the linear part {«i) in its equation represents the tangent at 
that point. 

If 6, = o, the axis of a; is a tangent ; if &j = o, the axis 
of y is a tangent. 

The preceding, as also the subsequent discussion, equally 
&ppUoB to oblique as to rectangular axes, provided we Bub- 
ttitnte mr and nr for x and y ; where 

_ sin {(u — fl) sin 9 _ 



I •) being the angle between the axes of co-ordinates. 

I From the preceding, we infer at once that the equation of 

I tike tangent at the origin to the curve 

^(^ + S'') =a{x-y) 
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ifl fl! - y = o, a line biseoting the intemal angle between the 
oo-ordinate axes. In like manner, the tangent at the origia 
can in all cases be immediately determined. 

209. Equation of Tangent at any Point. — By aid 

of the preceding method the equation of the tangent at any 
point on a curve whose equation is algebraio and rational 
can be at once found. For, transferring the origin to that 
point, the linear part of the resulting equation represents tha 
tangent in question. 

Thus, if /(«, y) = o be the equation of the cTirve, we enb- 
Btitute X ■{- X, for x, and T + y, for y, where (*i, y,) is s 
point on the curve, and the equation beeomea 

f{X ^x„Y + y,) = o. 

Hence the equation of the tangent referred to the new axes is 



(1), 



On substituting x - x„ and y — y„ instead of X and F, w 
obtain the equation of the tangent referred to the original 



(«- 



\dx 



I + to - S 



•'(I)- 



This agrees with the result arrived at in Art. 1 69. 

210. Double Points. — If in the general equation of a 

curve we have (7„ = 0, 6„ = o, /ii = o, the coefficient of r is 
zero for all values of 0, and it follows that all lines drawn 
through the origin meet the curve in two points, ooinddeot 
with the origin. 

The origin in this case is called a double point. 

Moreover, ii 6 be such as to satisfy the equation 

Cj, cos'fl + ccos 6 GinO + c% sin'fl = o, (i] 

the coefficient of t^ will also disappear, and three roots rf 
equation {1) will vanish. 

Ah there are two values of tan 9 satisfying equation {2), it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 



The equation (z), vheo multiplied by r', becomes 
e„^ + PiTy + r-v* = o. 

Hence we infer that the lines represented by this equa- 
tion connect the donble point with consecutive points on the 
curve, and are, consequently, tangenta to the two branches of 
the curve passing through the double point. 

Accordingly, when the lowest terms in the equation of a 
curve are of the second degree (w,), the origin is a double 
point, and the equation tf. = o represents the pair of tangenh at 
that point. 

For example, let U8 consider the Lenmiscate, whose equa- 
lion is 

On transforming to polar co-ordinates its equation becomes 
r* = a-r'- (cos'fl - sin'6), or, r* = 
Now, when fl = o, r = ±a; 
and, if we confine our atten- 
tion to the positive values of 
r, ve see that as 9 increases 



o to - 



J 

r diminishes ^ 




Irom a to zero. When 6 > - 



■nd<— , risimaginary, Ac, F'B- '^' 

4 
and it is evident that the figure of the curve is as annexed, 
iliaTing two branches intersecting at the origin, and that the 
Saogents at that point bisect the angles between the axes. 
The equations of uiese tangents are 

a- ■\- }/ = o, and a: ->/=-- o, 
Vaults which agree with the preceding theory. 

211. Nodes, Cusps, and Conjagate Points.* — The 
^ ir ot lines represented by Kj = o will be real and distinct, 
Boincident, or imaginary, according as the roots of equa- 
(2) are real and unequal, real and equal, or imaginary. 



d 
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Hence we conclude that there may be one of three kinds 
of singular point on a curve so far as the Tanifihlng of Uo and u, 
is ooQcenied. 

(i). For real and unequal roots, the 
tangents at the double point are real 
and distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(z). If the roots be equal, i.e. if «i f.j_ ,._ 

be a perfect square, the tangents coin- 
cide, and the point is called a cusp : the 
two branches of the curve touching each 
other at the point, as in figure zo. 

(3). If the roots of Ut be imaginary, \ 

the tangents are imaginary, and the 
double point is called a conjugate or '^' ^°' 

isolated point ; the co-ordinates of the point satisfy the equation 
of the curve, but the curve has no real points consecutive to 
this point, which lies altogether outside the curve itself. 

It should be observed also that in some cases of singularities 
of a higher order, the origin is a conjugate point even when m, 
is a perfect square, as will be more fully explained in a 6ub- 
aequent chapter. 

We add a few elementary examples of these diSereot 
dosses for illustration. 

ElAMPtBB. 

I. y'(a»+i') = «'(«'-i^. 

Here the origin ia n node, the tangents buecting Ihe mgles between the usiaf 
co-ordioatea. 

1. oy> = a". 

In this oate the origin is s ouep, Agaio, Bolving for y ve get 
I* 

Hence, if a be poeitiTe, n heeomea imaginary for titgatim valaei of r . 
accordingly, no portion of the curve eitonda to the negative aide of the uisoTt. I 
UoreoTHT, for positive values of z, the corresponding valuea of y have oppoaiM I 
signs. Hub curve is culled the semi-eubioBl parnbola. The form of the cum I 
near the origin ie exhibited in Fig. 10. 
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Ant. The origni is a coap. 

*(•' + *=) = *'■ 

Am. The origin is a conjugate point. 

jjfu. Tfae two braBchcs at the origin toudi the co-ordinste nxet, 

213. DoDble Points in General. — In order to seek 
the double points on any algetraic CTirre, ive transform the 
origin to a point (^i, j/,) on tne curve ; then, if we can deter- 
mine values of a-i, yi for which the linear part disappears from 
the resulting equation, the new origin {x„ y,) is a double point 
on the eupve. 

Prom Art, 209 it is evident that the preceding conditions 
give 

moreover, ance the point {x„ t/,) is situated on the curve, 
we most have 

/(j-„ y,) = o. 

As we have but two variables, j-,, jii, in order that they 
I ihould satisfy these three equations simtiltaneouBly, a con- 
Bdition must evidently exist between the confitanta in the 
■ equation of the curve, viz., the condition arising from the 
I cUminatioD of »■„ y, between the three preceding equations. 

Again, when the curve has a double point (^i, jii), if the 
l-origin be transferred to it, the part of the second degree in 
' e resulting equation is evidently 

Accordingly, the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
\ according as 

/ iPu V . fd'u\ fd'iA 
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It may be remarked here that no cutic can have more 
thaa one double point ; for if it have two, the line joining 
them must be regarded as outtiQg the eurve in four pointed 
vhioh is impossible. 

Again, every line passing through a double point on a oubio 
must meet the curve in one, and but one, other point ; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in wbaeh case it cannot meet the curve else- 
where; the points of section being two consecutive on one 
branch, and one on the other branch. 

In many eases the existence of double points can be seen 
immediately from the equation of the curve. The following 
are some easy instances:- — 

Examples. 
To find the position and nature of tbe double pomta ia tba (bllaviiig 



The point x = 



= — , ia aridanlly a cusp, 
8 the tangent, aa in the 



J^ 



py— 



The points x 



ia a conjugita point. 

il + yi = flf . 
: and J = 0, I = + a, are easily bi 



213. ParabnlBs of the Third Degree. — The follow- 
ing example' wUl assist the student towards seeing the dis- 
tinction, as well as the connexion, between the different iinds 
of double points. 

Let y' = (jr - a) {x -b) (x-- c) 

be the equation of a oorve, where a< b < c. 



' Lanrnii, Oal. Si/,, pp. 39S-7. 



'3 Eiijher Fiane Ourvw, Art. J»- 






^^v 




\ 
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Here y vaniahes when a; = a, or a; = 
if difitanoea OA = a,OB = h, 00 = e, 

<r, the curve passes throiigh the poim 
Moreover, when x<a, 1/ is 


S, or iT = (3 ; accordingly, 
be taken on the axis of 
s A, B, and C. 
negative, and therefore 




!/ is imaginary. 
„ X > a, and < 6, ji' is positive, and therefore 

^ is real. 
„ x> b, and <c,i/is negative, and therefore 






inoreaBes indefinitely along with a. 
Henoe, aince the curve is sym- 
metrical with respect to the axis of 
a, it evidently consists of an oval 
lying between A and B, and an 
infinite branch passing through 
r, as in the annexed figure. It " 
is easily shown that the oval is 
not flymmetrical with respect to 
the perpendicular to AB at its 
middle point. Again, ii b = c, the 
equation becomes 


_ y ifi imaginary. 

positive, and therefore 

ij is real ; and 

/ 
/ 




\ 


»•-(*-»)(* -4)-. 


Fig. !.. 




In this case the point B co- 
ineides with 0, the oval has , 


A^-^X'/ 




joined the infinite branch, and 
Ji has become a double point, 
Be in the annexed figure. 




On the other hand, let 5 = «, and 


the equation becomes 




Id thia case the oval has shruni 
into the point A, and the curve 


( 




ia of the annexed form, having 5 
A for a conjugate point. 

Next, let a = b = c, and the 
equation becomes 


A A 


^■■■■■^^^■■i 




^1 
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Fig. »s- 



here the points A, B, C, have 
come together, and the curve 
has a cusp at the point ^, as in 
the annexed figure. 

The curves considered in 
this Article are called parabolas 
of the third degree. 

Ab an additional example, we ahaJl investigate the fol- 
lowing problem : — 

214, Gieen the three asymptotes of a cubic, to find its equa- 
tion, if it have a doiiile point. 

Taking two of its asymptotes as axes of oo-ordinates, and 
supposing the equation of the third to be (/a; + 6y + c = o, tbs 
equation of the cubic, by Art. 204, is of the form 
iry[(ja: + by + c) = Ix + my -\- n. 

Again, the co-ordinates of the double point most satisfy 
the equations 



du 



du 



dx dy 

or [zax + by + c) y = I, {ax + zby + e)x = m; 

from which I and m can be determined when the coordinBtai 
of the double point are given. 

To find n, we multiply the former equation by x, and the 
latter by y, and subtract the sum from three times the equa- 
tion of the curve, and thus we get 

cxy = 2le + 2my + 3*1 ; 
from which n can be found. 

In the particular case where the double point is a cu^,' 
its oo-ordinates must satisfy the additional condition 

rfr' dy^ \dxdy) ' 
or (20J- + 2by + c)' = ^ahxy, 

and consequently the cusp must lie on the oonic represented 
by this equation. 



tieo t>iut the exiatsnce of a ousp ioTolvBa ona m 



□rdiniuy double point or node. 



re than in tlie 01 
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It can be easily seen that this oonio' touciies at their 
middle points the aides of the triangle formed hy the asymp- 
totes. 

The preceding theorem is due to PIuoker,t and ia stated 
by him as follows ; — 

" The locus of the eusps of a system of curves of the third 
degree, which have three given lines for asymptotes, is the 
maximum ellipse inscribed in the triangle formed by the 
given asymptotes," 

It can be easily seen that the double point is a node or a 
conjugate point, according as it lies outside or inside the 
above-mentioned ellipse. 

215. SInltlple Pointij of nigher Curves. — By follow- 
ing out the method of Art. 20S, the conditions for the existence 
of multiple points of higher orders can be readily determined, 

Thus, if the lowest terms in the equation of a curve be of 
the third degree, the origin is a triple point, and the tangents 
to the three Dranches of the curve at the origin are given by 
the equation mj = o. 

The different kinds of triple points are distinguished, 
according as the lines represented by Mj = o are real and 
distinot, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
of the »('* degree, the origin is a multiple point of the m'* 
order, &c. 

Again, a point is a triple point on a onrve provided that 
when the origin is transferred to it the terms below the third 
degree disappear from the equation. The co-ordinates of a 
triple point consequently must satisfy the equations 

dtt du (Pu <Pu (f « 

■> o, J- -= o, — = 0,-7^=0, -T--r- -=0, -n = o. 

de dij ax' itxdy di/' 

Henoe in general, for the existence of a triple point on a 
oarve, ite coefficients must satisfy four conditions. 

The complete investigation of multiple points is effected 



From the form of the equation ve Ben that the lincB x = a, y = o are 
Its to the conic, and that 2ax + 2ig + « = o represents the line jniningllia 

of contact; but thii line is psmllel to the third ofiymptote ax -^ ij/ -^ e= a, 

•vidsQtl; piuea through the middle points of tbe intercepts made b; thii 
ijaiplaM on Uie two others. 
t XioutUUt Jnunul, Tol. ii. p. 14. 
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more satisfaotorily by introducing the method of trilinear co- 
ordinates. The discussion of curves from this point of view is 
beyond the limits proposed in this elementary Treatise. 

215 {ti). Casps, In tJeneral.— Thus far singular point* 
have been considered with reference to the cases in which 
they occur most simply. In proceeding to ourves of higher 
degrees they may admit of many complications ; for instance 
ordinary cusps, such as represented in Fig. 20, may be called 
cusps of the first species, the tangent 
lying between both branches: the oases in 
■which both branches He on the same side, 
as exhibited in the accompanying figure, 
may ho called cusps of the second species. 
Professor Cayley has shown how this is 



1 






to he considered as consisting of several singularities happen- 
ing at a point (Salmon's HigMr Plane Curves, Art. 58}, 

Again, both of these classes may be called single cusps, 
as distinguished from double cusps extending on both sides of 
the point of contact. Double ouspa are styled tacnodes by 
Professor Cayley. These points are sometimes called points 
of osculation; however, as the two branches do not in general 
osculate each other, this nomenclature is objectionable. It 
diould be observed that whenever we use the word cusp with- 
out limitation, we refer to the ordinary cusp of the first species. 

Cusps are called^oi«(« de rebroussement by French writere, 
and Huc/clcehrpunkls by Germans, both expressing the turning 
backwards of the point which is supposed to trace out tiie 
curve; an idea which has its English equivalent in theit 
name of stationary points. A fuller discussion of the diSereat 
classes of cuspa will be given in a subsequent place. We 
shall conclude this chapter with a few remarks on the multiple 
points of curves whose equations are given in polar co-ordi- 
nates. 

£XA]U'LES. 



Hi^re tlio origin is a cuEp ; deo 

hence, wlionxis lesa tbaa unity, hotb values of y are positive, and Mnnqiwallr 
the cusp is of the leamd species. 

1. Show that the origin is a doiiiU cnap in the cutts 






216. MnHlpIr r«lifc ar Cwmes tm r«tar C*-«r«l- 

mates. — If a cnrre refrared to poUr co-ardinstes paas throog' 
the origin, it is evident thil me dirootioD of the tangent 1 
that point is foand hj ""^^c r = o in its «quadon ; in t' 
ease, if the equation c^ tfae mrve ndnoe to f{9) = o, 1 
resulting ralne of g^res tiie diiMtion of the tangent nifl 
question. 

If the equation /( 6) =ohu two real roots in 9, less Sun* 
the origin is a double point, the tangents bang det 
by these values of 6. 

If these values of 9 were eqo^ the origin would be » o 
and Eo on. 

In fact, it will be observed that the mnltiple points on 
algebraio curves have been discussed by reducing them to 
pwar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraio co-oMi- 
nates. 

It maybe remarked, however, that the order oi a multifile 
point cannot, generally, be determined unless with refereaee 
to Cartesian co-ordinates, in like manner as the degree of a 
cnrre in general is determined only by a similar reference. 

For example, in the equation 



9 tangents at the origin are determined by the equation 

tan 6 = ± J J, and the origin would seem to be only a double 

point ; however, on transforming the equation to rectangular 
axes, it becomes 

from whicli it appears that the origin is a multiple poiTit of the 
fourth order, and the curve of the sixth degree. In fact, 
vhat is meant by the degree of a curve, or the multiplicity of 
a point, is the number of intersections of the curve with any 
light Une, or the number of iutersections which coincide for 
every line through such a point, and neither of these arc at 
once evident unless the equation be espressed by Hue oo-ordi- 
oatea, such ae Cartesian, or trilinear co-ordinates; whereas 
in polar oo-ordinatea one of the variables is a circular oo- 
ordinate. 
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EXAKPLES. 

1. Detennme the tangents at the origin to the onrve 

y8 as «2 (i - a;2). Ans, x-k-y^o^x-ym^ 

2. Show that the cimre 

»* - Zaxy + y* = o 

touches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

«* - aa^y + iy* = o. 

4. Show that the origin is a conjugate point on the curve 

ay* ^ a^ + ba^^o 

when a and b have the same sign ; and a node, when they haye opposite signs. 

5. Show that the origin is a conjugate point on the curye 

6. Prove that the origin is a cusp on the curve 

7. In the curve 

(y - «*)* = «", 

show that the origin is a cusp of the first or second species, according as n 11 
< or > 4. 

8. Find the number and the nature of the singular points on the curve 

«* + 4asfi — 2ay* + 4a^x'* - 3«^y' + 40* = o. 

9. Show that the points of intersection of the curve 

with the axes are cusps. 

10. Find the double points on the curve 

ic* - 4ax^ + 4fl2a?' — b^y^ + li'y — a* - ^ = O. 
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II. FroTe Umt the four t«ne«nta from the origin to Ilie cmra 



bj the eqnatton 4H] hi = u*. 

lut to a donble point 
me kind, on the invetsi 

1 3. FroTe that the orig^ in the cmre 

z* — lai'y — exy* + ifig' ■ o 

i> B onzp of the Mooud apeciea. 

14. ELow that the caidioid 

r = <,(> + coBB) 
u & cusp at the ongin. 

15. If the origin be a 
irougb the origin, uid hi 

16. Find the nature of the origin in the following cun 

,^ = fl'ain2fl, r- = a..in«8. r = ^^ 

17. Show that the origin is a conjiagate point on the ci 

I* - fl«'y + axg' + oV = o. 

ig. IttheinTeneof ft Doniohe taken, ahowthut the origin ie a double point 
n the ioTene curve : also that the paint is sconjugsle point fbr*an ellipee, ^ 
uip for a patBbolo, and a node for a hyperbola. 

ig. Show that the condition that the oubio 

ly' + «^ + &r' + (a + (i + 2ej( = o 
aiaj have a double point i» the same u the condition that the equation 

aX^ + bx' + cx^ + di-^^o 
auif have equal roots. 

10. In the ioTerae of a outre of the n"* degree, show that the origin ii 
Buttiple point of the n"* order, and that the n tangents at that point are parallel 
to the aiymplotea to the original carve. 
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CHAPTER XV. 



ENVELOPES. 



(I) 



217. Hetbod of Envelopes. — If we suppose a ( 
different values given to a in the equation 

/(«■, ;/, -) - o, 

then for each value we get a distinct curve, and the above 
equation may be regarded as representing an indefinite 
number of oiirves, each of which ie determined when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter, and the 
oquation/(a', y, a) = o is said to represent a family qfearvet; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard a as varying continuously, and suppose 
the two curves 

/(^■y, <.)=o, /(^, y, a + A«) = o 

taken, then the co-ordinates of their points of intersectioD 
Batisfy each of these equations, and therefore also Batisfy the 
equation 

/(a^,y,a+An)-/(a:,y,a) ^ ^ 

> ow, in the limit, when Aa b infinitely Bmall, the latCei 
equa ion becomes 

and accordingly the points of interaeetion of two infinitely 
near curves of the system satisfy each of the equations (1) 
and (2). 
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The looue of the pointB of ultimate intersection for the 
entire system of curves represented by /{x, y, a) = o, is ob- 
tained by eHminating a between the equations (i) and (z). 
This loous is callad the envelope of the system, and it can be 
enBily aeeu that it is touched ty every curve of the system. 

For, if wo oonsider three consecutive curves, and suppose 
P, to be the point of intersection of the first and second, and 
P, th^t of the seoond and third, the line P, Pa joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves ; and hence is a tangent to each 
of these curves. 

This result appears also from analytical considerations, 
thus : — the direction of the tangent at the point x, y, to the 
curTe/(a:, y, a) = o, is given by the equation 



dx dij dx 



in which a is considered a constant. 

Again, if the point x, y be on the envelope, since then 
is given in terms of x and y by equation (2), the direction of 
the tangent to the envelope is given by the equation 



•*, 



4f ^dfdy ^ dffda 



dydx 



df I da da ii^\ 
rfu \Jx dy dx) 



fie dydx 



4 



1 the envelope. 

- are the same for the two 

curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illnatrate 
this theory. 

'ITie equation j- cos u ■! 1/ sin a = p, in which n is a variable 
poxameter, represents a system of lines situated at the same 



A 
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perpendicular distance p from the origio, and eonseqnentlj 
all touching a oirole. 

This result also foUowB from the preoeding theory ; for 
we have 

f{x, y, o)=a;oo8a + yBina-p = o, 

rf/fr. V, o) 

— — p -' = - a; Bin a + y COB a = o, 

and, on eliminating « between these equations, we get 



which agrees with the result stated above. 
Again, to find the envelope of the line 



where a is a variable parameter. 
Here f{xt y, a) = y - ax - - 



" dfix. ,j, o) , m 

da ' "^a^ °'- 


-/I 


Substituting this value for a, we get for the envelope 1 


2/' = 4mx, 




which represents a parabola. 

2l8. Envelope of ZQ' + 2ira + iV= 
to be known functions of x and y, and c 


o. Suppose i, if, Jf, 
a parameter, then 


/Ky,.).i.'+2«-a + 


if=o. 


da 




accordingly, the envelope of the ourv 
preceding expression is the curve 


represented by ths 


XiV=Jf'. 


■■ 
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Hence, when L, M, N are linear fimctionB in x and y, 
this envelope is a conic touching the lines L, N, and having 
M for the chord oi oontaot. 

Conversely, the eqtiation to any tangent to the conic 
LN ■= if' can be written in the form 

£tt^ + zMa + iV=o,* 

where a is an arbitrary parameter. 

219. VDdeterinlned IHiiltlpllerH applied to Enve- 

lepes. — ^In many caaea of envelopes the equation of the 
moving curve is given in the form 

f{^> y, «, (3) = C:, (3) 

where the parameters a, p are oonneoted by an equation of 
the form 

<t> («. ^) = 'H. (4) 

In this case we may regard /3 in (3) as a function of a by 
reason of equation (4) ; hence, differentiating both equations, 
the points of intersection of two consecutive corves must 
■atisiy the two following equations : 



1 



d/.4fd^ 
da dfida 


. 0, and ^ 
' da 


d^dp 
dfida 






<V 


df 




Consequently 




dt 

da 


df 

dB 





If each of these fractions be equated to the undetermined 
1 quantity \, we get 



1 



^„X^ 



(5) 






and the required envelope is obtained by eliminating a, /3, and 
X between these and the two given equations. 

The advantage of this method is especially found wbea. 
the given equations are homogeneous fimotionB in a and ^j 
for suppose them to be of the forms 

/(», y, «, P) - a, A-, li) - <i, 
where the former is homogeneous of the w'* degree, and the 
latter of the m'*, in a and ^. Multiply the former equation 
in {5) by a, and the latter by /3, and add ; then, by Euler** 
theorem of Ait. 102, we shall have 

nci = mCiX, or X = — ', (6) 

mci ^ ' 

can generally eliminate a and (3 



by mei 
from 



IB of which value 
r equations. 



I . To find ths envelape of ( 

aloDK two fixed rectangular ax( 

TiAing the given lines for i 



EsAMPtES. 

line oC given length (a) wliose ei 

tea of co-ordin&tea, we have llie equation! 



from whieh we get '^ ~ ^ ' 

ftnd the required Iocub ie represenleil by 

i!* + jl = al. 
. To And the CDvelnpa of a Bjstem of concentrio and coaxal aUipBce of en 



duitoK 


a. 






Een 






S4=-. "-'■■ 


hence 






S = «, 'i^-^: ...... 


and the 


regu 


rede 


aiy = B. 



I 3. To find Iha euTelopB of all the normaU to an ellipse. 
Here we Imve the equations 



Mure a and B aie the co-ordinatea of 0117 paint on the ellipae. 
it, a*x a b'y B 

InHquentlr x = a> - i''-, 

Mweget «<i = [a'-*'}o3, b*y = - (a' - i')B'; 

■ ? / ■" V ^_ / iy \' 

*■ B U'-t7 ' * ~ W-*V ' 
htlwtitatiDgiDthe equatiosof the ellipao, ire get for the required envelope, 
(B.)i+(Sy)l=(a'-i')l, 
Tbii eqiution represcnta the ivolult of the ellipse. 
4. Find the enTelops of the line ' + ^ '^ '• where a and B are connected by 



o. The preceding method can he readily extended to the 
[BDend case in which the equation of the enveloping curve 
Dntains any numher, n, of variahle parameterB, wMoh are 
nmeoted b j n - i independent equations. The method of 
tDoedure is the same as that already considered in Chapter 
Q. on moxiDia and minima, and does not require a separate 
reetigatioD here. 
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I. Prove that the envelope of the syaton of lines -+ * = i, where Iimd n 
X connected Tiy the equation - + — = i, ia the panbola 



0'-(f)'= 



2. One angle of a triangle is fixed in position, find the envelope of lia 
opposite side when tho area ia given. Ana. A hyperbola. 

3. Find the envelope of a right lino when the Bum ot the aquaret of thg 
perpflndiculars on it from two given points ia conatant. 

4. Find the envelope of a right line, when the rectangle under tbe peip«D> 
diculars from two given pointa ia constant. 

Am. A conic having the two points Ufod. 
J. Prom B point P on tho hypothonnao of a right-angled triBBgle, pe:p«t- 
dicnlars FM, F2f oro drawn to tie sidea ; find the envelope of the line Stlf. 

6. Find the envelope of the ayetem of circlea whose diamefew ata the ehoria 
drawn parallels thesiie-minorof a given ellipse. 

7. Find the envebpe of tho circle 

where a ia an arbitrary parameter ; and find when the contact between ihe I 

circle and the envelope is real, and when imaginary. I 

(b). Show &om thia eiample that the focua of an eUipsamay be regaried u I 

an infinitely small ciriJe having double contact with the ellipse, the dire"-- ' 
being the chord joining the points of contact. 

8. Show that the envelope of the Byetem of conioa 



where a is a variable parameter, is represented bj tho equation 

Hence show that a sjstem of conies bavins the same foci may be rtluM 
H inscribed in the same imaginary quadrilateral. 

9. Find the envelope of the line 

ara" + jfl" = a""', 
where the parameters a and ff are connected by the equation 



f = i\ 



^M-^r 



2-7 

10. On Bnjradioi yeetar td i.csrvc a* fiiamatw a drde is deaoibed: pwree 
ceonetnallT tlu-t the enrek^ of ill socli ^ttpW it i^ firrt podtl of tiie curve 
with TBqieot to tlie aapa- 

11. IfdrdMb«d«Bcnb«doii tlieiocilrsdii veeUDtE ofs ixmic u £nDMen, 
poTClliitthnTe&Mli^eittliecirck d<%3ibeii cm ilie etb nuiar of I^e coucm 

tl. ProTCthBt^enrckipeof thedicludwmlwdonllicnmtalndiiofan 
clliiMe u diametan is ■ LeiimiK«.te. 

13. Find the BnYElape of eeniicirdst Soscnbei an tbt affi of tbi cnrvs 



14. Ifperpendicnlinbedmn at eKhpomtan a cnrreto^eradilTMloca 
drawn &om a given point, pn>Te tliat tliar enTsIope is the re^iroea] polar of 
tlie isTCTM of ths given earre, witli raipeot to tha prcm piunt. 

1 5. Find the envelope of a circle vhoae ccatie movea aloBg A« (ai«BK- 
ference of a fixed circle, asd trMch louche* a given ri^it line. 

16. Ellipfes are deacribed nith miocideDt eentre mi axet^ *ad having Ota 
txaa of their ■emiaiei conitaiit ; End their eavelope. 

(7. Find the equation of the eoTdope of liie Hne\i + i^ + r = o. vbat 
connected by the equalioa 



ibola s line is draim mailing with the tangent as 
_ „ ^ ^ rmm the tangent and Ibe ordioats at the point ; 

prove that the envelope of the line is the firet negative pedaJ, with regard to the 

feona, of the parabola ; and bence that its eqaation ia li coe-6 = <i, the focna 

being pole. 

N.B.—Thia curve ia the eaiutic iy rs/ltxkn for raya perpendicular to the 
axis of the parabola. 

19, Join the centre, 0, cf an eqnilaterBl hyperbola to any point, P, on the 
eurve, and at /*diaw a lini?, FQ, mating with the tangent an angle eijual to the 
MigTe between OP and the tangent. Show that the envelope of PQ u the first 
negative pedal of the curve 

r! = 3o» an - e sin - fl, 
3 3 

the centre being pole, and aiia minor prime victor, 

S.B. — Thii ^vee the eamtie by reflexioii of the equilateral hyperbola, thg 

centre being the radiant point. 
»e. A right line revolves with a uniform angular velocity, while ore of it< 
peinia moves tuufomly along a fixed right line ; find its envelope. 

Ana. A oydoid. 
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CHAPTEE XVI. 



1 

IF INFLEXION. 

the tangent be 



CONVEXITY AND CONCAVITY. POINTS OF 



ConTexity and Concavity. — If the 

drawn at any point on a ourve, the neightourmg portion of 
the curve generally lies altogether on one aide of the tangent, 
and is convex with respect to all points lying at the oppoeite 
side of that line, and eonoaye for points at the Bame side. 

Thus, in the aooompanying flgnre, the portion QPQ is 
oonvex towards all points 
lying helow the tangent, and 
concave for points above. 

If the ourve be referred 
to the co-ordinate axes OX 
and OY, then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on " 

the tangent corresponding to '^' '' 

the same ahscissEs, the curve is said to he concave towards 
the positive direction of K. 

Now, suppose y = ^ («) to he the equation of the ourve, 
then that of the tangent at a point a-, y, by Art. i68, is 




Y-t/^{X-x) 



Let P be the point a;, y, and MN = h = MN', QJV" = yi, 
TN'= Fi, and we have 

yi = <p(x + A) = ^(t) + hi^'{x) + — ^ <^"{x) + — — — ^'"{x) +*& 



Fointu of Inflexion. 
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When h is very Bmall, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of y, - Fi, or of QT, is the same as 
that of ^"{x). 

Hence, for a point ahovo the axis of x, the curve is convex 
towards that axis when ^"(^) is positive, and concave when 
negative. 

We accordingly see that the convexity or concavity at any 

point depends on the sign of ^"{x) or -rf, at the point. 



222. Points of Inflexion. 

the point P, we shall have 



—If, however, ^"{x) = o at 



- F, = - 



- <p:'\x) -. 



.2.3.4 



^\X) 4 



(2) 



- F| changes its sign 

/ 




called points of 



Now, provided <p"'{x) be not zero, y, ■ 
with h, i.e. if MN' = MN^ h, 
and if Q lies above T, the 
corresponding point Q* lies 
below T, and tho portions of 
the curye near to P He at 
opposite sides of the tangent, 
as in the figure. 

Consequently, the tangent . 
at auoh a point outs the curve, 
as well as touches it, at its 
point of contact. Such points on a 
inflexion. 

Again, if <p"'{x) as well as ^"{x) vanish at the point P, we 
shall have 

and, provided ^^"(x) be not zero at the point, j/, - Y, does not 
change sign with h, and accordingly the tangent does not 
intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order ; as 
can he easily seen by the preceding method. 



28o Points of Injiexion. 

From the foregoing disousBion it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of x, or conversely. 

. On this account such points are called points of contrary 
fiexvre or of inflexion. 

223 The subject of inflexion admits also of being treated 
bj the method of Art. 196, as follows : — The points of in- 
tersection of the liney = fix + v with the curve y = ^{x) an 
evidently determined bj the equation 



^(ar) = |(« + 



(3) 



Suppose A, B, C, D, &o., to represent the points of section in 

question, and let ^ijjPj, ...x^ 

be the roots of equation (3) ; —7; 

then the line becomes a /p 

tangent, if two of these 

roots are equal, i.e., if ^^s- '9- 

^'(^1) = lii where Xi denotes the value of x belonging to the 

point of contact. 

Again, three of the roots become equal if we have in 
addition ^"(ari) = o ; in this case the tangent meets the curve 
in three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions PA. and CD 
of the curve lie at opposite sides of the cutting line, but 
when the points A, B, become coincident, the portions AB 
and BC become evanescent, and the curve is evidently out aa 
well as touched by the line. 

In like manner, if 0'"{^i) also vanish, the tangent most 
be regarded as cutting the curve in four consecutive points : 
such a point is called appoint of undulation. 

It may be observed, that if a right line cut a continnons 
branch of a curve in three points, A, B, C, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C, and consequently it 
must have a point of inflexion between these points ; and bo 
on for additional points of section. 

Again, the tangent to acurve of the »'* degree at apoint of 
inflexion cannot intersect the curve in more than k - 3 other 
points: for the point of inflexion counts for three among 
the points of section. For example, the tangent to a curv* 



Sarmonic Polar of a Point of Inflexion on a Cubic. 



of the third degree at a point of inflexion cannot meet the 
curve in any other point. Consequently, if a point of in- 
flexion on a cubic be tal:en as origin, and the tangent at it 
OS axis of X, the equation of the curve imist be of the form 

sr' + ff0 = o, 

where ^ represents an expression of the second and lower 
degrees in x and y. For, when y = o, the three roots of the 
resulting eqtiation in x must be each zero, as the axis of x 
meets the curve in three points coincident with the origin. 
The preceding equation is of the form 
Mj + «, + M, = o, 
or, when written in full, 

a^ + y{aa? + zhxy + hf) ■\- y{zgx + zfy + c) = o. {4) 

Now, supposing tangents drawn &om the origin to the 
flture, their points of contact, by Art. 176, lie on the curve 



,n 



igx + fy + c) y^ o. 

The factor y = o corresponds to the tangent at the point 
of inflexion, and the other factor gx + Jy + e = o passes 
through the points of contact of the three other tangents to 
the curve. 

Hence, we infer that from a point of inflexion on a cubic 
but three tangents can be drawn to the curve, and their three 
points of contact He in a right tine. 

It can be Bhown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 
Ar' + Br+C=o. 

If f', t^ be the roots of this qnadratio, we have 
I I B 



r 
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Now, if p be the hannonio mean between / and r", this 
giTea 




Hence the equation of the loons of tbe extreimtieB of the 
harmonio means is 

gx + fy + e = o. Q.E.1). 

This theorem is due to Maolaurin {Dc Lin. Geom. Prop. 
Cfcn., Sec. iir. Prop. 9). 

From this property tbe line is called the harmonio polar of 
tbe point of inflexion. This Kne holds a fundamental place 
in the general theory of cubics* 

Z24. Stationary Tangents. — Since the tangent at a 
point of inflexion may be regarded as meeting the cnrve in 
three conseoutive points, it follows that at such a point the 
tangent does not alter its position as its point of contact 
passes to the consecutive point, and hence the tangent in this 
case is called a stationary tangent. 

The equatioD -r^ = o follows immediately from the last 

coosideratiou ; for when the tangent is stationary we most 

have -J- = o, where ^, as in Art. 171, denotes the angle 



hence - 

inflexion as that before airived at. 





Examples. 



ESAUFLES. 



I. Show that the origin ia a point of infleiion on tiia cuavo 

a'y = biy + «p^ + rfj*. 
1. The origin is a point of inflexion on the cubic uj + «i = □ ? 

3. In the curve a''-iy = jr", 
prava that the origin is b point of inflexion if m be greater than 1. 

4. In tho BTBtem of curves 

find onder That circumstaaces the origio ia (a) a point of inSexioD, (fi) a cuap. 
$, Find the co-ocdinst^ of Qie point of inflexion on the curve 

3^ - ibz.'' + a'y = o. Am. x = li,y = -5-. 

6. B a curre of kn odd depee has a centre, prove that it is a point of 



7. Fiore that the origin is a point of undulation on the cnire 
«! + «4 + «i» + &o., + a, = o. 

2B referred to polar co-ordlnatei 



9. In Uie ourve rff™ - a, prove that there is a point of infleiion vben 

10. In the Gtirre y = « sin -, prove that the points in vhii;!] the curve 
BMta iLe axil of a: are all points of inSeiion. 

11. Show geonetiicilly that to a node on bmj curve correiponi!* a line 
toocbing iu reciprocal poUr in two distinct point* ; and to a ausp ootresponds a 
point of inflexion. 



i 
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II. If tlie origin be a point of infleiion on the omra 

proTe that ug must oontom max a factor. 

13. Show that the points of iufloiion of the cubical parabola 

lie oa tJie line 

3Z + a = 4i : 

and hence proTe that if the cubic baa e node, it has no real point of iafieiion; 
hut if it has a conjugats point, it has two real points ot infleiioa, t---»- -■--■ 
at infinity. 

14. Pcore that tbe points of infieiion on the onrve y' = ii?(x' + ipe + ^ 
are determined hy the equation ii^ + Spi* + 3 (p' 4 ' 

15. If y' = /(>:) be the equation of a curve, prove that the nbsoisew of id 
points of inflexion satisfy the equation 

(/■(•))' - ■/(«) ./■■(•). 

16. Show Hiat the maximum and minimum ordinatos of the curve 

!/-=/(»)/"(•)-{/•(•))■ 
correspand to the points of ioteiaection of the curve ^' =/{x) vith the tu 

17. "When {/' =/{«) represents a cubic, prove that the biquadratic in i 
which delermino»ita points of infleiion hae one, and but one, piiir of real rootc 
Prove also that the leaser of these roots coireaponda to no real point of {"T'TlP", 
while the greater corresponds, in general, to two. 

iS. Prove that the point of inflexion of the cubic , 

oys + 35j;j'= 4- icx'y + ii* + Jm' = o 
lies in the right line ay + 63: = o, and has for its co-ordiotitea 
« = - --r-. andj( = 



3«*< 



where (? is (he aome as in Eiompla 31, p. 190. 

19. Find the nature of the double point of the curve 

,..(,^ !)'(«- I), 

and show that the curve has two real points of inflexion, and that they subtest 
a right angle at the double point. 

50. The oo-nrdinatos of a point on a curve ate given in terms of an tagh I 
by the equations 

I = sec'e, y = taufl eec'B; 

trre, and 6nd the 
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3 



, Currature. Angle of ContlDgence. — Eveiy con- 
innona ourve is regarded as liaving a determinate eurrature 
t each point, this curvature being greater or less according 
B the curve deviates more or less rapidly from the tangent at 
'le point. 

The total ourvattire of an aro of a plane curve is measured 

the angle through which it is bent between its estremitiea — 

»t is, by the external angle between the tangents at these 

jinte, aBsuming that the aro in question has no point of in- 

in it. This angle is called the angle of contingence of 

16 are. 

The curvature of a circle is evidently the same at each of 
lb points. 

To compare the curvatures of 
liferent circles, let the arcs AB 
lid ab of two circles be of equal 
•Dgth, then the total curvatures 
|l these arcs are measured by the 
mgles between their tangents, or 
the angles AOB and acb at 
ir centres : hut 

.„„ , aro^B arc..^ 

AG txG AC ac 

Consequently, the curvatures of the two circles are to each 
ather inversely as their radii; or the curvature of a oircte 
MiieB inversely as its radius. 

Also if d« represent any arc of a circle of radius r, and 
Af the angle between the tangents at its estremitieB, we have 




L 



^f 
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The curvature of a curve at any point is found by dete^ 
mining the circle which has the same cijrrature as that of an 
indefinitely small elementary arc of the curve taten at tbo 
point. 

226. Radios of Cnrratore. — Let ds denote an infi- 
nitely small element of a curve at a point, d^ the corresponding 

angle of contingenco expressed in circular measure, then -j- 

evidently represents the radius of the circle which has the 
same curvature as that of the given curve at the point. 

This radius ia called the radius of curvature for the point, 
and is usually denoted hy the letter p. 

To find an expression for p, let the curve he referred to 
rectangular axes, and suppose x and y to be the co-ordinatea 
of the point in question ; then if ^ denote^the angle which ths 
taogent mEikes with the axis of x, we have 

dy d . tan A tpy 

, dib d'u 



Again, 



dtp _d^dx _ 



(-(!)•)' 



I aeo*^ _ 
d^~ d'y (Py 

da (£«* 



curvature at such a point is infinite : this is otherwise evident 
since the tangent in this case meets the oujve in three 
cutive points. (Art, 222.) _ 

Again, as the expression ( ^ + { 7- ) I ^^ always tvo 

values, the one positive and the other negative, while the 
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curve can have in general but one definite circle of curvature 
at any point, it is necessary to agree upon which sign iato be 
taken. We shall adopt the positive sign, and regard p aa 

teing positive when -r-^ is positive ; i. e. when the curve is 

convex at the point with respect to the axis of x. 

227. Other Expressioiw for p. — It is easy to obtain 
other forms of expression for the radius of curvature ; thus 
by Alt. 178 we have 

dx . dy 

cos * = ^, sin A = -^. 

^ ds ' fls 

Henoe, if the arc be regarded as the independent variable) we 
get 

dA d'x d(b d'y 

trom which, if we squaft and add, we obtdin 



1 i^y (£1 






{') 



Again, the equations <h = 00a ^tk, dy = sin ^d», 
give by differentiaticfti {substituting — for df), 



ify = Bin ^iPs + COS ^ ^^-^. {3) 

r P 

Whence, squating and adding, ve obtain 



L 



{ifxf + (iV)" - ('?')' + ^'. 



<" yi^ifTWF^W!)'' 



(4) 



J 
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Again, if the former epilation in (3) be multipKed by 
sin ^, and the latter by ooa <ji, we obtain on subtraction, 



00s ^(^y — Biatjid'x = 



r dxd'y - a 



Henoe 



{d^ + dy')* 
dxd'^y - dycPi 



(5) 



The independent variable is nndetermined in formolea {4) 
and (5), and may be any quantity of which both a: and y are 
functions. 

For example, in the motion of a particle along a curve, 
■when the iime is taken as the independent variabls, Tve get 
from {4) an important result in Meahanics. 



Examples. 
■ To find ths xadiuB of currature at any point on tlie parabola z* 1= 4mf. 









:. Find (ke radiua of currature in Uio catenary 



J. la the cubical parahok 3a=y = **, we hsTO 



r 



General Expression for Radius of Curvature. 



4- To find the radius of cuirature in the ellipse ^ + 


b' '■ 


I.ot iK = acoB$, than jr 


-iflin^, aafl wehavo 




</l = -fl8iQ$rf^, i',= 


-»C03^rf*=-« 


aiD ^d=^, 


rfy = Joos^rf# 


d'y^ 


- * sin ^rf«' + i c 


OSfrf'fl.. 


Hence by formula (j) w 


obtain 








(a' Bin' 


0* 




5- Inthahypooycloidil 
ptding <p u the i«depi»den 


y^iablB, 


et a;=oooa>, theny = a 
VB have 


(Px 


= 3fleo8^rf*'(2a 


mV-coa 


4^=3aBin>coBf.rf^, 


,Py 


= 3Bdu#rf^'{2^ 


«'f-dn 


triience 








(«U» + rfy')i = 3<.«n*eD 


*i?^, MidiiiiFj- d!/iPx = - 


ga^ain' 


torn which we obtain 


P = - 


3{»«y)l. 




6. FindtheradiuBofcu 


rratura at 


nj point of the c 


urre 



!38. Cieneral Expression for Radios of Curva- 

s. — The value of p becomea usually difficult of determi- 
nation from formula (i) whenever yia not given explicitly in 
ierms of x, that is, when the equation of the curve is of the 
fonn 

u =f{x, y) = o. 

We proceed to show how the equation for p ia to be trans- 
Itmned in this case. Suppose 



du ^ du „ <Pu , d^u „ 
da dy rfar dxay 



^Qien, by Art. loo, we 1 



i + 3f ^ = o. 

dx 



i 



ago Hadius of Curvature. 

Again, difEerentiating this equation with respect to x, 
regarding y as a function of ir in consequence of the given 
equation, and ohserving that 



cIj; dy dx' dx 



dL dL dy !dM dMdy\ dy ,r'?V 

dx dy die \ dx dy dx) dx dx' ' 



dx" 
d'y AM^-2BLM+CL' 



d.r M' 

Consequently 



'^ - AM' ' 2BLU + CL'' 

Or, on replacing L, M, A, B, C, by their val 



d'u da da rf' 
dji' \di/j dxdy dx dy dy'' 






The result in (6) enables us to determine the second difle- 
rentiftl coefficient of an implicit function in general; a procesa 
which ia sometimes required in analysis. 

22<;. Tbc Centre of CarTatare is the point ef 
Intersection of two Consecntive Xormalg. — We slinU 
next proceed to consider the subject from a geometrical 
point of view. 

As a circle ■which passes through two infinitely near 
points on a curve is said to have contact of the first orrfw nith 



'mton'a Method of Investigating Curvature. 

the curve, so tlie circle which passes through three infinitely 
near points on & ourve ia said to have contact of the second 
order with it, and is called the circle of curvature, or the 
osculating circle at the point. 

Again, the centre of the circle which passes through 
three points, P, Q, R, ia the interseotion of the perpendicu- 
lars drawn at the middle points of PQ and QR ; but when 
P, Q, R hecome infinitely near points on a onrve, the per- 
pendiculars heoome normals, and the centre of the circle 
becomes the limiting position of the intersection of two infinitely 
near normals to the curve. (Compare Art. 37, note.) 

Prom this it is easily seen that we obtain -r- for the length 

of the radius of the cirole in the limit, as before. 

230. Newton's Method of investigating Radii of 
Cnrvatnre. — When the equation of the 
and rational it ia easy to obtain an 
expression for its radius of ourvature' 
at any point. 

For, take the origin at the 
point, and the tangent and normal 
for co-ordinate axes; let P be a 
point on the curve near to 0, and 
describe a circle through P and 
toucliing the axis of x; draw PN 
perpendicular to OX and produce 
it to meet the cirole in Q ; then we have 

01^=PN.NQ. 

Hence, if x and y be the co-ordinates of P, we get 



^ PN 



But when P is infinitely near to 0, NQ, becomes OD, the 



• This method of finding the radiuB of curvature is iudioalad by Newlon 
(Princ'ipia, Lib. I., Sect, i., Ltmnut ti.), and hag been adopted in a more or lesa 
uudified form by aaay liibsequent irritera. 
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diameter of the circle of ourrature, and if p be its radiuB, we 

have 

2p = limit of — when x ia infinitely ainall. 

Again, ainee the axis of 3^ is the tangent at the origin, 
the equation of the curve, by Art. 208, is of the form 

b,y = Coir' + 2Ci3;i/ + Cjj^ + terms of the third and higher degrees 

= Co*' + 2CiX1/ + Cj!/' +U3 + Ut + &c. (9) 

On dividing by y we obtain 

^1 = C — + 2Ci3; + OiV + — + &0. 

i/ y 

Again, when » ia infinitely small, — beeomeB zp, and 

each* of the other terma at the right-hand side becomes infi- 
nitely email ; hence 

6, 



Thus, for example, the radius of curvature at the origin in 
the curve 

67/ = 2X' + is^ - 4^ + x' 



is -, the axes being reotangular. 



■ "We hare usnmed above that tha termi — , -, &c., become evaneueat 
V y 
■long vitli 7 ; tbia can be readily establiehsd as follova : — 

Let Hj = ctt' + ftt'y + yxy* + iy", 

tben — = a— + ;3i' + 71^ + Jy'; 

y V 
each of the terma aftei the first TaniehoB with x, while llie Brat beoomH a ~i- 
or lapx, tduch also raniahca with x, when p ia finite- 



Similar leaiomng is applicable to the U 



Ca^e of Oblique Axt 
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From the preceding it follows thot when tlie axis of x is 
a tangent at the origin, the length of the radius of curvature 
at that point is independent of all the coeffioientB except 
those of y and a^. 

231. Case of ObUqne Axes. — If the co-ordinate axes 
be oblique, and intersect at an angle w, then PQ, no longer 
passes through the centre of the circle in the limit, hut be- 
comes the chord of the circle of curvature which makes the 
angle u> with the tangent ; accordingly, we have in this case 



' PN y' 
Hence, in the case of oblique a 



(10)^^ 



If 61 and c„ have opposite signs, /i is negative ; this 
indicates that the centre of curvature lies below the axis of x, 
towards the negative side of the axis of y. 

The preceding results show that the radius of curvature 
at the origin is the same as that of the parabola, Jij/ = c^'j?, at 
the same point ; and also that the system of curves obtained 
by varying all the ooefEeients in (9), except those of y and 
ar*, have tlie same osculating circle, in oblique as well as in 
rectangular co-ordinates, 

A^ain, as in Art. 223, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as well as touches it. 

If <-o = o in the equation of the curve, and 5, be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis of x meets the curve in this case in 
three consecutive points. 

232. In generai, the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
vritten in the form 

zhi^x + atjy = Coir' + ic^xy + dy' + «i + &o. 
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Here IgX + b^y = o is the equation of the tangent at the 
origin ; and the length of the perpendicular FN. from the 
point {x, y) on this tangent ia 



Also, OP* _= a? + y\ and 0P' = 2p.PIfm the limit. 

Aooordinglj, we hare, when x and y are infinitely emali, 

I zPiV zb^x + 2b,y 

C„3? + 2C,Xy + dt^ Mj a 

= 7- - ■-. + , + &c, 

{a? 4- y') v/5„' 4 i,' (^ 4 y") y^= 4 b,^ 

(since the point jr, y ia on the curve). 

Again, the terma contained in _ ' , , &c., become evanes- 

oent in the limit, as before {see note, Ait. 230). 
Henoe we have 






'— -^<|J 



But for points infinitely near the origin we have 
buX + Oiy = 0, or - = - — . 

Substitnting this value instead of - in the preceding equation, 
it becomes 

I c„fi,' - 2bJb,Ci 4 ej}* . . 

~p' (V + *.-)' ■ '"' 

The student will find no difficulty in showing the identity 
of this result with that given in (7). 



Hk 



r 



SadiMi of Carmturt it tcrmt of r and p. 



295 

233. Ratfl 1 Cvrrmtarc mt iHvcrsc Cart-es. — It 

may be oonvenieBt to state here that if two curves be inverse 
to eaoh other with respect to any origin, their osculating^ drcles 
at two inyeiee points are also inverse to each other with respect 
to the Bame origin. 

This property is evident geometrically from the eoa- 
sideration that a circle is determined when three points on 
it are given. 

Again, since the centres of the two iaverae circles are 
ill directum with the origin, we can construct the centre of 
curvature at any point on a curve, when that for the oor- 
responding point on the inverse curve is known. 

Also, if the osculating circle at any point on a curve 
pass through the origin, the corresponding point is a point of 
inflexion on the inverse curve, 

"We shall next proceed to establish another expression for 
the radius of curvature, which is of extensive application in 
curves referred to polar co-ordinates. 

234. KadiiM or Curvature tn terms of r 
Let FN and PC be the tangent 
and normal at any point P on a 
curve, F'N' and yC those at 
the infinitely near point P", then - 
C is the centre of curvatnre cor- 
responding to the point P. JjeA . 
be the origin. 

Join 00, and let OC = S, 
OF ~ r, OF - /, Olf = p, 
Oir =p', CP=CP'= p; then 
ire have 




OC'-OP'* CP--10P.CP. 


Fit. J.. 
obOPO, 


S" . r- + p' - If!'- 




In lite manner we have 




S- ->•'= + p-- - 2pp: 




Subtracting, we get 




r"-r'.2i,{p' -p},ar'-r^. 


2p 
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^ 



dr a dr 

dp r '^ dp ' 

This formiila oan also be deduced immediately from Art. 
193 : thus 

T. ,>■ dp dp ds dp dp dr . dp 

»■ COB i/. = PiV^ = /- = f--5- = p^=p-f — = pcoa;/'-f ; 

^ da ds du ds "^ dr ds ' ^ dr 



235, Chord of Corvainre tliroagh the Origin, — 

Let y denote half the intercept made on the line OP by the 
circle of curvature, and we evidently have 

TpBmOPN.p'^.p-. {,31 

This and the preceding formula are of importanoe whon- 
ever we can express the equation of the curve in terms of the 
lines represented by r andjo. 

Their use will be illustrated by the following elementaij 
examples : — 

EXAJfPLRB. 

I. To find tlie radius af curvature at any point on a parabola- 
Taking the focus aa pole, the equation of the curve in terni^ of r lad ji 
evidently 16^* = imr. 

„ dr pr /5>^\l dr ji= 

Hence n = r-— =^— = — ; also, 7 =ji— = — = jr. 

dp m \m I dp m 

1. To find the radius of eurvature in an eUipee. 
Taking (he csntro aa origin, the equation of the curve ib 





"" 
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4. To flnd Has chord of ourTituro which paaaea through the origin in the 




,' = «[. + oo=fl). 




In Ihii osM, WB have H •= lajfl. 




=- '-4;-r- 




J. To find the ladinB of cnrvature at 11117 point on the ourro r- = o" coa me. 




Here .— ' = a"p, by Art. 190. 




a <J" r* r 




=•"•• '^(„, ■)--"(.+ .);' ■'"■■' ..+ .■ 




This remit furniahea a airaple gcometrica! method of findiag the centre of CHr- 




FBtUTo in all curvea included under this equation. 




236. To prove tbat p =p+ -7^. If p and at have the 




same Bignifieation as in Art. 192, the formula of that Art. 
becomes 






"—.■"*£■ M 




Examples. 




1. In a central elKpsc prove that 






, = v'-'ooa'„+4'eiu»„, 










J, In a pmhoifl refrared to its focus as pole, prove that p = m sec «. and 




hence .ho* itnt p = im «t'«. 




237. EvolulcB and Involutes. — If the centre of our- 




Tature for eaoh point on a curve be r, p. „ 




taken, we get a new curve oaUed the 


/Hij* 




eDoiufe of the original one. Also, the 


W7>\ 




original curve, when considered with 




iwpeot to ita evolute, ib called an in- 


\ //x. 




90luU. 


///Z^^' 




To investigate the connexion be- 


\\/g^^ 




tween these curves, let P„ P„ P„ &a.. 






lepresent a eeries of infinitely near 


i/C* 




points on a curve; Ci, C„ C>, &o., the 


\h* 






kf 




then the lines P,C„ P,C„ P,C„ &c., 


c. 




are normals to the curve, and the lines '^' 




C,C„C,C^C,C„&c.,majberegardedin *^8- 33- 




file limit as conseoutive elenieiiU of the evclute ; also, sinoe 








^1 



r 



L 



irongli two I 
ats to that 1 

)f the radii 
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each of the normak i'if?i, i',d,i*iC3,&o., passes through 
consecutive points on the evolute, they are tangents 
curve in the limit. 

Again, if pi, pj, p,, pi, £0., denote the lengths of the radii 
of curvature at the points P„ P„ Pa, P,, &o., we have 

P, = PiCi, p, = P,(7„ p, = P,C„ p, = P.C, &o. ; 
.-. p,-p,^F,0,-F,C^ = P,G,-F,0,= C,a; 
also pi-pi= CtCi, p> - />! = 0^0^ . ../>«-!- p„ = <7„_,(?, i 

hence bj addition we have 

P, - P, = C,C^ + G^G^ + CiC, + . . . + C^i C„. 

This result still holds when the number « is increased 
indefinitely, and we infer that the length of any arc of tht 
evolute is equal, in general, to the difference hetmen the radii of 
curvature at its extremities. 

It is evident that the curve may be generated from its 
evolute hy the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards 
unrolled ; in this ease each point on the string will descrilie 
a different iiiBolitle of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. 

It follows, also, that while a curve has but one evolute, it 
can have an infinite number of involutes ; for we may regard 
each point on the stretched striag as generating a separate 
involute. 

The curves described by two different points on the 
moving line are said to be parallel; each being got from the 
other by cutting ofE a constant length on its normal measured 
from the curve. 

238. Evolate*^ regarded as EnvelopeB, — ^From the 
preceding it also follows that the determination of the evolats 
of a curve is the same as the finding the envelope of all its 
normals. We have already, in Ex. 3, Art. 219, investigated 
the equation of the evolute of an eUipse from this point of 
view. 

239, Evolute of a Parabola. — We proceed to dete^ 
mine the evolute of the parabola in the same manner. 
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Let the equation of the curve be j/° = zmx, then that of 
its Dormol at a point {x, y) is 

(F-s)^ + X-:,.o, 

or y" + 2my {m - X) - 2n^Y ~ o. 

The envelope of this line, where y is regarded as an arbi- 
trary parameter, is got by eUminatiiig y between this equa- 
tioD and its derived equation 

Accordingly, the equation of the 
required envelope is obtained by 

substituting =; instead of y 

in the latter equation. 

Henoe, we get for the required 
evolute, the eemi-cubieal parabola 

2imY^ = Z{X-mY. 
The form of this evolute is exhi- 
bited in the annexed figure, where 
VN=m = zYF. It P, r, repre- 
Bent the points of intersection of 




E-V 



Fig- 34- 

evolute with the curve, it is easily seen that 
VU= i,yN= f\m. 
240. Evolnte of an fillipse. — The form of the evolute of 
au ellipse, when e is greater 
than \ •/2, IB exhibited in 
the accompanying figure ; 
the points j/", N, W, JV', are 

I evidently cusps on the curve, 
and are the centres of our- 
TBiture corresponding to the 
lour vertices of the ellipse. 
In general, if a curve be 
Bynunetricai at both sides 
of a point on it, the oscu- 
lating circle cannot intersect 
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the curve at the point ; accordingly, the radios of ouiratuis 
IB a maximum or a minimum at mioli a point, and the oorra- 
Bponding point on the evolute is a cuap. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse^ 
according as the point is inside or outside the evolute. 

It may be hero obBerved that to a point of inflexion oa 
any cmre corresponds plainly an asymptote to its evolute. 

241. Evolute of an Kquiangolar Spiral. — We eHall 
next consider the equiangular or logarithmic spiral, r = a*. 

Let P and Q be two points 
on the curve, its pole, PC, 
QOthenormalsat Pand Q; join 
00. Then by the fundamental 
property of the curve (Art. 181), 
the angles OP C and OQC are 
equal, and consequently the four 

Eointa, 0, P, Q, C, lie on a circle : 
ence z QOG = L QPC; but in 
the limit when P and Q are coin- p. ^^ 

eident, the angle QPC becomes 

a right angle, and C becomes the centre of curvature belong- 
ing to the point P ; hence POC also becomes a right angle^ 
and the point C is immediately determined. 

A^ain, L OOP = L OQP ; but, in the limit, the angle 
OQP 18 constant; .-. Z OOP is also constant ; and since the 
line CP is a tangent to the evolute at C, it follows that tie 
tangent makes a constant angle with the radius vector 00. 
Prom this property it follows that the evolute in question if 
another logarithmio spiral. Again, as the constant angle il 
the same for the curve and for its evolute, it follows that the 
latter curve is the same spiral turned round through aknown 

angle {whose circular measure is — log,, M). 

241 (a). Involute of a Clrcle.^As an example of j 
involutes, suppose APQ to represent a portion of an invohla J 
of the circle BAC, whose centre is 0. Let 

OC = a, lCOA = ^, 
and CA the length of the string unrolled ; then 
CP = CA^ a^. 
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Draw ON perpendicular to the tangent at P, and let 
ON •= p, then we have 

Hence, since 

LBON^iCOA = <i>, 
the pedal of the curve APQ ia a 
spiral of Archimedes. 

Also, since 



OP' = 0(7' + CP», 
we b&re „. 

r'.p' + «', '*='■ 

which givea the equation to the iiivolute of a circle in terms 
of the co-ordinates r and p. 
Again, if AP = s, we have 

L from which it is easily seen that 



242. BadloB of Carvatnre, and Points of In- 
[ Ceslon, In Polar Co-ordinates. — We shall first 6nd an 

I expreeaion for p in terms of w (the reciprocal of the ladiue 
I Vector) and 0. 

By Article 185 we have 



^(sy^ 



I dp d'u 
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consequently p(«+ g) = -!-,= ji + (jf^Hi 



udejy 



ir' 



... I ^ du I dr 

A&:am, since w = -, we nave -r^ri = --; -77;, 

This result can also b^ established in another manner, as 
follows : — 

On reference to the figure of Art. 180, it is obvious &ak 
^ = + 1// ; where is the angle the tangent at P makes with 
the prime vector OX. 

__ d6 d\L d6 da d\L 

dd> 

, £_ ^ dO 

' ' p da ds 

dd 

dr d^r 

Again, denoting -r^ and ;jZ5 by / and r\ we IiaT» 

r 
tan ^ = — ; and hence 
r 

dJj ^.r'^-rr" /*-r/' 
-j^ = cos*)/; 7^— = ,^ ; 

• • ' ^ c?0 " »^ + r" . also ^^ - ^r- + f ;•• 



Intritmc Equation of a Curve. 

Hence, we get a = — -^ — ;; — - — 7:. 
° r -rr + 2/' 

Or, replaciing / and r" by their valnes, 



rfV fdrV 



Again, since /> = co at a point of inflexion, we infer that 
the points of inteiBeotion of the curve represented by the 
equation 

/dry 



r'- 



dG> 



with the original curve, determine in general its paints of 
ioflezion. 

In some cases the points of inflexion can be easier found 
by aid of {15), which gives, when p = 03, 






it any point in the sjiiial of Arcliimedes, 



(' * »')i 



1. Find the rtidiua of curvnturo of the logiuithm 
J. Find the points of infliiiion on tho cune 

4. Prove that the oirole r = 10 interaeclB the cm 

r = M-icoa5e 
I in JtapoinlBof infleiioQ, 

5. Prove thftt the curve 




I bu no real poinuof inSeiion unless a'a>6 and <(,'-¥ n'')b. When a lies be- 

■ turusD thMelimita, pravEthut all the points of inflexion lie on a circle ; and show 

■ hmr to delcnnine the ladiu* of the circle. 



^ 



j 
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242 (a). Intrinsic Equation of a Curve. — In many 
cases the equation of a curve ia most simply expressed in 
terms of the length, s, of the curve, measured from a fixed 
point on it, aud the angle, 4, through which it is bent, 
i.e. the angle of deviation of the tangent at any point front 
the tangent at the fixed point, taken as origin. These are 
styled the infrmsic elements of the curve hy Dr. Whewell,* 
to -whom this method of disoussing curves is due. 

The relation between the length s and the deviation ^ for 
any curve is called its inirinsic equation. 

If this relation be represented by the equation 

»-/(♦). 

then if p be the radius of curvature at any point, we have 

Also, if s, denote the length of the evolute, from Art. 237 
it is easily seen that the equation of the evolute is of the form 
Sj =,f{<p) + const. 

From this it follows that the series of successive evolnt«e 
are in this case ei^ily determined by auccessive difierentiation. 

The simplest case of an intrinaio equation is that of the 
oirole, in which case we have 

a = a^. 

Again, from Art. 241(a), the intrinsic equation of the 
involute of a oirole is reducible to the form 

8 = ^1 

2 
"We shall meet with further examples of intrinsic equa- 
tions subsequently. 

243. Contact of Diffierent Orders. — As already 

stated, the tangent to a curve haa a contact of the first ordai 
with the curve at its point of contact, and the osoulatii^ 
circle a contact of the second order. We now proceed to 
distinguish more fully the different orders of contact between 

two curves. 
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Suppose the curves to be represented by the equations 

y=f{x), andy = ^(»), 

and that Xi is the abaoiBsa of a point common to both ourves, 
fhen ve have 

/(«.)-#(«.)■ 

Again, substitutiug xi -1- h, instead of a; in both equations, 
and sapposing yi and y^ the corresponding ordinateB of the 
two curves, we have 



=f{x, + k) =/{x,) + h/(x,) i 






Subtracting, we get 

».-y.-i(/W-t'W) + ^ l,/"W-t"WI+'5»- (■?) 

Now, suppose f{xi) = $'(«i), or that the curves have a 
oommon tangent at the point, then 

'■-'■"ri i^'(«i)-*"("'.)i+7^ i/"M-t-(^,)i+&«- 

In this case the ourves have a oontaet of the first order; 
and vhen h is small, the difference between the ordinates is 
a email quantity of the second order, and as j/j - jj does not 
change sign with k, the ourres do not cross each other at the 
point. 

If, in addition 

/'(^,) = ^"(:r,). 



fium 



y. - ffj = 



-i/'>.)-r('=.)i+&o. 



In ^OB case the difference between the ordinates is an in* 
finitely small magnitude of the third order when h is taken 
Ml infinitely small magnitude of the first; the oorves are 
then said to have a contact of the second order, and approach 
infinitely nearer to each other at the point of contact uian in 
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the former case. Moreover, Eince f/, - y, changes its eign 
with h, the curres cut each other at the point as well as touch. 
If we have in addition /"'{j;,) = ip"'{!e^, the curves are 
said to have a contact of the third order: and, id general, if 
all the derived functions, up to the w" inclusive, be the same 
for both curves when x = «„ the curves have a contact of ths 
n"* order, and we have 

y. ~s. -r^ (/("'iC^.) - ♦'""' {',)] + &»■ ("8) 

Also, if the contact be of an even order, ti + i is odd, and 
consequently /<"*' changes ite sign with A, and hence the curves 
out eac other at their point of contact ; for whichever is tho 
lower at one side of the point becomes the upper at the 
other side. 

If the curves have a contact of an odd order, they do not 
cut each other at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

(i). If two curves have a contact of the «'* order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the «'* order st 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the n'". 

{3) . If any number of curves have a contact of the Beooni 
order at a point, they have the same osculating circle at the 
point. 

244. Application to Circle. — It can be easily verified 
that the circle which has a contact of the second order with a 
curve at a point is the same as the osculating circle determined 
by the former method. 

For, let {X-uf + [Y-^f = S' 

be the equation of a circle having contact of the second orda 
at the point {x, y) with a given curve ; then, by the preoediagt 

the values of -;- and -rr must be the same for the cJTole tsA 

dx d.r 

for the curve at the point in question. 



jipplicafion to Circle. 

Differentiating the equation of the circle twice, and sub- 
stituting X and y for X and Y, we get 



^di-m 



d^y ^ /M'_ 



f(i/-(3) 

-SI 
d'y ' 



.-. ff. («-.)■+(!, -/3-) 



dy\ 


-(1)1 


\ 


^(IJT 



(19) 

(20) 

(21) 



\^J 



This agrees with the expression for the radius of curvature 
found in Art. 226. 

The co-ordinates a, (i of the centre of eiirvature can 
be found by aid of equationB (21) ; and the equation of the 
« olute by the eUmination of x and y between these equa- 
fjons and that of the curve. 

In practice, the following equations are often more useful : 
OB, by differentiation with respect to x, we get from {19), 



r,d'i/ 






In Hie manner, from the equatio 



dy^ 



dy\ dyj- 



(22) 



(^3) 



24s. Centre of Curvature, and Evolute of Ellipse. 

-Ab an illustration, we shall apply these equations to de- 




Radius of Curvature. 



termine the oo-ordinates of the centre of ourYature, and tliB I 
equation of the evolute of the ellipse 



— ja-, i»-3-=-T-,y; 



( ^^_ ^ d ( d!s\ <^ 






-- ' + 
"M 

we have 

Substituting in (22) and (23), we obtain for the cm-ordinateB 
of the centre of ourvature 



(fl'-6')y' 



(M) 



Again, substituting the values of x and y given hj then 
equations, in the equation -^ + t;= i, we get for the eqoaticB 

of the evolute 

{aa)i + ifib)i = (a' - 6')1. 

246, It may he noticed that the osculating circle cuts tht 
curve in general, as well (m touches it. This follows from 
Article 243, since the eirole haa a contact of the second order 
at the point, 

At the points of maximum and TniTn'mnm curvature the 



J 



Osculating Curves, 
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' OBOulating circle has a contact of the tMrd order with the 
I cnrre ; for example, at any of the four vertices of an ellipse 
' the osoulating circle has a contact of the third order, and doea 
not cut the curve at its point of contact (Art. 240), 

247. Oscniating Carves. — When the equation of a 
curve contains a numher, h, of arhitrary coefficients, we can 
in general determine their values so that the curve shall have 
a contact of the (n - i)'* orderwith a given curve at a given 
point ; for the n arbitrary constants can be determined eo 
that the n quantities 

dt/ d'y d^'^y 

*'■ dx' d?' ' ' "aF"' 

flhall be the same at the point in the proposed as in the 
given curve, and thus the curves will have a contact of the 
(« - 1)'* order. * 

The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an onculating 
curve, as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains hut 
three arbitrary constants, lie osculating circle has a contact, 
of the second order, and cannot, in general, have contact of a 
higher order ; similarly, the osculating parabola has a contact 
of the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has 8 contact of ihs fourth order. In general, if the greatest 
number of constants TPhich determine a curve of a given 
species be «, the osculating curve of that species has a contact 
of the (n - i)'* order. 

248. ClconietrlcBl neltaod. — The subject of contact 
admits also of being considered in a geometrical point of view ; 
thus two curves have a contact of the first order, when they 
intersect in tico consecutive points ; ofthe second, if theyinter- 
•ect in three; of the n'*, if in ;i + i. For a simple investi- 
gation of the subject in this point of view the student ia 
lefened to Salmon's Co}iit: Sections, Art. 239. 

249. Carvatare at a Double Point. — We now pro- 
I oe*d to consider the method of finding the radii of ciarature 

' the two branches of a curve at a double point. 
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In this case the ordinary formula (8) becomes indetenni- 
nate, since 

du , du 

-;- = o, and -;- = o 
ax ay 

at a double point. The question admits, liowever, of being i 
treated in a manner analogous to that already employed in 
Art, 230 : W6 commence with the case of a node. 

z$o. Radii of Curvature at a TWode. — Suppose the 
origin transferred to the node, and the tangents to the two 
branches of the curve taken as co-ordinate axes, tu represent- 
ing the angle between them. 

By Art. 2 1 o, the equation of the curve is in this case of 
the form 

2/;a-y = aJ^ + ^ix^y + yx)/ + Sjf" + K, + &c. : 
dividing by xy we obtain 

3A = a - + ac + 7V + 8^' + -^^ + &o. 

Now, let pi and p^ be the radii of curvature at the origin 
for the branches of the curve which touch the axes of x and y, 
respectively; then, by Art. 231, we have 

Again, it can be readily seeuj as in the note to Art. i^a, 
that the tenna in — , &c., become evanescent alone with j' 

and y, and accordingly the limiting values of — and — can 

y ' 

be separately found, as in the Article referred to. 
Hence we obtain 

pi = ^— . pa = jT^ . [ii) 

'^aBmui'^dBintu ' 

Also, if a = o, we get p, = co, and the correBponding 
branch of the curve has a point of inflexion at the origin. 
Similarly, if S = o, pj = w. 






L 
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If B = o, and S = o, the origin is a point of inflexion on 
both branches. This appears also immediately from the 
consideration that in this case i^ contains Mj as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point of 
inflexion on both brandies. A-n example of this is seen in 
the Lemniscate, Art. zio. 



EXAUPLES. 

. Find tie radii gf curvattirB at tliB Origin of the two broncbcs of Ite curvi 

b i 

lies being rectnngular. Jtun. - and -. 

. Find the radii of curyatuie at the origia in. ibu curve 



4.IJ. •;.(«- 5)'; 
henCB the radii ot curvature are joy'" and ~ iir\/ z, respeclivoly. 

251. Radii of Cnrvatare at a Cusp. — The preceding 
method fails when applied to a cosp, beoause the angle ui 
vanishes in that case. It is easy, however, to supply on in- 
dependent investigation : for, if we take the tangent and 
normal at the ousp for the axes of x and y, respeotively, the 
equation of the ourve, by the method of Art. 210, may be 
written in the form 

y' = <tr^ + /3s-V + yxif + Zf + !/, + &c. (26) 

Now in this, as in every case, the curTature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently, in investigating this form 
wo may neglect ?/V, y', &o., in comparison with ji'; and a;* 
ai'y, &o., in comparison with j?. 



) eame, in I 
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AccordiDgly, the curvature at the origin is the 
general, as that of the cubic 

y' = 03^ + /33-V. (27) 

Dividing by a;', we get 

Hence, in immediate proximity to the origin, - be* 

comes very small, i. e. y is very small in comparison with x. 
Accordingly, the form of the curve near the origin is repre* 
sented by the equation 

y' = nx^. 
Prom this we infer that the form of any algebraic curve 
near a cusp is, in general, a semi-cubieal parabola (see 'Rx. 2, 
Art. 211). 



we have, by Art. 230, 



^4,. 



from which we see that p vanishes along with t, and aocord- 
iugly the radii of curvature are scro for both bra>ickes at the 
origin. 

This result can also be arrived at by differentiation, ty 
nid of formula (i). 

2$2. Case where the Coefficient of ;t^ Is vranttng.— 
Nest, suppose that the term containing a;' disappears, or 
n = o, then the equation of tlie curve is of the form 

y* = ^x'y + -/xy^ + 8y' + aV + &o. ; 

and proceeding as before, the curvature at the origin is the 
same as in the curve 

;/' = ^x'y + nV. (38) 



,-^^±^yw^ 



TbenatanoffbeongiBdepaidBfB Ae^Bof ^ ■i-4«\aad, 
the disoofldon inToirw time cmhl 

(i). If 0* + V be /onrwp, ifc is niini O^ fi» 
extends at bo^ adn of Ae oi^h, cod ttai pant is a 
ewp (Alt. 3i5(«))- 

On dividing eq^iatim (28) bj- jr*, cod mlirfitiitiwg 2f» for 

-, we get I = 20P + 4«y ■ (30) 

The roots of tiiis qoadntie detaoniae Ote ndu of 
tore of the two htSDcbe* st the eaqL 

These bnndica endfst^ be at the maOf cr at typoA** ] 
aidea of the axis of r, aeoosdiiig as the ladii of eon ' 
have tiie eame or opponle sgna : Le. aocording as •' 
negative or positiTe Eign. 

Theae results also appear immedistdj frcon the ci 
stance, that in this case ae tana of die cnrre very near 
arigin becomes that of the two parabolas r^ieeented 
eqwion (29). 

(2). li^' -f 4a'be a^^/t(V, ybecomeBimagiaai7, andthe 
ongin is a conjugate point. 

(3). If fj' + 40' = o, the equation (30) becomes a perfect 
■qoare : we proceed to prore that in t^ case the origin is a 
eu^ of the second ^>eaa. 

To inTeetigate the form of the cnrre near the origin, it is 
neoesEaiy in this caee to take into account the terms of the 
fifth degree in 2 (y being regarded as of the second) : thisgivee 

(, - S^)' . yz,f ♦ PVJ, + .V - »(«■ + |3-^y . ,V). (3.) 

It will be obseired that the right-hand aide chnoges its 
ngn with x ; accordingly the origin is a cu^p. Also, the onsp 
is of the seoond gpeoiee, for the two roots of the equation in y 
plunly have the same sign, viz., that of j3 ; and consequently 
both branobee of the ourve at the ongin lie at the same side 
of the axis of i. 
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Moreover, as equation (30) has equal roots in this case, 

the radii of curvature of the two branches are equal, and tlie 
branches have a contact of the second order. 

We conclude that when the term involving a^ in equation 
(28) disappears, the origin is a double cusp, a map of the second 
species, or a conjugate point, according as ^' + 4a' > = or < o. 

Moreover, if a = o, one root of the quadratic (30) 10 in- 
finite, and the other is -^ . The origin in this case is a doable 

ousp, and is also a point of inflexion on one branch. Such a 
point is called a point of oscul-injieinon by Cramer. 

If jj = o in addition to a = o, the origin is a cusp of the 
first species, but having the radii of curvature infinite for both 
branches. 

It is easy to see from other considerations that the radii 
of curvature at a cusp of the fijst species are always either 
zero or infinite. 

For, since the two branches of the curve in this case 

turn their convexities in opposite directions, --,- must have 

opposite signs at both sides of the cusp, and consequently it 
must change its sign at that point; but this can happen only 
in its passage through zero, or through infinity. 

It should be observed that the preceding discussion apphes 
to the case of a curve referred to oblique axes of co-ordinatee, 
provided that we substitute y instead of p ; where 7 is half 
the chord intercepted on the axis of 1/ by the osculating oirds 
at the origin. 

253. KecapHulBtlon. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follows : — 

(i). Whenever the equation of a curve can be transformed 
into the shape i/^ = aa^ + terms of the third and higher degrees, 
the origin is a cusp of the first species ; both radii of curva- 
ture being zero at the point. 

(2). when the coefBcient of 1^ vanishes,* the origin is 



TliJB ii iIbo evidi>at finm geometrical conBidendoni. 
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generally either a double cusp, a conjugate point, or a cusp 
of the second Bpecies. In the latter case the two branches 
of the eurre have the same centre of curvature, and cousa- 
quently have a contact of the second order with each other. 

(3). If the lowest term in x (independent of ij) be of the 
5** degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of x'y also vanish, the origin 
is not only a cusp of the first species, but also a point of 
inflexion on both braachea of the curve. 

254. Cleneral iDvestigatlou or CDsps, — The pre- 
ceding result-s admit of being established in a somewhat more 
general manner as follows 1 — 

By the method already given, the equation which deter- 
mines the form of an algebraic curve near to a ousp may be 
written in the following general shape : 

f = zA^y + Bx'- + Cj", (32) 

where 2Aif is the lowest term in the coefficient of y, and 
Bt?, Cjf* are the lowest terms independent of y. 

By hypothesis, a, b, c arepositiveintegers, andB>i, b> z, 
c > 3 ; now, solving for y, we obtain 

y = Aaf ± v^^ V + B^'' + Cjf, 

which represents two parabolasf osculating the two branches 
at the origin. 

The djBoussion of the preceding form for y resolves itself 
into three cases, according as 20 is > = or < S. 

(1). Let 2a = b -Y h, then 



1 



y = Ajx^±x' v^B + AU-^ + Cx^. 

i 

(o). If fi be odil, x" beoomes imaginary for negative values 
of X, and aocordingly the origin is a cusp of the 
Jirat specien in this case. 

• TMslana ii retained, Mit« mitfiaary in the case of auuap oftheaergnd 
t Tba void poraboU ii here employcil in iu more eitcnaive dsnificatioit. 
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(/3). If S be even, and B positive, y is real for all values 
of z near the origin ; accordingly that point is a 
double cusp, 

(7). If 5 be evew, and B negative, the origin is a conjugate 
point. 

(2). If 2a ^ b, we have 



y = Aaf ± ^ -/[A^ + B) + C^^. 

In this case, the origin is either a double cusp, or a conju- 
gate point, according asA^ + Bis positive or negative. 
Again, ii A"^ + B = o,we have 



= af{A + x 



'-/C). 



(a). If c - 6 be an odd number, the origin is a cusp of the 
second species. 

O) . If c - 6 be even, the m-igin is a double cusp or a con- 
jugate point according as C is positive or negative. 



(3). 



', or i = 2 



= Aaf±if y/A' + Ba^ + Caf", 



and the curve evidently extends at both sides of the origin, 
which accordingly is a doubk cusp. 

This method of investigating ourvatoie is capable of being 
modified so as to apply to the case of multiple points of a 
higher order ; the discussion, however, is neither sufficiently 
elementary, nor sufficiently important, to be introduced here. 

255. Pointe on Evolate corresponding to Cosps on 
Carve. — In connexion with evolutes and involutes, the pre- 
ceding results lead to a few intereating conclusions. 

(1). If a curve has a cusp of the first species, its evolnte 
in general passes through the cusp. However, if in addition 
the cusp be a point of inflexion, the tangent at it is an asymp 
tote to the evolute. 

{2). To a cusp of the second species corresponds in general 
a point of inflexion od the evolute : in some cases the point 
of inflexion hes altogether at infin ity. 

{3). To a double cusp corresponds a double tangent to the 
evolute. 



L 
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256. Equation or the Osculaflng Cooic. — As au 

additional illuatration of the principles involved in the pre- 
ceding investigation, it is proposed to discuBS the question of 
the oonio which osctdates an algebraic curve at a given point. 
Transferring the origin to the point, and taking the tangent 
as axis of x, the equation of the cuive vaay be written in the 
form 

ay = a? + a,.ry + a^y^ + h^x' + ii^V + ^1"^° + ^^y' 

+ CgK* + c^i:^y + &o. + d^s? + &o. (33) 

In considering the form of the curve near the origin, as a 
first approximation we may, as in Art. 251, neglect iry, y", &o., 
in comparison with y ; and a^, a;', &c., in comparifion with «' ; 
thus the equation reduces to the form 

ay = «^ (34) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 23 1 . 

To proceed to the nest approximation, we retain terms of 
the third order (remembering that when a; is a very small 
quantity of the first order, y is one of the second), and the 
equation becomes 

ay = !t^ + Uisey + ba^f. 

On Bubstituting ay instead of a:* in the term K^, the pre- 
ceding equation becomes 

ay = a!' + (B, + 6ja)iE2/. {35) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When «i + ha = o, the 
parabola ay = x' has a contact of the (Airrf order at the origin, 
and accordingly bo also has the osculating circle. 

In proceeding to the next and final approximation, we re- 
tain terns of the fourth order, and wo get 

= a;' t II, xy + a,y' + Ka^ + b,^y + c^a^. (36) 



1 
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Moreover, from the preceding approximation we have 

haxy = hoci^ + ho(ii?y {ai + aJo). 

Hence, we get for the equation of the eonio having a 
contact of the closest kind with the given curve 

ay = ar^ + («! + ha) xy + [02+ a(J, - ai Jo) + a»((J6 - V)]y*. (37) 

This conic, since it has the closest contact possible witii 
the given curve at the origin, is the osculating conic (Art. 246) 
for that point. 

In like manner the parabola 

ay = ^ + ((?, + 60a) xy + (?5l!1MV, (38) 

4 

since it has the closest contact possible for a parabola, is ihe 
osculating parabola at the point. 






Examples. 



^ 



. Find Uie length of the radius of 



rl«i of R p^irabola is equal t 
t the origin in. the curve 



3. Find the radius ai 



at the oiigin in 



J. Prove that the looua of the oentres nf equilateral hTperbolas, which liavB 
intact of the second order with a given curve at a filed point, is a circle, whoso 
ndina is hsif that of the circle of curvature at the point. 

ft. Prove geometrically that the centre of curvature at any point on an ellipse 
ia the pole of the tangent at the point, with respect to the ctmfocal hyperholsi 
which passes Ihrougli that point. 

7. The locus of the centres of ellipses whose aies have a given direction, and 
which have a canlnct of the second order with a given cun-e at a common point, 
is an equilateral hyperbola passing through the point? 

a contact of 



9. Prove that the radius of curvature of the curve a"" 'y = *~ at the origin it 



s have the same evolute : what is the difference 



Ara. itrd, where d is the distaoie bs 
II. Find the radius of curvature at Ilie origin in the cur 

And alio at what pnintg the radius of curvature is infinite. 



II. Applj the principles of investigating 1 
grealeet and least distances of a point from a 1 
|iioblem is solved bf drawing the normals to tl 

(a). Prove that the distance ia a minimum 
le curve lliao the correaponding ccntie of cm 



aiima and minima to find the 
ven curve ; and show that the 
curve from the given poinL 
if the given point be nearer to 



k 



i 



(j). If the given point be on the evolute, show that the sniution irriTed it 
is neither n maximum nor a minimum ; and hence show that the circle of oum- 
ture cuts ae veil as touches the curve at ita puint of contact. 

12' Find an expreaaion for the vhole length of the evolute of an eUipie. 
An,. 4^j-. 
14. Find the radii of oarrBtareBttlie origin of the two branches of the curie 

a:* — - iw'y — flip' + n'p' -i^ 0. Am. Band-. 

\$. FroTe that the evolute of the hjpocycloid 
3I + j/» = al 
(a V 3^ + (a - B^ = irf. I 

16. Find the radius of curvature at any point on the curve 

y+l/^(737) = ain-V*. 

17. If the an^le between iha radius vector and tie normal lo a curve tu « 
maximum or a nnnimnm value^ prove tl^at 7 = r ; where y is the aemi-chisd of 
curvature which pMsea through the origin. 



\a the hypocycbid 



iS. If the co-ordinates of a point on a uucvB 
i = BfliniflCl + <!os.e), y = « 
find the radius of curvature at the point. 
ig. Show that the evolute of the curre 

has for its eqoAtiDn 

f-tf-m).'.,, 



a given by tlie equatioDB 



II. Ifpbethe radius of ci 
radius of ouryature at the corresponding puiot in the evolul 
is the angle the radius of curvature makes with a fixed line. 
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, . Find the eqnatioii of lie evolute of an ellip«e by meanl of tha ecceatrio 
ugle. 

34- Prove thit the detormiiuition of th« equation o£ ihe evolute of tha 
tfnire y = 't^ redoceA to the plimin^if^mt of i b^tireeo the ef^uauoni 



a6. If on the tangent it eadi paint on a eaiTe a ecFDitant length m«wtind 
im the point of coDtut be takrn, prove that the nornial to the lociu of tha 
isti «o fannd panes tfaioogh the centre of carntnre of the pr^ipoied eiirr«, 
17. In genera], if tbrooeb each p«iat of ■ eurre a line of given length 1m 
drawn makm^ a constuit angle vith the normal, the narmal to the enrve loena 
of the eztremiCiei of thii line paiaei throogh the centm of CDnUtm df tba pi»- 
wd. (Berttaod, GU. Dif., p. J7j.) 

Thiaand llm |iii 1 1 H\\\\^ tin 111 1 111 1 in liri iiiiimatiatiilj titalilirtiiit fiiiiini,wiiM 
Irieal conaideTationa. 

If from the pcnntiof acnm peipeodieDki* Iw dnvn to one of it* t« 
S«bU, and throngh the foot of each ft Hiu be dnwn m a fixed dinetiaa, pi_ 
ymtional to the lengtli of ibe com^Mmdinc parpaiAenlar ; the loena « ih* I 
•streniily of thi* line i> a cnrre toneUng fliepropoard at their eonunon pi~'~~ 
Knd the nlio of the radii of cnrratnie in the earrea at thia point. 

19. FindaneipranOD foTthetadiDiofeamtnniothecuiTe^ = 

tteing the psrpendicnlar on the tangent. 



a the dirtacea of Ifca paJM 
u m nnnm^uuM aiv m tha flnt erdv* 

parallel U> the common noimal le a anull qnaali^ of Ae thud order. 

Tctnied to poUr co-ordinatM, if Ike ori^ W takaa oa ' __ 
Wm, with the tangent at the ed^ aa juimi tteUa, pran that the nfiw <f 

■ mr r aiur o at the origin iaeqaal to iw«i liilf dw nJae el - in the Uait. 

31. Hence find the Ic^tb «tf Ae mBam of cw e «lai a at Oa ei^ia fa Ite 



of th> ratiaaiy ; ud 
34-. U f^lio^lLanffirfovntaoof aflamndofHapaddat (Ml*- 



LU. Or. *r. &a«^ itrt. 




257- Tracing Algebraic Corves. — Before concluding tiie 

disouaaion of curves, it seems desirable to give a brief stats- 
ment of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves coneistl 
in asaigning a aeries of difEereut values to one of the oo-ordi* 
nates, and calculating the corresponding series of valnea of 
the other ; thus determining a definite number of points on 
the curve. By drawing a curve or curves of continuous ou^ 
vature through these points, we are enabled to form a tolerably 
accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree : in such cases we can determine the eenes 
of points only approximately. 

258. The following are the principal circumstances to be 
attended to ; — 

( I ) . Observe whether from its equation the curve is sym- 
metrical with respect to either axis ; or whether it omi 1» 
made so by a transformation of axes. (2). Find the point* 
in which the curve is met by the oo-ordinato axes. (3) . De- 
termine the positions of the aaymptotes, if any, and at whi< 
side of £in asymptote the corresponding branches lie. (4). Dte 
termiue the double points, or multiple points of higher ordei^ 
if any belong to the curve, and find the tangents at sn( 
points by the method of Art. 212. (5). The existence ( 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). Ifths 
curve has a multiple point, its tracing is usually simplified bj 
taking that point as origin, and transforming to polar eo-Of 
dinates : by assigning a series of values to 9 w© can usually 
determine the corresponding values of r,&c. (7). ThepoinB 
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irhere the y ordinate is & maximum or a minimum are found 

from the equation j- = o : by this means the limits of the 

curve can be often assigned. (8). Determine when possible 
tile points of inflexion on the curve. 

259. To trace tlie Carre 1/^ = x? {x - a) ; a being BUp- 
posed positive. 

Xq this case the origin is 
conjugate point, and the , 
outs the axis of x 




itanee OA - a. Again, 
when X is less than ff, y is 
m^inary, consequently no 

rion of the ourve lies to 
left-hand side of A. 
The points of inflexion, I 
I T, are easily determined 
d't/ 

lesponding value of « is — ; aooordingly AN = . 

Again, if 77 be the tangent at the point of inflexion I, it 

1 readily be seen that TA = - = - — ■■ 

This curve has been already considered in Art. 213, and 
I cubical parabola having a conjugate point. 
260. Cable wltb tbree Asyuiptotes. — We shall next 
rider the curve" 



= ojf + bx' + cj! + d, 



(■) 



bere a is supposed positive. 

The axis of j/ is an asymptote to the curve (Art. 200), and 
e directions of the two other asymptotes are given by the 



iiotioi 



X -/a. 



I 
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If the term hi^ be wanting, these lines are asymptotes ; if b 
be not zero, we get for the equation of the asymptotea 



On multiplying the equations of the three aEymptotes 
together, and Bubtraoting the product from the equation of 
the curve, we get 

this is the equation of the right line -which passes through tha 
three points in which the oubio meets its asymptotes. (Ait 

Again, if we multiply the proposed equation by x, and 
solve for xy, we get 



xy = - 



/8^ + 



? + a^ + dx -i- 



w 



from which a series of points can be determined on the ourre 
corresponding to any assigned series of values for x. 

It also follows that all chords drawn parallel to the axis 



of y are bisected by the hyperbola xy + 



: hence we infer 



that the middle points of all chords drawn paxallel to aa 
osyn^tote of the cubic lie on a hyperbola. 

The form of the curve depends on the roots of the bi* 
quadratic under the radical sign. (i). Suppose these recti 
to be all real, and denoted by a, P, 7, S, arranged in order of 
increasing magnitude, and we have 

xy = -t^ ya(x-a)ix-m'^-y)ix~S), 

Now when a; is < a, y is real ; when x> a and < p, y i» 
imaginary ; when x> and < y, y is real ; when it > y utd 
< S, y is imaginary ; when ic > S, y is real. 




As^mpiotee. 

We infer that the curve consists of three branches, extending 
to infinity, together 
with an oval lying 
between the values 
/3 and 7 for x. 

The aocompany- 
ing figure' repre- 
sents such a, curve. 

Again, if either 
the two greatest 
roots or the two 
least roots become 
equal, the corres- 
ponding point be- 
comes a node. 

If the interme- 
diate roots become ^e- 39. 
equal, the oval shrinks into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cu^. 

If two of the roots be impossible and the other two un- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
a^Tuptofe. 

261. Asymittotes. — In the preceding figure the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a faimliar instance in the conunon hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readQy 
apprehended ; for if we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity, then the tangents will be projected into 
aaymptotes, and the oval becomes a curve in two portions, 
caLh having two infinite branches, a pair for eaoh asymptote, 
AS in the hyperbola. 
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It should also be observed that the points of contact at 
infinity on the asymptote in the opposite direotionB along it 
must be regarded as being one and the snme point, einoe they 
are the projection of the same poiat. That the points at 
infinity in the two opposite directions on any line must be 
regarded as a single point is also evident from the considera- 
tion that a right line is the limiting state of a circle of in- 
finite radius. 

The property admits also of an analytical proof; for if 
the asymptote be taken as the axis of x, the equation of the 
curve (Art. 204) is of the form 



y^i 



or y = 



where <p, is at least one degree lower than ^1 in a; and ]/. 

Now, when or is infinitely great, the fraction — beoomes in 

*' 
general infinitely small, whether x be positive or ne$atitn: 
and consequently the axis ia asymptotic to the curve in boti 
directions. 

262. To trace the Carre y' / 

a'y^ = biii' + x", 
where a and b are both positive. 
Here ya* =±x'(x+ b)i. 

The curve is symmetrical with respect 
to the axis of te, and hsts two infinite 
branches ; the origin is a double cusp. 
The shape of the curve ia exhibited in the 
figure annexed. Fig. 40. 

If b were negative, we should have 
ya* = ±!c'{x - b)K 

Here j/ becomes imaginary for values of x leea than i; 
accordingly, the origin is a conjugate point in thia case : tl» 
curve has two infinite branches as in the former case 

263. To trace the Curve 



J 



r 



1 



Form of Curve near a Loiible Puint. 3; 

From the form of its equation we see that the origin 
a point of oscuZ-inflexion (Art. 1--^ 

Solving for y, we can easiJ j 
determine any number of points 
on the curve we please. It haa 
two infinite branches at opposite 
sides of the axis of ^, and a loop 
at the negative aide of that axis, 
as exhibited in the figure. 

264. To trace tbe Curva 

(i). Let a and b have the 
same sign, then the origin is 
B 'triple point, having for its 
tangents the lines 

* " o, r •/a + y •/b = o, 

and z ./a - y ^/h = o. 

Moreover, since the curve 
has no real asymptote, it is 
ft finite or closed curve with 
three loops passing through the 
otigin ; and it is easily seen that its 
is uiat represented in the accompanying 
figure. 

(2) . If a and b have opposite signs, the 
linee represented by as^ — b;/' = o become 
imaginary, 'i'he curve in this case coudsts 
of a single oval as io the figure. 

This and the preceding figure were 
kaoed for the case where A = 3a: if the 

value of - be altered, the shape of the 

will alter at tbe same time. If a be greater than b, tbe 
'ODTVe (2) will lie inside the tangent at the point X. 

265. Form of Curve oear a Doable Point. — Wlion- 
•Ter tbe curve has a node or a cusp, by transforming the 
Crigin to that point, the shape of the curve for tbo branchea 
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pasaiug through the point admits ot being investigated by the 
method explained in Arts. 250, 251. It ia unneceBSaiy to 
enter into detail on thia eubject here, as it has been already 
diaouBsed in the articles referred to. 

266. In connexion with the tracing and the discuedon of 
curves there is an elementary general principle which maj 
be introduced here. 

If the equation of a curve be of the form 

LL' - MM' = o, 

■where L, M, L', M' are each functions of the co-oidinates x 
and y, the curve evidently paaaes through all the points 
of intersection of the curves represented by the equation! 
L = o and ^ = o ; similarly it passes through the interaeo- 
lions of i = o and M' = o; and also those oi M ~ o and 
1/ = o; and of L' = and M' = o. Moreover, if i and L' 
become identical, the points of intersection coincide in 
pairs, and the equation of the curve becomes of the form 
i' - MM' = o ; which represents a curve touehing the curvea 
M= o, M' ■= o, at their points of intersection with the curve 
£ = 0. 

This principle admits of easy extension ; but as the subject 
belongs properly to the method of trilinear co-ordinates, it is 
not considered necessary to enter mote fully into it here. 

267. On Tracing Curves given In Polar Co-orili- 
nat«H. — The mode of procedure in this case does not differ 
essentially from that for Cartesian co-ordinates. We have 
already, in Aris. 206 and 207, considered the method of 
finding the asymptotes and asymptotic circles in such cases. 
It need scarcely be observed that the number and variety of 
curves whose discussion more properiy comes under th« 
method of polar co-ordinates are indefinite. We propose to 
confine our attention to a few varieties of the class of curves 
represented by the equation 



268. On the Curves r" = «"• cos m9. — In thU case, 

since the equation is unaltered when fi is changed into - fl, 
the curve is symmetrical with respect to the prime vector : 
again, when 6 = o, we have r = a; and as fl increases from neKi 
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to — , r diminiehes from (I to zero. Wlien »i is a positive in- 
teger, it is easily seen that the curve consists of m similar loops. 
There are many familiar curves included under this 
equation. Thus, when m = i, we liave r = a coa 9, which 
representa a circle: again, if »i = - i, the equation gives 
r 008 = a, which represents a right line. Also, if w»= 2, we 
have f = a" cob 28, a Lemniscate (Art. 2 10). If m = — 2, we 
get r' 00a 20 = 0°, an equilateral hyperbola. 

If m = - we get r* = a* cos — , whence »• = - {i + cos fl), a 
2 ° 2 2 ^ ' 

oardioid (Ex. 4, p. 232) ; with m = — , itisrl cos - = ai, a 
\ -" r J / ' 2 2 

parabola (Ex. i, p. 231) ; and ao on. Ab already observed, 
if we change m into - m we get a new curve, inverae of 
the original. Also, the reciprocal polar is obtained by sub- 



Btituting - 



- instead of m. 



The tangent and normal can be immediately drawn at 
any point on a curve of this class by aid of the results arrived 
at in Art. 190. The radius of curvature at any point has 
been determined in Ex. 5, Art. 235. The method of finding 
the equations of the successive pedals, both positive and 
negative, has been also already explained. 

A few examples in the ease of fractional indices are here 
added. 

Example t. 

ri = a* COS -, 
3 
Here when = o, we have r = a, 
and the curve cuts the prime vector 
at a distance OA equal to a : again, 

vheo 6 " —, r = —z — : also when 
2' 8 

«-„,.?, or 05.|. 

The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the camtie considered in 
mpleiS, p. 277. 




r 
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ri = aic 






r* = fli 



In Ex. 2, as 6 increases from zero to 120°, r diminiehes 
from a to zero : when increases 
from 120° to 240°, r inereaaes from 
zero to a : -when fl increases from 
240° to 360°, r diminishes from a 
to zero. By assigning negative 
values to 9, the remaining part of 
the curve is seen to be symmetrical 
with that traced ae ahove. The 
same result plainly follows by con- 
tinuing the values for 6 from 360^^ 
up to 720°. The form of the ourve 
ia exhibited in the annexed figure. rig. 45. 

In Ek. 3, according as cos - 6 is poaitive or negative, we 

get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of 9 between ± ^ ir the 

radius vector traces out two symmetrical portions of the 

again, between -^-t and — - n- we get two other 





Fis. 46- Fig. 47. 

symmetrical portions. The shape is tliat given in the fomer 
of the two accompanying figures. 
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The latter figure represents the curve in Ex, 4 ; it consists 
oifive Bymmetrical portions ranged round the origin. 

The results ahoTe stated admit of generalization, and it 
can be shown, without difficulty, that in general the curve 

r^ ^ of cx>6^— consists of p similar portions arranged about 

the origin; and that the entire curve is included within a 
circle of radius a when p is positive, but lies altogether 
outside it when p is negative. 

Many curves can be best traced by aid of some simple 
geometrical property. We shall terminate the Chapter with 
one or two examples of such curves. 

269. The I>tma$oD. — The inverse of a oonio section 
with respect to a focus is called a Limacon. From the polar 
equation of a conic, its focus being origin, it is evident that 
toe equation of its inverse may be written in the form 

r = a 008 fl + fi, 
vhere a and h are constants. 

It is easily seen that j is the eccentricity of the conic. 

The curve can be readily traced by drawing from a fixed 
point on a circle any number of chords, and tating o£E a 
constant length on each of these lines, measured from the 
(orcumference of the circle. 

If a be less than b, the curve is the inverse of an eUipee, 
and lies altogether outside the circle. 

If a be greater than b, the p 

curve is the inverse of a hy- 
perbola, and its form can be 
eaflUy seen to be that exhibited 
in the annexed figure, where 
OD ^ a - b, and the point ia a 
node on the curve. 

If fi = (I, the curve becomes 
tlie inverse of the parabola, 
and LB called a cardioid. The 
inner loop disappears in this 
e&se, and the origin is a cusp 
on the ourve. Fig. 41. 
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When «= 2i, the Limacon is called the Trisectrix; s 
curve by aid of whicli any given angle can be readily 
trisected. 

270. The Conchoid of IVlconieilea. — If througli any 
fixed point A a secant P,AP be 
drawn meeting a fixed right line LM 
in M, and RP and ItP, be taken 
each of the same constant length ; 
then the locus of P and P, is called 
the conchoid. 

This curve ia easily traced from 
the foregoing geometrical property, 
and it consists of two branches, 
having the right line LM for a 
common asymptote. Moreover, if 
the perpendicular dietance AB of 
A from the fixed line he less than 
MP, the curve has a loop with a 
node at A, as in the annexed figure. 

It is easily seen that when 
AS = RP, the point ^ is a ci^p 
on the curve ; and when AB ia 
greater than RP, .il is a conjugate 
point. jw 

The form of the curve in the Fig- 49' 

latter case is represented by the dotted lines in the figure. 

If AB = a, RP = b, the polar equation of the curve ii 
{r± b) cose = a. 

When transformed to rectangular co-ordinates, thii 
equation becomes 

The method of drawing the normal, and finding the 
centre of curvature, at any point, will be exhibited in the 
next Chapter. 





Examples. 
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:) (v — i) (x - 3), and find tbs poillion of iu 

1. Trace the curve y' - 3fl*y 4-ar* = o, drawing ita asymplole. 
Tllil curve is called the Folium of Descartes. 

3. Trees the curve a'x = y (}' + x'), and find its pointa of iadeuoa, itnd 
points of greatest and least distance fj-om the axis of x, 

4. If an asj'inptoto to a curve meets it in a real finite point, show that the 
eOrreBponding branch of tbo ouive must have a point of infiexiun on it. 

5. Find tbe poaition of the asymptotes and the form of the curve 

a.* - y* + jBiff> = 0. 

6. Sbov that the curve r = a cos zS coDsiits of four loops, while the curve 
^ a coj }0 consists of but three. Prove generally that the curve r ^ a cob nS 
u n or zn loops according ai 11 is au odd or even integer. 

7. Trace the curve 

y"(*-aK«-S) = ^(* + «){« + 4). 

8. Show that the curve «')/' + i* = b'(w'- jiS) cooaiats of two loops passing 
through the origin, and find the form of the curve. 

J. Trace the curve s{x + 0)* = i"j:(i + ()', ahowing the positions of its 
■lymplotes and infinite branches. 

10. Trace the curve whose polar equation is 

r = oflose + ioosi9, 

Aid (how that it oonsists of four loops passing through the origin. 

11. Given the base and the rectangle under the eidca of a triangle, find Iha 
•qnation of the locus of the vertex (an oval of CaiBini). Exhibit die dilfereat 
term* of the curve obtained by varying the CDnstsats, and find in what case tbo 
emre becomes a Lemniscate. 



if these points become inuginar; when the ro 



Examples, 
the third degree 

('.). V + '?="«= + *" + '^-^ - 
(i). *y = fli> + *«' + « + <?. 
(j). y" = fli3 + iii + ,„ ^, d. 
(4). y = na' + Sj' + ta + i. 
Newlon, BiUm. ZiVar. Ter. OrdinU. 

15. Prove thut all currea of th( 
m the pariboUs contained in ola 
For OTer; oubio has at least ona real point of inflexion : aocordiuglTi it tbt 



infinity, '^e harmonic polar (Art. 313) will biaeat tho system of parallel cbords 
passing througli this point at infimty. Hoitce the projected curra is of lb> 
class (j). [This proof ia taken from ChaBleB, Hittairt de la Qeemitrie, natt n.] 

16. Trace the cQrro r = — r , and chow that it has a point of infleiiai 

vhen B' =3 i find also its aaymptotes and asymptotic circle. 

17. Trace tbe curre y = nsin-, and show how to draw its tangent ftt uj 
point. (This is called the cnrre of aines.) 



Tiass die locui in question, finding the position of its aayiaptote. 



10. Show in liko manner that the lima9on is the flrat psdo,! of a cirdc wilk 
Mspeot to BQj point. 

ai. Trace the curre 



and find the equations of its asymptotea, and of the 



Ind. dv. Sir. Sx^ i8;6. 
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CHAPTER XIX. 



271, Roulettes. — When one curve rolls without sliding 
upon another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls ia called the generating curve, the 
fixed curve on which it toIIb is called the directing curve, or 
the base, and the point which deseribea the roulette, the tracing 
point. We shall oommence with the simplest example of a 
roulette : viz., the cycloid, 

272. The Cfcloid. — This curve is the path described by 
a point on the circumference of a circle, which ia supposed to 
roll upon a fixed right line. 

The cycloid ia the most important of transcendental 
curves, aa well from the elegance of its properties as from its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most 
elementary properties of the curve. 

Let LPO be any position of the rolling circle, P the 
generating point, the point of 
contact of the circle with the fixed 
line. Take the length AO equal 
to the arc PO, then, from the 
mode of generation of the our 
A 18 the position of the generating 
point when in contact with the ^'E- s°- 

fixed line ; also, if AA' be equal to the ciroumferenoe of the 
circle. A' will be the position of the point at the end of one 
complete revolution of the circle. Bisect AA' in D, and 
draw DB perpendicular to it and equal to the diameter of 
the circle, then B is evidently the highest point in the 
cycloid. Draw /"A" perpendicular to AA', and let PN = y, 
AIf=ir, lPCO = e, OC = fl, and we get 

= ^0-iVO = fl(fl-sine). y = PW-«(i-0O8fl). (1) 



r 
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The position of any point on the cycloid is detenmned hy 
these equations when the angle B is known, i. e. the angle 
through which the circle has rolled, starting from the podtion 
for which the generating point is upon the direoting line. 

273. Cycloid referred to its Vertex. — It is often 
convenient to refer the cycloid to its vertex as origin, and to 
the tangent and normal at that point as axes of 00-ordinatea. 
In the preceding figure let 

X = BN', y = TN', L PCL = 6" = ir - ; 

then we have 

x = BN' = a{ff + wmff), y = PiV' = o{i -cosO^. (2) 

274. Tangent and IVormal to Cyelold. — It can be 

easily seen that the line PO is normal at P to the cycloid; 
for the motion of each point on the circle at the instant ia one 
of rotation about the point 0, i. e. each point may be regarded 
aa describing at the instant an infinitely small circular* are 
whose centre is at 0: and hence PO is normal to the curve. 
This result can also be established from the values of x 
and y in(i): for 

| = a(.-cos0), | = «sin0: (3) 



<k- 



-s = oot- = cotPXO; 
sfl 2 



and, accordingly, PL ia the tangent, and PO the normal to 
the curve at P. 

Again, if we square and add the values of -5^ and -j^i w* 

obtain 

[-^) = a^((i - eoB0)'4 sin'fl) = 4a' sin' J- 0; 



■ Tliis method of Gndiag the DonnBl to s eyoloid it dtie to Deicutea, ud 
•rlfUntlj applies equally to all roulettet. 




(4) 

275- Radlns of Carvatare and Evolute of Cycloid. 

—Let p denote the radios of curvature at the point P, and 



L POA = <p^ : 
then 



P = 



(7 sin- = 2PO i 



(5) 

From this 




Fig. ji. 



or the radiuB of curvature is double the normal. 

value of p the evolute of the curve , 

can be easily determined. For, 

produce PO untU OP" = OP, then 

P' is the centre of curvature be- p 

lonnng to the point P. Again, A 

produce LO until OCf = OL, and 

describe a circle through 0, P and 

(y ; this circle evidently touches 

AA', and is equal to the generating 

circle LPO. 

Also, the arc OP" = arc OP = AO 

.: are O'P = ffP'O - P'O = AS- AO ^ 0I)= BO. 

Hence the locus of P is the cycloid got by the rolling of 
this new circle along the line 
SO; and accordingly the evo- 
hite of a cycloid is another 
cycloid. It is evident that the 
evolute of the cycloid ABA' 
18 made up of the two semi- 
oyoloids, AJ^ and ffA', as in 
6gure 51. Conversely, the ■ 
cycloid ABA' is an involute of 
the cycloid ABA!. 

The position of the centre of 
curvature for a point P on a 
cycloid can also be readily de- 
termined geometrically, as fol- 
kws: — 

Suppose 0) a point on the 
liiole infinitely near to 0, and take 00% = OOi, 




Fig. ji. 



J 





L oco, . 


lOPO 




L OPO, . 


L oro. 




.-. PO, 


•PO,; 


quently 


in the limil 


we tave 




PO 


■ FO, 
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te the centr© of curvature required, aud draw POi and P'O*. 
Now suppose the circle to roll until Oi and Oi coincide, then 
COi beconaes perpendicular to AD, and PO, and F'Ot will 
lie in directum (since P' is the point of intersection of two 
consecutive normals to the cycloid). Hence 

z OCOi = L POM = L OPO, + L OP'O,, 
Bince each side of the equation represents the angle through 
which the circle has turned. 

(Euclid, III. 20.) 



and 
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We shall subsequently see that a similar method enablee 
us to determine the centre of curvature for a point in any 
roulette. 

276. tengthof Arc BfCyclold.— Since ^P*^ (Fig. ,y) 
istheevolute of the cycloid ^iPP, it follows, from Art. 237, that 
the arc AP" of the cycloid is equal in length to the line PP. 
or to twice P'O ; hence, as A is the highest point in the 
cycloid AP'JB', it follows that the arc AP measured from tbe 
highest point of a cycloid is double the intercept P'O, made 
on the tangent at Uie point by the tangent at the highest 
point of the curve. 

Hence, denoting the length of the arc AP" by a, we have 
s = 4ffl sin POD = 4a sin ^. (6) 

This gives the infriiisic equatiQii of the cycloid (see Art. 
242 (a)). Hence, also, the whole arc AB" is four times the 
radius of the generating circle : and accordingly the entin 
length ABA' of a cycloid is eight times the radius of lit 
generating circle. 

Again, if the distance of P from AA' be represented by 
y, we shall have 

P'O' = 00' yy^ lay. 



Fence e" = ^P'O^ = &ay. 



Epicycloids and Hypocj/eloids. 

This relation ie of importance in the applications of the 
<iycloid in Mechanics. 

Again, since AO = arc OP', if we represent AO by v, we 
have* 

V = 2aip. (8) 

277. Trocliolds. — In general, if a circle roll on a 
right line, anj point in tha 
plane of the circle carried round- 
with it describeB a curve. 8ncb 
curves are usually styled tro- 
choids. When the tracing 
point is inside the circle, -the 
iooas ia called a prolate tro- 
choid ; when outside, an oblate. 
the accompanying figure. 

Their equations are easily determined ; for, let ir, p he 
the co-ordinates of a tracing point P, referred to the axes 
AD, and AI {A being the position for which the moving 
i-adiua CP is perpendicular to the fixed line). 

Then, H CO = a, CP ^d, ^ OOP = 0, we have 



Fig. 53- 
Their forms are exhibited in 



= AN= AO - OK = a9 - dmii6,\ 

= PN-a-dcose. ) 



(9) 



278. Eplcydoldsf and Dj-po cycloids. — The investi- 

* ThU is colled, bf Prafeaaor Caaey, lius langtniial egiialion of tbn cycloid, 

I tml by aid of it lie hnB ajrired itt snae rimaikible properties of the aurTe("On 

Is New Form of TBngentinl Equition," Fhilon^hual TramaetUni, 1877). "In 

MHisral, if a variable line, in. any of its puaitioiia, make rm intercept r on the azia 

lit, uid 09 angle f witb it; then the equation of the line is 

t + ^cot*-» = o; 



1 



win be the tangentinl equntion of » curve, which ia the enTelope of the line." 
For BppUcatioDa, the reader is referred U> Professar Casey's Hemoir. Bee also 
■jlHi. Ezam. FapirM. GraTes, Lbyd Eibibition, 1847- 

■ t I have in tbts edition adopted tbe correct definition of tbeae currea ax 
ttfrtn by Mt, Proctor in his Oameiry of Cj/ehidt. I have tbua aToided the 
I anomaly eiiating in the ordinary deSniuon, according to which every epicycloid 
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eation of the properties of the cycloid naturally gave rise io- 
the disoiiBsioii of the more general case of a ctrele rolling on • 
fixed cjrale. In this case the curve generated by any point 
on the circumference of the rolling circle is called an epicycloid, 
or a hypocycloid, according as the rolling circle touches the outside, 
or the inside of the circumference of the fixed circle. "We shall 
commence with the former case. 

Let P he the position of the generating point at any in- 
stant, A its position when 
on the fixed circle ; then 
the arc 0^ = are OP. 

Again, let G and C be 
the centres of the circles, 
« and b their radii, 
lACO~B,lOC'P = &; 
then, since arc OA = arc 
OP, we have afl = ifl. 

Now, suppose C taken 
as the origin of rectangu- 
lar co-ordintttes, and CA 
astheasia of a;; draw PN 
and CL perpendicular, ^'6- 54- 

and PJIT parallel, to CA, and we have 

X = CN= CL-NL ={a-v b) cos 9 - i cos (9 + ff), 

y = PN=CL-CM= (fl + fi)ein0-6 8in (O + eO; 




or, substituting t 9 for ff. 



y = (fl + S) ein - 6 sin 






M ' = 



a hypocyolotd, bnt only soma bypocycloids are epioyeloida. While nocorimi .■ t- 
to \hi! correct dBdnition nn epicycloid is a hjpocyeloid, though eaah can begou- j 
rated in two vmj-s, as will ba proved in Art. i3o. 



J 
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When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the tracing point, after the circle 
bas rolled once round the circumferencG of the fised circle, 
evidently retuma to the same position, and will trace the 
same curve in the next revolution. More generally, if the 
radii of the circles have a eommenaurahle ratio, the tracing 
point, after a certain numher of revolutions, will return to its 
original position ; hut if the ratio be inconunensurahle, the 
point will never return to the same position, but will describe 
an infinite series of distinct arcs. As, however, the buc- 
oessive portions of the curve are in every respoct equal to 
each other, the path described by the tracing point, from 
the position in which it leaves the fixed circle until it returns 
to it again, is often taken instead of the complete epicycloid, 
and the middle point of this path is called the urtex of the 
curve. 

In the case of the hypocydoid, the generating circle rolls 
on the interior of the fixed circle, and it can be eaaUy seen 
that the expressions for a; and y are derived from those in (10) 
by changing the sign of h ; hence we have 



X = {a - b) COB fl + i ( 



«-*, 



y - (fl - fi) Bin 9 - 6 sin - 



b 



(") 



The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (10) 
and (i 1). 

It should be observed that the point A, in Fig. 54, is a 
cusp on the epicycloid ; and, generally, every point in which 
the tracing point P meets the fi^ed circle is a ousp on the 
roulette. From this it follows that if the radius of the rolling 
circle be the «"• part of that of the fixed, the correapondiDg epi- 
or hypo-cyoloid has n cusps : such curves are, accordingly, 
designated by the number of their cusps : such as the three- 
OUBped, four-ousped, &o. epi- or hypo-cycloids. 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point P 
ii OQ elementary portion of a cirde having as oenbre ; ao- 
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cordingly, tlie tangent to the path at P is perpendicular to 
the line PO, and that line is the normal to the curve at P. 
These results can also be deduced, as in the ease of tha 
cycloid, ty differentiation from the expresaions for x and ij. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P ; take ff, 0", two points infinitely near to on 
the circles, and such that 00' = 00"; and suppose the gene- 
rating circle to roll until these points coincide ;* then tho 
lines (?(/ and CO" will He in directum, and the cirole will 
have turned through an angle equal to the sum of the angles 
000" and OC'O"; hence, denoting tliese angles by lid and dff, 
respectively, we have 

ds = OP {(/9 + dO') - Opfi + -"] dB; (12), 



279. Radius of Curvatnre of an Kpleyclold. — 

Suppose (u to bo the angle OiSiV between the normal atjPand 
the fixed line CA, then 

Hence, if p he the radius of curvature corresponding to 
the point P, we get 

'^ (/(.) (1 + 20 

Accordingly, the radius of curvature in an epicycloid a 
in a constant ratio to the ohord OP, joining the generating 
point to the point of contact of the cirolea. 

* It may be obseired that (yo" ia mfinitsly small in comparison with Off; 
liencs tlie space tbrough wbicli tbe point movea during a small displacemeat 
Is infinitely amall ia oompariaon with tbe space tbrough vhich Pmoves. It ■■ 
in coniequeuce of this property that may be regarded as being at real Air Ibt 
inataDt, and every point eoonected n-ith \hs rolling oircle aa haTing a circnlar 
njotiion aiound it 
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280. Doable Cieneratlonof Eplcyololdsaud Hypo- 

eyelolds. — In an Epicycloid, it can be easily shown that 
the curve can be generated in a Becond manner. For, 
suppose the rolling circle in- 
closeB the fixed circle, and join 
P, any position of the tracing 
point, to 0, the correspond- 
ing point of contact of the two 
circles; draw the diameter 0£i>, 
and join (/£ and Pi>; connect 
C, the centre of the fixed circle, 
to &, and produce CO to meet 
DP produced in D, and describe 
a circle round the triangle ffPD'; 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP, O'P, and 0(y are obviously similar ; hence, 
BUM OP '^00'+ CP, we have 

arc OP = arc 00' + arc ffP. 

If the arc 00' A be taken equal to the arc OP, we have 
arc O^A = are ffP ; accordingly, the point P describes the same 
curve, whether we regard it as on the circumference of tto 
oirole OPiJ rolling on the circle OC-B, oron theoiroumference 
of ffPIX roUing on the same circle ; provided the circles each 
etart from the position in which the generating point coincides 
with the point A. Moreover, it ia evident that the radiue 0/ 
the latter circle is the differmce 
between the radii of t/ie other two. 

Next, for the Hypooycloid, 
mippose the circle OPD to roll 
ineide the circumference of 0E, 
and let be the centre of the 
fixed circle ; join OP, and pro- 
duce it to meet the circura- 
ferenoe of the fixed circle in ; 
draw OE ond PiJ, join CO', 
intersecting PD in U, and de- 
wribe a cirole round the triangle 
PU(y. It is evident, as be- 
lore, that this oirole touches the Fig. %% 




larger circle, and that its radius ia equal to the diSerence be- 
tween the radii of the two given circles. Also, for the same 
reason as in the former case, v/e have 

a.TGO(y = arc OF + aro O'P. 

If the arc OA be taken equal to OP, we get arc O^P 

= arc O^A ; consequently, the point F will describe the same 
hypocycloid on whichever circle we suppose it to be aitnated, 
provided the circles each set out from the position for which 
P coincides with A. 

The particular case, when the radius of the rolling circle is 
half that of the fixed circle, maybe noticed. In this case the 
point J) coincides with C, and P becomes the middle point of 
0(y, and A that of the aro Off. From this it follows im- 
mediately that the hypocycloid described by P becomes the 
diameter CA of the fixed circle. This result will be proved 
otherwise in Art. 285. 

The important results of this Article were given by Euler 
(Acta. Petrop., 1781). By aid of them all epicycloids can be 
generated by the rolling of a circle ouhide another circle; 
and aU. hypooycloids by the rolling of a circle whose radios 
is less than half that of the fixed circle. 

2S1. Evolate of an Epicycloid. — The evolutd of an 
epicycloid can be easily b- 

seen to be a similar epi- 
cycloid. 

For, let P he the trac- 
ing point in any position, 
A its positionwhenonthe 
fixed circle ; join P to 0, 
the point of contact of the 
circles, and produce PO 

until PP' = OP ^J^% 
a + 20' 

then F is the centre of 

curvature by { 1 3 ) ; hence 



Next, draw P'ff perpendicular to P'O; eiroumBCribe the 




triangle OF'ff by a circle ; and describe a circle with C as 
centre, and Cff aa radius : it evidently touches the circle OP'Cf, 

Then Oa : 0E= OF : OP = a:a + 2b^C0:CE; 

.-. CO-O&iCE-OE^CO-.OE, 

or Ca:CO=CO:CE; 

that ia, the lines CE, CO, and Off are in geometrical pro- 
portion. 

Again, join C to B", the vertex of the epicycloid ; let CB^ 
meet the inner circle in D, and we have 

arc O"!) : arc 0J5 = CO' ■.C0=G0:CE=O0.E0 

= aroP'0': are OQ. 

But arc OB = arc OQ ; .-. arc O'B = arc PU. 

Accordingly, the path described by P* is that generated by a 
point on the circumference of the circle OP" O^roUing on the 
inner circle, and starting when i" is in contact at D. Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure- 
Again, since CO : OE = CO : GO, the ratio of the radii 
of the fixed and generating circles is the same for both epicy- 
cloids, and consequently the evolute k a similar epicycloid. 

AJso, from the theory of evolutes (Art. 237), the line 
Pf is equal in length to the arc PA of the interior epicy- 
cloid ; or the length of PA, the arc measured from the 
vertex A of the curve, is equal to 



iiiil). 



CO 



lOP 



CO" 
CO/' 



Hence, the length* of any portion of the cirree metiettredfrom 
ita vertex is to the corresponding chord of the generating circle as 
twice the sum of tlte radii of the circles to the radius of the fixed 
drcte. 



With reference to the outer epioycloid in Pig. 57, this 



are FS = 2PS . 



CO' 
CO' 



(14) 



The oorreaponJing results for the hypooycloid can be 
found by changing; the sign of the radius b of the ToUiag 
circle in the preceding formulEe. 

The investigation of the properties of these curves is of 
importance in connesion -with the proper form of toothed 
■wheels in machinery, 

282. Pedal of Epicycloid. — The equation of the pedal, 
■with respect to the centre of the 
fixed circle, admits of a very 
simple expression. For let P be 
the generating point, and, as be- 
fore, take arc OA = arc OP, and 
make AB = 90°. Join CA, CB, 
CP, and draw CN perpendicular 
to DP. Let L PDO = ^,L BCN 
= m,LACO=Q, CN^p. 

Then since .i40 = P0, we have 



Again, w 


-90--^Cif=9 + * 




hence 


♦%+.i' 


Also 


Oif. CBsinJ,; 




.■- ^J = (a + 2I1) si 



which is the equation of the required pedol. 

283. Equation of Epicycloid iDtermaof r aiid;i.— 

Agaiu, draw OL parallel to DN, and let CP = r, and we have 




= Pif= = OL' = OC - CL* = a' 



-(^J^ 



J 
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, , 46(a + b) 
{a + 2i)' ^ 



(■7) 



Also, from (i6) it is plain that the equation of DN, the tan- 
gent to the epicycloid (referred to CB and CA as axes of tc 
and y respeotively), is 



fl! COS u + y sin lu = (a + 2i) ain - 



2b' 



(i8) 



The corresponding formulEB for the hypooyeloid are 
obtained by changing the sign of fi in the preceding equa- 
tions. 

Again, it is plain that the envelope of the right line re- 
presented by equation {i 8) is an epicycloid. And, in general, 
the envelope of the right line 

X 008 w + y sin 10 = A sin mm, 

regarding w as an arbitrary parameter, is an epicycloid, or a 
hypocycloid, according as m is less or greater than unity. For 
examples of this method of determining the equations of epi- 
and hypo-oyoloids the student is referred to Salmon's Higher 
Plane Curves, Art. 310. 

284. EpltroclioldM and Hypotrochoidij. — In general, 
when one circle rolls on another, every point connected with 
the rolling circle describes a distinct curve. Theae curves are 
called epitrochoida or hypotrochoids, according as the rolling 

[ oircle touches the exterior or the interior of the fixed circle. 
If (i be the constant distance of the generating point from 

I the centre of the rolling circle, there is no difficulty in 

I proving, as in Art. 278, that we have in the epitroohoid the 

I equations 



ir=(a+6)cOBe-rfco8^^0, ~j 
y = (a + i) sin - rf sii 



'1 



(■9) 



In the case of tlie hypotrochoid, changing the signa of h 
and d, we obtain 



= (a— b) COB 9 + rf cos - 



(20) 



lo the particular case in which a = 26, i.e. when a circla i| 
rolls inside another of double its diameter, equations (so) 
become 

X = {b +d] oobQ, y = {b -d) a.-aB\ 
and aecordinglj the equation of the rotdette is 

{b^df {b-df ' 

which represents an ellipse whose aemi-axes are the sum and 
the difference of b and d. 

This result can also be established geometrically in the 
following manner : — 

285. Circle rolling Inside anotber of double Its 
DlBDieter. — Join (7, and to any 
point X on the oirciunference of the 
rolling circle, and let C,L meet the 
fixed circumference in A ; then since 
L OCL = 20CxA, and OC, = 2OC, we 
have arc OA = arc OL ; and, accord- 
ingly, as the inner circle roUs on the 
outer the point L moves along dA. 
In like manner any other point on 
the circumference of the rolling oirole 
describes, during the motion, a dia- 
meter of the fixed circle. 

Again, any point P, invariably connected ml/i the rolling 
circle, describes an ellipse. Por, if L and M he the points in 
which CP cuts the rolling circle, by what has been just 
shown, these points move along two fixed right lines C,A 
and CiB, at right angles to each other. Accordingly, by a 




Fig. S9- 



^m 



r 
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well-knowTi property of the ellipse, any other point in the 
line LM deseribea an ellipse. 

The ease in which the outer circle rolls on the inner is 
also worthy of separate consideration. 

2 86. Circle rolling on another Inside It and of 
half its niameter. — In this ease, any diameter of the rolling 
circle always passes through a fxed point, which lies on the 
ciroumference of the inner circle. 

For, let CiL and dL be any two positions of the moving 
diameter, d and Oj being the corresponding positions of the 
centre of the rolling circle : and Oi the correspondingpoai- 
tions of the point of contact of tbe circles. Now, if the outer 
circle roll from tbe former to the latter position, the right 
lines C,Oi and COj will coincide in 
direction, and accordingly the outer 
circle will have turned through t* 
angle CiOiC, ; consequently, the mc 
ing diameter will have turned 1 
through tbe same angle ; and hence I 
L CiLC, = z (7,0,(7, ; therefore the 
point X lies on the fixed circle, and 
the diameter always passes through 
the same point on this circle. 

Again, any righi line connected 
mlh the rolling circle will always touch 
a fixed circle. 

For, let J5^ be the moving line in any position, and draw 
the parallel diameter AB; let fall C,i^ and iJlT perpendicular 
to DE. Then, by the preceding, AB always passes through 
a fixed point L ; also LM^ CjF= constant ; hence iJ^alwaya 
touches a circle having its centre at L. 

Again, to find the roulette described by any carried point 
P,. The right line P,C„ as has been shown, always passes 
through a fixed point L ; consequently, since C,Pi is a con- 
Btont length, the locus of P, is a Lima^on (Art. 269). In lite 
manner, any other point invariably connected wifi the outer 
oirole describes a Lima^on ; unless the point be situated on 
the circumference of the rolling oirole, in which case the 
loona becomes a cardioid. 




i 



1 



35© Examples — Souk ties. 

1. 'When tlie radii of the flsod BJid the rolling ciroles hecoma equal, pron 
geometrically thnt the epiofeloid becomoa a cardioiil, and th^ epitrocAwd t 
linm^on (Art. 269). 



4. If 1 = 4&, prove thnt the equation of the hTpocycloid becomea 

il + y* = ol. 

j. Find the equation, in terma of r andp, of Qie Ihree-ouaped bypocycloidl 
i. e. when a = 3!. Am. r'* = ifi — ip". 

6. Find the equation of the pedal in the same aurve. 

An*, p = i lin ja. 

7. In the case of a curre rolling on uiother which is equal to it in err , 
respect, corresponding points being in contact, prove that the detcmiinadaa M 
the roulette of any point Pia immediately reduced to finding the pedal oltb 
rolling curve wilt respect 10 the point F. 

%. Hence, if the curves be equal parabDUs, show that the path of tlie fom 
is a right line, onii that of the vertei a cissoid. 

9, Inlilce manner, if the curves be equal ellipses, shov that the paQioftht 
focus ia a oirole, and that of aaj point is a bieirc^lar qnartie. 



II. .ilis a fixed point on the circumferencs of a circle; tho p<unts Zand JT 
are taken such that arc AL = in are AM, where m ia a constsnt ; prove that [hi 
envelope of LSI is an epicycloid or Si hyponycloid, according na tbe area AL wi 
AMaxe measured in the sums or opposite directions from ^ point A. 

II. Prove that LM, in the case of en epicycloid, ia divided inlernaMy in tta 
ratio M : I, at its point of contact nith ibe envelope ; and, in the hypocyoliiij, 
eitemally in the same ratio. 

13, Show also that (he given circle is circumscribed 
envelope, according aa it is an epicycloid or hypocyoloid. 



14. Prove, &om equation (14), that the i 



r inacribed in, tin 
) equation of an epicydoid u 



is meaatired from Ibe vi 
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16, In an epitnyilioid, if Ihs diBtsnce, i, of the maTing point from the centre 
of tiie rolling cirtla be eguul to ths distance between tlie ceatrea of the ciioles, 
prove that the polar equation of the locus becomes 



17. Henae show thut tbe ci 






u an epitrochoid when m < i, and a hypotrochold when tn > i. 

Thu elais of ourves was elaborately troated of by tbe Ahb6 Gra 
rhil«iaphieal Tramaeiiont for 1 723. He gave them tho Dame of " Rbodonoa 
from • fancied resemblance to the petals of roBoi ~ ' ~ 

«ft thi Siffmntial and Integral Caleulm, p. 



See also Gregory's ExatapUi 



of the beauty and variot j of form of tbeac curvea, as well as 
nt epitrochoids and bTpotrothoids in goneral, tbe student is referred to the admi- 
rable figures in Mr. Frocloc's Qiomttry of Osckids. 

287. Centre of Cnrvatare of an Epltrocliold or 
BTpotrocboid. — The position of the centre of curvaturo for 
any point of an epitrochoid con be easily 
found from geometrical considerations. For, 
let C, and &a be the centres of the rolling 
and the fixed circles, Pa tbe centre of cur- 
vature of the roulette described by Pi ; and, 
aa before, let 0, and 0, be two points on the 
oiroles, infinitely near to 0, Buoh that OOi 
- OOj. Now, suppose the circle to roll until 
Oi and 0, coincide; then the lines CiO\ ^' 
and CiOi will lie in directum, as also the 
lines PiO, and P^Oi {since Pj is the point f 

of intersection of two consecutive normals to 
the roulette). 

Hence L OC^O, + l 0C,0, = i OP^Oi + l 0F,0„ 

I since each of these sun 
I the circle has turned. 




) represents the angle through which 



Again, let l COP, = <p, 00, = 00^ = 



Z OCiO, 



ds 



L OCJO^ ■■ 



iOP.O. = ^. .op.a = ^*: 



35 2 Soukltea. 

consequently we have 

Or, it OF, = n, OP^ = r„ 

- + J- =cos ip[- + -]. 

From this, equation Vi, and consequently the radios of onrva* 
ture of the roulette, can be obtained for any position of tlie 
generating point P,. 

If we euppose Pi to be on the circumference of the rolling 
OP, 
circle, we got cos ^ = ; whence it foUows that 

OP, ^ 0P„ 

whioh agrees with the resiolt arrived at in Art. 279. 

288. Centre of C'nrvatnre of any Roulette. — The 

preceding formula can be readily extended to any roulette; for 
if Ox and d be respectively the centres of curvature of th« 
rolling and fixed curves, corresponding to the point of contact 0, 
we may regard OOi and 00, as elementary arcs of the ciroles 
of curvature, and the preceding demonstration will still 
hold. 

Hence, denoting the radii of curvature OC, and OCi by 
p, and f>i, we shall have 

-+~=eoB0fi + i\ («) 

Pi P> ^\r, r,J 

It can be easily seen, without drawing a separate figure, 
that we must change the sign of p, in this formula when the 
centres of curvature lie at the same side of 0. 

It may be noted that Pi is the centre of curvature of the 
roulette described by the point Ps, if the lower curve be sap- 
posed to roll on the upper regarded as fixed. 

289. Geometrical Conetructton* for the Centre of 

■ This beautiful construction, and also the formula (22) on which it is based, 
were given by M. Savary, in his Ltgtma det StaeAinii d I'Ecoli Felf/lieltiii^- 
See Etleo Leroy'a OitimdtTis Jkseriplice, Quatnlme Edition, p. 347. 
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Cnrvatore of a Roulette. — The formula (22) leads to 
ft Bunple and elegant construction for the centre of ourva- 
tureP,. 

We commence with the case whei 
line, as represented in the accom- 
panying figure. 

Join Pi to Ci, the centre of ourva- 
ture of the rolling curve, and draw 
ON perpendicular to 0P„ mee 
P,C. in JV; through N draw NM 
paraJlel to OCi, and the point P^ in 
vhich it meets OPi is the centre of 
curvature required. 

For, equation (22) becomes in 
this case 




Fig- ' 



oc. 



\0P, OP,)' 



whence we get 

P.P. I I 


NP, 


OP,. OP, OC, tin CON NCtinCNO 
P,P, NP, 
•■■ OP, ~ NO, • 


NC.O 



and, aooordingly, the line NPz is parallel to 0C\. Q. E. D. 

The construction in the general case is as (ollowB : — 

Determine the point N as in the former 
case, and join it to Cj, the centre of curva- 
ture of the fixed curve, then the point of 
intersection of Nd and PjO is the required 
centre of curvature, 

This is readily established ; for, from 
the equation ' 

OPi ' op) 

i>PiP ,_ 



oc,^ocr°°"^^ 



Bget 



OC, . 00^ " 
C,C, OP, 
OCi 'P,P. 



OP, . OP, ' 

OCiOos^ 
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But, as before, 

OCj COB f = 



Cft OP, NC, 

^''"'' -oc^-KprwF: 

Consequently, by the well-known property of a transveraal 
cutting tbe sides of a triangle, the points Cj, Ft, and N ere 
in directtim. 

The modification in the construction when the rolling 
curve is a right line can be readily supplied by the student. 

290. Circle of InflexlonB. — The following geometrical 
construction is in many oases more 
useful than the preceding. 

On the line OC, take OD, Biuh 
that 




Envelope of a Carried Curve. 

the oorreBponding value of OP^ is mfinite, and consequently 
Pj is a point of inflexion on the roulette. 

In eouBequence of this property, the circle in question is 
called the circle of inflexions, as each point on it is a point of 
inflexion on the roulette which it descrihes. 

Again, it can be shown that the lines PiPi, P^Oaxii.P,E, 
are in continued proportion; as also Cid, CiO, and CiZ*!. 
For, from (23) we have 

P.P, 



op,.oPt~ oe: 

sinoe P,P, : P,0 = OP, : OEr, 

: P,P,:P,0=P,P,-OP,:P,0-OE,=P,0:P,I 
In the same manner it can he shown that 
C,C,:C,O^C,0: C,D,. 



(24) 



(25) 



In the particular case where the base is a right line, the 
circle of in&exions becomes the circle described on the radius 
of curvature of the rolling curve as diameter. 

Again, if we take ODi = OJDi, we BhaU have, by describing 
■ drole on OBi as diameter, 



and also 



CC: C^O^CO: (7, A; 
P^P, : P2O = P,0 : P,E,. 



(26) 



The importance of these results will be shown further on. 

2gi. Envelope of a Carried Curve. — We shall next 
eoDsider the envelope of a curve invariably connected mth the 
rolling curve, and carried with it in its motion, 

Eiooe the moving curve touches its envelope in each of its 



JTmoim di I'Aeadimit det Scitnai, 1706.) It U etruige that thia nmorbBlile 
nmlt remUDed almoat unnoticed iinUl recent yeiirs, when it wu found to 
D a kej to tbs theory of curvuture for roulettes, aa well aa for the 
•nnlopii of any carriod currea. How little it ia aTen aa yet appreciated in 
All country will be apparent to any one who studies the moat recent produi! 
***'" in Touletlea, evaa by diatinguished British Huthcmaticiana. 
2 A 2 
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Sonlefles. 

poEitions, the path of its point of contact at any instant miut 
be tangential to the envelope; hence the normal a,t their 
common point must pase through 0, the point of contact of 
the fixed and rolling curves. 

In the particular case in which the carried curve is a 
right line, its point of contact with 
its envelope is found by dropping a 
perpendicular on it from the point of 
oontaot 0, 

Tor example, suppose a circle to 
roll on any curve : to find the envelope* 
of any diameter PQ : — 

From draw ON perpendicular 
to PQ, then N, by the preceding, is 
a point on the envelope. 

On OC deseribo a Bemicirole ; it wiH pass through Jf, 
and, as in Art. zS6, the arc ON = arc OP = OA, if ^ be 
the point m. which P was originally in contact with the 
fixed curve. Consequently, the envelope in question is the 
roulette traced by a point on the circumference of a drcle 
of hall the radius of the rolling circle, having the fixed curve 
AO for its base. 

For instance, if a drele roll on a right line, the envelope of 
any diameter is a cycloid, the radius of whose generating circle 
is half that of the rolling circle. 

Again, if a circle roll on another, the envelope of ani/ 
diameter of the rolling circle is an epicycloid, or a kypocycloid. 

Moreover, it is obvious that if two carried right lines be 
parallel, their envelopes will be parallel curves. For ex- 
ample, the envelope of any right line, carried by a eirels 
which rolls on a right line, is a parallel to a cycloid, 
involute of a cycloid. 

These results admit of being stated in a somewhat different 
form, as follows ; 

If one point, A, in a plane area move uniformly along » 
right line, while the area turns uniformly in its own plane, 
then the envelope of any carried right line is an involute to a 
oycloid. If the carried line passes through the moving point 

e, I beliave, duo to CiuBles : #m liis Suf* 
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A, ita envelope is a cycloid. Again, if the point A move 
uniformly on the circumference of a fixed circle, while the 
axea revolvea imiformly, the envelope of ony carried right 
line is an involute to either an epi- or hypo-cycloid. If the 
carried right line passes through A, its envelope is either an 
epi- or hypo-cycloid. 

292. Centre of Curratnre of the Envelope of a 
Carried Carve. — Let flii, represent a 
portion of the carried curve, to which Om 
IS normal at the point »t ; then, hy the 
preceding, m is the point of contact of t7,5i 
with its envelope. 

Now, suppose a^hi to represent a por- 
tion of the envelope, and let Pi be the 
centre of curvature of r,&i, for the point m, 
and Pj the corresponding centre of cur- 
vature of flj&j. 

As before, take 0, and Oj such that 
00,«00„ and join P,0, and P=0,. 
Again, suppose the curve to roll until ■ 
O, and Oi coincide; then the lines PiO, 
and PjOi will come in directum, as also 
the lines OiCi and 0-Ci; and, as in Art. 
288, we shall have 



Z, £?. + i Cj = i P, + Z Pa 




and consequently 



From this equation the centre of curvature of the enve- 
lope, for any position, can be found. Moreover, it is obvious 
that the geometrical constructions of Arts. zSg, 290, equally 
apply in this case. It may be remarked that these construc- 
tions hold in all cases, whatever be the directions of curvature 
of the curves. 

The case where the moving carve fli b, is a right line is 
worthy of especial notice. 



J 



In this oasethe normal Oin ia perpendicular to the moring 
line; and, sinoe the point P, is infinitely , 

distant, we have ^ • 

whence, Pj is situated on the lower circle of 
inflexiouB. Hence we infer that the dif- 
ferent centres of curvature of t/ie curves en- 
veloped by all carried right lines, at any 
instant, lie on the eireumference of a circle, 

Ab an example, suppose the right Hne OM to roll on a 
fixed circle, whose centre i8 C„ to 
find the envelope of any carried right 
line, LM. 

In this case the centre of cur- 
vature, Ps, of the envelope of LM, 
lies, hy the preceding, on the ciiole 
described on 00 as diameter; and, 
accordingly, CP^ is perpendicular 
to the normal F, Pi. 

Hence, eince z OLP, remains 
constant during the motion, the line 
CPu ia of constant length ; and, if 
we descrihe a circle with C as centre, j^^g, gg. 

and CPi as radius, the envelope of 

the moving line XJf will, in all positions, be an involute of a 
circle. The same reasoning applies to any other moving 
right line. 

We shall conclude with the statement of one or two othar 
important paiticular oases of the general principle of this 
Article, 

(i). If the envelope a-bi of the rtiodng curve a,b, be a right 
line, the centre of curvature P, lies on the corresponding circle of 
inflexions. 

(2). Jf the moving right line always passes through ajixei 
point, flint point lies on the circle ODiE^- 

392 (if). Expression for Radius at Curvatnre of 
Envelope of a Rlglit lilne. — The following expresBioa 
for the radius of curvature of the envelope of a moving right 
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line 18 fiometimea useful. Let^ be the perpendicular distance 
of the moving line, in any position, from a fixed point in the 
plane, and lu the angle that this perjiendicular makes with a 
fixed line in the plane, and p the radius of curvature of the 
envelope at the point of contact; then, by Art. 206, we have 

Wlienever the conditions of the problem give 71 in terms of 
ui (the angle through which the figure has turned), the value 
of ft can be found from this equation. For example, the re- 
sult estabUahed in last Article {see Fig. 68) can be easily 
deduced from (28). This is left as an exercise for the student. 

293. On the Motion of a Plane Figure iu Ite Plane. 
— We shall now proceed to the consideration of a genera! 
method, due to Chasles, which is of fundamental importance 
ia the treatment of roulettes, as also in the general investi- 
gation of the motion of a rigid body. 

We shall commence with the following theorem : — 

When an invariable plane fguro moves in its plane, it can 
be brought from any one position to any other by a single rotation 
round a fixed point in its plane. 

For, let A and B be two points of the figure in its fiiBt 
position, and A„ fi, their new o 

positions after a displacement. 
Join AA, and BB„ and sup- 
pose the perpendiculars drawn 
nt the middle points of AJ, 
and BB, to intersect at ; ^ 
then we have AO = A,0, and 
BO = BiO. Also, since the 
triangles AOB and AiOB, 
have their sides respectively '"' '' 

equal, we have ^^OB = z^,0/A; .-. l AOA,- iBOB,. 

Accordingly, AB will be brought to the position A,Bi by 
B. rotation through the angle AOAi round 0. Consequently, 
Bny point C in the plane, which is rigidly coimected with AB, 
will De brought from its original to its new posilion, Ci, by 
the same rotation. 

This latter result can also be proved otherwise thus :■ — Join 
OC and OC, ; then the triangles OAC and OA,Ci ore equal, 
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because OA = OA,, AC - A,C„ and the angli 

the difference between 0A£ and BA 0, is eqi 

the difference between OA,Bi and B,A,C, ; therefore 00 

= 0C„ and lAOC = lA,OC^; and hence z ^lO^i = lCOC,. 

Consequently the point C is brought to C, by a rotation 

round through the same angle ^0^,. The same reasoning 

applies to any other point invariably connected -with A and £. 

The preceding construction re- n 

quires modification when the lines 

AAi and BB, are parallel. In this a 

casethepoint, 0,of interseotionofthe / / 

lines BA and B,A, is easily seen to be g^ { 

the point of instantaneous rotation. ' B ^, ' 

For, since AB = A,B„ and AA„ pj^ ^^_ 

BS„ are parallel, we have OA=OA„ 

and OB = OB,. Hence, the figure will be brought from ita 
old to its new position by a rotation around through the 
angle AOA,. 

Nest, let AAi, and BBi he both equal and parallel. In 
this ease the point is at an infinite distance ; but it is 
obvious that each point in the plane moves through the same 
distance, equal and parallel to Jl^i ; and the motion is one of 
simple tmnslation, without any rotation. 

In general if we suppose the two positions of the moving 
figure to be indefinitely near eaoh other, then the line AA,t 
joining two infijiitely near positions of the same point of the 
figure, becomes an element of the curve described by that point, 
and the line OA becomes at the same time a noi-mal to the curve. 
Henoe, the normals to thepaths described by all the points of the 
moving figure pass through 0, which point is called the instan- 
taneous centre of rotation. 

The position of is determined whenever the directions of 
motion of any twopoints of the moving figure are known; for it 
is the intersection of the normals to the curves deeoribed by 
those points. 

This furnishes a geometrical method of drawing taugente 
to many curves, as was observed by Chasles.' 

■ TMs inothod is given by Chaales as a. generdiimtioti of the meUiod otD<»- 
CBjtei (Art. 273, note). It is itself a part Lcular case of a more general principle 
canceming homalogouB figures. Sie Chaslrtg, Suleirf dc la Gtonuliit, pp-i4i-j: 
aiK SulleliH Unietrtel del Beitniitt, 1S30. 
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fThe folio-wing ease is deserving of Bpeoial consideration : — 
A right line always passes through a fixed 
point, while one of its points moves along a 
£sed line ; to find the instantaneous centre of . 
rotation. Let A be the fixed point, and AB 
any position of the moving Kne, and take "^ 
£^A' = BA ; then the centre of rotation, 0, ia 
found as before, and is such that OA = OA', 
and OB = OB". Accordingly, in the limit the 
centre of instantaneous rotation is the inter- 
Bection of ^0 drawn perpondicular to the fixed 
line, and AO drawn perpendiculaj to the moving 
fixed point. 

In general, if AB be any moving curve, and LMaay fixed 
carve, the instantaneous centre of rotation is the point of inter- 
tection of the normah to the fixed and to the moving canes, for 
any position. 

Also the normal to the curve described by any point in- 
variably connected with AB is obtained by joining the point 
to 0, the instantaneous centre. 

More generally, if a moving ctirve always touches a fixed 
curve A, while one point on the moving curve moves along a 
aeoond fixed curve B, the instantaneous centre is the point of 
interseotion of the normals to A and £ at the corresponding 
points; and the line joining this contre to any describing 
point ia normal to the path which it describes. 

We shall illustrate this method of drawing tangents by 
applying it to the conchoid and the limacon. 

294. Application to Carres. — In the Conchoid fFig. 49, 
I*K^ 332)1 regarding AP as a moving right lino, the 
instantaneous centre is the point of intersection of AO 
drawn perpendicular to AP, with .fiOdrawn perpendicular to 
LM; and oonecquently, OP and OP, are the normals at P 
and P„ respectively. 

For the some reason, the normal to the Lima^on (Fig, 48, 
page 331) at any point /■ is got by drawing OQ perpendicular 
to OP to meet me circle in Q, and joining PQ. 
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I. If thenidiiiaTootor, OP, drawnfrom theorigintoanypomt Joi , .. 

'bo produced to Pi, until PPi be a Ronstimt lenzth ; proTO tha,t the normal st Fi J 
to the loeus of Pi, the normal at P to the originnl uurve, and the perpendioolit J 
at the origin to the line OF, all pass through the saoie point. 

3. If a constant length measured from the curve be tulcen oa the normali h 
along a given curve, prove that these lines are also noimaU to tlie new eurre 
which ia tiie locus of their extremities. 

J. An angle of constant magnitude moves in such a manner that its lidM 
oonatanlly touch a given plane curve ; prove that the normal to the curve da- 
acribed bj: its vertex, P, is got hyjoiningPbi llie centre of the circle pauing 
through P and the points in which the sides of the moveobte angle loach the I 



4. If on the tangent at each point on a ourve a 
31 the point of contact be taken, prove that the 
Qta ao fonod passes through the centre of cucvatui 



constant length measured 
normal to the loons of the 
•e of the propoaed cune. 
J. In fieneral, if through each point of a curve a line of given length bfl 
drawn malting a constant angle with the normal, the normal to the curve locns 
of the extremities of this line passes through the centre of curvature of the pro- 
posed. 

295. Motion of any Plane Flgnre redaced to 
Ronlettes. — Again, the most general motion of any figure 
in its plane may be regarded as consisting of a number of 
inflnituly small rotations about the diiferent instantaneous 
centres taken in suceeBsion. 

Let 0, 0', 0'\ 0"', &o., represent tbe BuceesBive centres of 
rotation, and consider tbe instant when 
the figure turns through the angle 0,00' 
round the point 0. Tbis rotation will 
bring a certain point 0, of tbe figure to 
coincide with the next centre &. Tbe next 
rotation takes place around (/; andsuppose 
the point d brought to coincide with the 
centre of rotation 0". In like manner, by 
a third rotation tbe point O3 is brought to 
coincide with 0"', and so on. By this 
means the motion of tbe moveable figure 
is equivalent to the rolling of the polygon 
OOiOuOi . . . invariably connected with tbe figure, on the 
polygon 00" 0"0"' . . . fixed in the plane. In the limit, the 
polygons ohange into curves, of which one rolls, without 
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Bliding, on the other ; and hence we conclude that ike general 
movement of any plane figure in its aim plane is equivalent to the 
rolling of one curce on another flxfid curve. 

TheBe curves are called by Eeuleaux* the " centroduu" of 
the moving figures. 

For example, suppose two points A and B of the moving 
figure to slide along two fixed right 
lines CX and OF; then the inetan- 
taneoua centre is the point of inter- 
section of ^0 and BO, drawn perpen- 
dicular to the fixed Hnes. Moreoverj 
aa AB is a constant length, and the 
angle ACB ia fixed, the length CO is 
constant ; consequently the locus of 
the instantaneous centre is the circle 
descrihed with as centre, and CO as '*^' '^' 

radius. Again, if we desorihe a circle round CBOA, this 
oirole is invariably connected with the line AB, and moves 
with it. Hence tlie motion of any figure invariably connected 
with AB is equivalent to the rolling of a circle inside another 
of double it« radius {see Art. 285). 

Again, if we consider the angle XOFto move so that its 
legs pass through the fixed points A and B, respectively ; then 
the instantaneous centre is determined as before. More- 
over, the circle BOA becomes & fixed circle, along which the 
instantaneous centre moves. Also, since CO is of constant 
length, the outer circle becomes in this case the roUing curve. 
Hence the motion of any figure invariably connected with the 
moving lines CX and GY is equivalent to the rolling of the 
outer circle on the inner {compare Art. 286}. 

295 (")■ Epicycllcs. — As a further example, suppose one 
point in a plane area to move uniformly along the circum- 
ference of a fixed circle, while the area revolves with a uniform 
angular motion around the point, to find the position of the 
"centrodes." 

The directions of motion are indicated by the arrow 
heads. Let be the centre of the fixed cirde, P the position 
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of the moving point at any instant, Q a point in the movinj ■ I 

figure auch that CP = PQ. ' 

Now, to find the position of 

the inHtantaneous centre of 

rotations it is necessary to 

get the direction of tnotion of 

the point Q. 

Let F, represent a con- 
secutive position of P, then 
the simultaneotis position of Q 
is got by first supposing it to 
move through the infinitely 
small length QB, equal and 
parallel to PPi, and then to 
turn round P„ through the 
angle JB-PiQ,, vfhioh the area 
turns through while P moves p. _ 

to Pi, Moreover, by hypo- 
thesis, the angles PGPi and HPjQt are in a constant ratio; 
if this ratio be denoted by m, we have (since PQ - PC) 

BQ, = mPP, = mQS. 

Join Q and Qi, then QQt represents the direction of mo- 
tion of Q. Hence the right line QO, drawn perpendicular 
to QQ„ intersects CP in the instaufaneous centre ofrotatum. 

Again, since the directions of PO, PQ, and QO are, re- 
spectively, perpendicular to QR, £Qi, and QQ,, the triangles 
QPO and Q.MQ are similar; 

.-. PQ = mPO, i.e. CP = mPO. 

Accordingly, the instantaneous centre of rotation is got 
by cutting ofi 

m ' " 

Hence, if we describe two circles, one with centre C and 
radius CO, the other with centre P and radius PO; these 
circles are the required centrodes ; and the motion ia equit-sknt 
to the rolling of the outer circle on the inner. 
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Accordingly, any point on the ciroiunference of the outer 
circle describes an epicycloid, and any point not on this oir- 
cmnferenee describes an epitrochoid. When the angular 
motion of PQ is leas than that of CP, i.e. when m < i, 
the point Hea in PC produced. Accordingly, in this 
case, the fixed circle liea inside the rolling circle ; and the 
curves traced by any point are still either epitroehoida or epi- 
cycloids. 

In the preceding we have euppoaed that the angular 
rotationa take place in the same direction. If we suppose them 
to be in opposite directions, the eonatruetion has to he modified, 
afl in the accompanying figure. 

Id this case, the angle ^|%^9i 

SPiQt must be measured in 
an opposite direction to that 
of POP, I and, proceeding as 
in the former ease, the direc- 
tion of motion of Q is repre- 
sented by QQ,; accordingly, 
the perpendicular QO will in- 
tersect CP produced, and, as 
before, we have 



PO 



PC 




Fig.7S- 



Hence the motion is equi- 
Talent to the rolling of a circle 
•f radiuB PO on the inside of a jijred circle, whose radius is 
CO. Accordingly, in this case, the path described by any 
point in the moving area not on the circumference of the 
rolling cirole is a hypotrochoid. 

ALo, from Art. 291, it is plain that the envelope of any 
right line which passes through the point J" in ih.& moving 
area is an epicycloid in the former case, ond a hypocycloid 
in the latter. 

Again, if we suppose the point P, instead of moving in a 
circle, to move uniformly in a right line, the path of any 
point in the moving area becomes either a trochoid or a 
cycloid. 

Curves traced as above, that is, by a point which moves 
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uniformty round the circumference qfa circle, whose centre move» 

tmiformty on the circumference of a fixed circle in the eame 
plane, are called epicyclics, and were invented by Ptolemy 
(about A.D. 140) for the purpose of esplaining the planetary 
motions. In this system* the fixed circle is called the deferent, 
and that in which the tracing point moves is called the 
epicycle. The motion in the fixed circle may he supposed ia 
aU cases to take place in the same direction around C, that 
indicated by the arrows in our figures. Such motion is called 
direct. The case for which the motion in the epicycle is direct 
is exhibited in Fig. 74, 

Angular motion in the reverse direction is called retro- 
grade. This case is eshibitod in Fig. 75. The corresponding 
epicyclics are called by Ptolemy direct and retrograde epicy- 
clics. 

The preceding investigation shows that every direct epi- 
cyolio is an epitroohoid, and every retrograde epioyolio a 
hypotrochoid. 

It is obvious that the greatest distance in an epieyclio 
from the centre C is equal to the sum of the radii of the circles, 
and the least to their difference. Such points on the epioyolio 
are called apocentres and pericentres, respectively. 

Again, if a represent the radius of the &sed circle or 
deferent, and )3 the radius of the revolving circle or epicycle ; 
then, if the curve be refeired to rectangular axes, that of 2 
passing through an apocentre, it is easily seen that we have 
for a direct epicyclic 

» = a cos + cos md, \ 
y = a sin fl + (3 sin md. ) 



* The impoilonce of the opiuj'cUc metltod of Ftolem;, in represeating ap- 
proiimati^l; the planetary paths relative to the earth at rest, has recentljr bceo 
brought prommentl; forwu^ bjr Mr. Praclor, to whose work on the Otomttrjtj 
Cycloids the student ia refeired for fuller inlbrmation oa the subject. 

"We awe also to Mr. Proctor the remark thct the inveation of cycloida, epi- 
cjcloida, and epitcochoids, is proper!; attributable to Ptaleiuy and the sndoit 
astronomers, who, in their treatment of epicyulics, first invistigated same of 
the properties of such curves. It may, however, be doubled if Ftolem; bid 
any idea of the shape of an epicyclic, as no trace ot such ia to be found in theentin 
□f bia ^eat work, The Aimageil. 
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The fonnulsB for a retrograde epicyclio are obtained by 
cliatiging tbe sign of m (compare Art. 2S4). 

It IB easily seen that every epicycUc admits of a twofold 
generation. 

For, ii we make mQ = ^, equation {30) may be written 

a = ^ <ios<p + a cos-, 
1/ = 3 sin + a Bin ^^, 

which IB equiTftlent to an interchange of the radii of the 
deferent circle and of the epicycle, and an alteration of m 

into — . This rsBult can also be Been immediately geometri- 
cally. 

It may be remarked that this contains Euler's theorem 
(Alt. 280) under it as a particular case, 

296. Properties of the Circle of Inflexions. — It 
should be especially observed that the results established in 
Art. 290, relative to the circle of inflexions, hold in all cases 
of the motion of a figure in its plane, and hence we infer 
that the distances ofani/ moving point from the centre of curva- 
ture of its path, from the instantaneous centre of rotation, and 
from the circle of inflexions, are in continued proportion. 

Again, from Art. 292, we infer that if a moveable curve 
dide on a fixed curve, tlie distances of the centre of curvature of 
the moving, from that of the fixed curve, from the centre of in- 
atantaneout rotation, and from the circle of inflexions, are m 
eOttlinued proportion. 

The particular cases mentioned in these Articles obviously 
hold alBO in this case, and admit of similar enunciations. 

These principles are the key to the theory of the curvature 
of the paths of points carried by moving curves, as also to the 
curvature of the envelopes of carried curves. 

We shall illustrate this statement by a few applicationB, 

397. Example on the Construetion of Circle of 
Inflexions. — Suppose two curves a,bi and Cirf,, invariably con- 
nected icith a moving plane figure, alxaijs to touch ttco fixed 
eartvta a^b, and c^, to find the centre of curvature of the roulette 
described by any point Ei of the moving figure. 
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The inatantaneous circle of inflexions ia easily oonatracted 
in the following manner : — Let 
P, and P5 be the centres of cur- 
vature for the point of contact 
m iiyi the curves a,hi and Ojij, 
respectively ; and let Qi, Qi, be 
the corresponding points for 
the curves c^d^ and Cjrfj. Take 



PiE, 



p,(y - 
~ p^P, 



, and Q^F, 







Fig. 76. 



L 



then, hj Art. 290, the points 

^1 and F, he on the circle of 

inflexions. Accordingly, the circle which passes through 0^ 

El and Fi, is the circle of inflexions. 

Hence, if E^O meet this oirole in Oi, and we take 

B^E^ = ~H-f3> t^6 point Mi (by the same theorem) is tht 

centre of curvature of the roulette described by E,. 

In the same case, by a like construction, the centre of our- 
vature of the envelope of any carried curve can be found. 

The modifications when any of the curves a^bi, ajii, &e., 
becomes a right line, or reduces to a single point, can also be 
readily seen by aid of the prineipleB already established for 
such eases. 

298. Theorem of BobllUer.* — If Imo aides of a mocing 
triangle always touch two fixed, circles, the third side ako alaa^t 
touches a fixed circle. 

Let ABC be the moving triangle ; the side AB touching 
at c a fixed circle whose centre is 7 , and A C touching at i a 
circle with centre j3- Then the instantaneous centre ia tlie 
point of intersection of 6j3 and cy. 

Again, the angle /3 Oy, being the supplement of the coe- 
stant angle BAG, is given; and consequently the instanU* 
neouB centre always lies on a fixed circle. 

■ Court ds gdom^teie pour In ieoU» dei aria el mc'fMi'i. See also CoIIignODi 
IVaif^ dt Miieanii/ue Ciainiatigue, p. 306. 

Tfaia theorem admits of i. aimple proof by Glementaiy geometry. Tha in- 
veitigation Bhtrre has kovsver the advantage of oonnectisg it with the gimenl 
theory given id the preceding Atticloa, ss well as of lending 10 tbo mora gensnl 
theorem Mated at the end of thia Article. 
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9 third side BC, 




Also if Oa be drawn perpendioular to t 
a is the point in which the side 
touches its envelope (Art. 291). 
Produce aO to meet the circle 
in a ; and since the angle aO/J 
is equal to the angle ACS, it 
ifl constant ; and consequently 
the point a is a fixed point on the 
(drofe. Again, by (4) Art. 292, 
the circle (iOy possea through | 
the centre of curvature of the 
envelope of any carried right 
line; and accordingly a is the 
centre of curvature of the enve- ^ 

lope of BC; hut a has already j.|„ 

been proved to be a fixed point; "' 

consequently BC in all positions touches a fixed circle whose 
centre is a. (Compare Art. 286.) 

This result can be readily extended to the ease where the 
aides AB and AC slide on any curves ; for we can, for an in- 
finitely small motion, substitute for the curves the osculating 
drcles at the poiuta fi and c, and the construction for the point 
a will give the centre of curvature of the envelope of the 
third side BC. 

298 (a). Analytical Demonstration. — The result of the 
preoeding Article can also be established analytically, as was 
ehown by Mr. Ferrers, in the foHowing manner : — 

Let a, b, c represent the lengths of the sides of the moving 
triangle, and pi, pi, pi the perpendiculars from any point 
on the sides a, I, c, respectively ; then, by elementary 

metry, we have 






f cpa = 2 (area of triangle) = 2A. 



Again, if p,, p,, p, be the radii of curvature of the enve- 
lopes of the three sides, and 10 the angle through which each 
I of the perpendicidars has turned, we have by (28), 



api + bp3 + cpa = 2A. 



(3.) 



Ilenoe, if two of the radii of curvature be given the third 

I i&n bo determined. 



We next prooeed to oonsider the conclioid of Nioomedes. 
2gg. Ceptre of Curvature for a Conchoid. — Let ^ 

be the pole, and LM the directrix of a oonohoid. Constmot 
the instantaneous centre 0, as before : and produce AO until 
OA, = A0. 

It ia easily seen that the circle circumscribing AiOR, 
the instantaneous circle of inflexions : for the inatantaneom 
centre always lies on this circle ; also S, lies on the circle 
by Art. 290, since it moves along a right line : again, A lioe 
on the lower circle of inflexions of same Article, and conse- 
quently A, lies on the circle of inflexions. 

Hence, to find the centre of curvature of the oonohoid 
described by the moving poiut Pj, produce P^O to meet the 
circle of inflexions in F„ and take 

^'^•'t!f.' """■• ""^ '"'• ^'^ 

the centre of curvature 

the pointP, on the conchoid. 

In the same ease, the centre of 
curvature of the curve described by 
any other point Q., which is inva- 
riably eonnooted with the moTing 
line, can be found, i'or, if we pj, 
produce Q,0 to meet the circle of 
inflexions in JE,, and take QiQi 

= -^r-^f ; then, by the same theorem, 

Qi is the oentre of ourrature re- 
quired. 

A similar construction holds in all other cases. 

300. Siiherlciti If uuiettes. — The method of reasoning 

adopted respecting the motion of a plane figure in its plane 
is applicable identically to the motion of a curve on the sitt" 
face of a sphere, and leads to the fallowing results, BmoDgst 
others : — 

{1), A spherical curve can be brought from any on« 
position on a sphere to any other by means of a aingis 
rotation around a diameter of the sphere, 

(2). The elementary motion of a moveable figure on a 
Bphere may he regarded ae an infinitely small rotation 




Fig. 78. 
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around a oertaui diameter of the sphere. This diameter is 
called the instantaneons axis of rotation, and its points of 
intersection with the sphere are called the poles of rotation. 

(3). The great circles drawn, for any position, from the 
pole to each of the points of the moving ourre are normals to 
the curves described by these points. 

(4). When the instantaneous paths of any two points are 
given, the instantaneous poles are the points of intersection 
of the great circles drawn normal to the paths. 

(5). The continuoiiB movement of a figure on a sphere 
may be reduced to the rolling of a curve flked relatively to 
the moving figure on another curve fixed on the sphere, 
iJy aid of these principles the properties of spherical roulettes" 
can be discussed. 

301. Motion of a. Rigid Body about a Fixed 
IPolnt. — We shall next consider the motion of any rigid 
body around a fixed point. Suppose a sphere described 
having its centre at the fixed point ; its surface will interseot 
the rigid body in a spherical curve A, which will be carried 
with the body during its motion. The elementary motion of 
this curve, by the preceding Article, is an infinitely small 
rotation around a diameter of the sphere ; and hence the 
motion of the solid consists in a rotation around an instan- 
taneous axis passing through the fixed point. 

Again, the continuous motion of A on the sphere by (5) 
(preceding Article) is reducible to the rolling of a curve 
i, connected with the figure A, on a curve X, traced on the 
sphere. But the rolling of X on A is equivalent to the 
tolling of the cone with vertex standing on L, on the cone 
'Witb the same vertex standing on X. Hence the most general 
laotiOD of a rigid body having a fixed point is equivalGnt to 
the rolling of a conical surface, having the fixed point for Ha 
•mumit, and appertaining to the solid, on a cone fixed in 
[■paoe, having the same vertex. 

These results are of fundamental importance in the gene- 
theory of rotation. 




ExAKPlEfl. 

I. If the isdius of Ihe gEncrating circle be one-fuutth that of the fixed, 
prove immediately that the hypocyoluid biicomiia tha onvelope of el right Una at 
constant length whose eitremitiea movp on two icotangular linea. 

T, Prove that tbe evolute of a canlioid is another cardioid in which 11m 
radius of the generating oircle ia one-third of that for the origiuiil cirole. 

3 . ProTC that the entire length of the cardioid ia eight ti 
its generating circle. 

4. Shoir that the points of infieiion in the trochoid are given hy tht 
equation cos S + - = o ; hence find when they aro real and when imoginaiy. 

S- One leg of a right angle passes through a flied point, whilst its TertM 
■lidee along a given curve ; show that the problem of finding tha envelope of 
the other leg of the right angle is reducible to the investigation of a louus. 

6. Show that the equation of the pedal of an epicycloid with reapect to ui; 
origin is of the form 

7. In figure s7> Art. iS 1, show that the point* G, F" and Q are in dincMK. 



9. The legs of a given angle elide on two given circles : ahow t^al itu 
locus of any carried point is a luna^on, and the envelope of any carried rigbl 
line is a circle. 

ID. Find the sanation to the tangent to the hypooycloid when the ndiuBof 
the ^ed cirule is three timea that of the rolling. 

Ana. z cos B + y sin a = fi un ]■• 

Thin is called (he thiee-cueped hypocycloid. Bee Ex. 5, Art. iSfi, 

II. Apply the method of euTelopea to deduce the equation of the Ums- 
Gusped hypocycloid. 

Substituting for sin 309 ita valae, and makiiig t = cot a, the equation of tin 
tangent becomes 

xP + is- lb) (^ A- xl + b* y = o, 

in which f is an arbitrary parameter. If t bo eliminate between thii and iti 
derived equation taken wiUi reupeot to t, we shall get for the eqoatioD of lb 
hypocycloid, 




Examples. 

\. If fwo tanpantB to a cyoloid intersect at 
length of the portioD vhicb 'Obey intercept o 
cjdoid ia oonBtnnt. 

13. If tvo tnnganU to ■ liypocycloid icterseat at a constant angle, prove 
tbat tlic arc vbicb the]' int«roopt on the circle inscribed in the hypocfcloid is of 

H- Thevertei of aright ai^le moTes along n right line, and one of italegB 
pasBes tbrough a fi:ied paint : ghov geometrically that the other leg GnTclopes a 
parabola, having the fixed point fur focus. 

15. One angle of a given triangle movea along a £xeil curve, while the 
cqiposite side paeeea tlirough a liied point ; find, for any porilion, the centre of 
ourvature of the envelope of either of the other sides, and also that of the curve 
deacribed by any carried point. 

16. If a right line move in any mannpr in a piano, prove that the locus of 
Ibe cantrea of curvature of the patha of the different points on the line, at any 
insUnt, Jsat:oma.—{B.tsaX,Jou-ntaldeVEcoUPolytechmqiie, i8;8,p. 113). 

This, as well as the following, can he proved without difficulty from equa- 
tion (h), p. j^j. 



17, When a conic rolls on any curve, the locQfl of the centr 
of the elemsnts deaoribed airoultaneoualj by all tha points on the conii; ia a new 
Millie, touching the other at the instantaneous centre of rotation. — (Mannheim, 
Mtnt Journal, p. 179.) 

t8. Ad ellipse rolls on a rigbt line : prove that p, tbe radius of curvstoie of 
the path described by cither focus, ia given by the equation - = ; where 

r is the distance of the foous from the point of contact, and a i-i the semi-aits 

■.—(Mannheim, Ihit.) 

J. The extremities of a right line of given length move along two flxed 
right lines : give b geometrical construclion for the centre of curvature of the 
•nvelope in any position. 

>. Prove that the locQS of the intersection of tangents to a cycloid which 
intersect at a cooetant angle ia a prolate trochoid (La mre, Mfm. de VAeitd. dts 
Seimctt, J^o^). 

II. Uore generally, prove that the correaponding locua for an epicycloid ia 
o epitrocboid, and for a hj pocyeloid ia a hypotrochoid. (Chaales, BiX. d» Ut 
{Uom., p. us)' 



13. Being ^ven three fixed tangents to a variable cycloid, the envelope of 
le tangent at lis vertex ia a parabola. {Hid.) 

34. If two tApgenls to a cycloid cut at a constant angle, the locus of the 
atre of the circle described ahout the triangle, formed by the two tangents and 
10 chord of contact, is a right line. {Hid.) 



If. If a curve {ji) be auch that the radius of curvature at esch point is n 
■t the noraal intercepted between the point and a fixed straight line (£), 



1 
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then when ths cuire rolls along another atraighl line, (B) will envelope a curra 
in whicli llie radixia of currature ia « 4- i tinicfl the nonnnl. 



L 



J, when M = - J, {A) is a parabola, and (5) the direclrii ; and "hen 

the purabola tolU along e. Btniigbt line, its directrix enTelopes a catenary {lot 
which n = - i), to which the straight luia is directrii. 

Whan the catenary rolla along a straight line, its direotrLi pasaes tlirough ■ 
fixed point, for which fl = o. 

When the point moyes along a straight line, the slraight line vhioll U tai- 
riofl Willi it envelopes a circle (» = I), and. {S) is a diomettr. 

When the circle rolls along a straight line, ila dioniBtor pnvelopeB a cycloid 
(n = i), to which {B) is the base. WTien the oyeloid mllfl along a straight bns 
its baas envelopes a curve which is the involute of the four-cusped bypocycloid, 
passing through two cusps, and is in figure like an ellipse whose major uii it 
twice the minor. (ProfesBor Wolsttnholme.) 

The fundamental theorem given above followE immediately ftom tqnaliM 
(»7). P- 357- 

i6. Prove the following estension of Bobilller'B theorem : — If two sides e(» 
moving triangle always touch the inyolutos to two drcles, the third aide will 
always foueh the involute to a circle. 

17. Investigate the conditions of equilibrium of a heavy body which testa on 
a Qied rough surface. 

In this case it is plain that, in the position of equilibrium, the oentre <if 
gravity of the body must be vertically over Iho point of contact of the b»dj 
with the Sied surface. 

Again, if we suppose the body to receive a slight displacement by rolling on 
the fixed surlacc, the equilibrium will be stable or unstable, from elementaiy 
mechanical considerations, according as the new position of G is higher or 
lower than its former position, i.e. according as O is situated iniide or eutiiil 
tie eircli of injlexiona (Art. 190)- 

Hence, if pi and pj be the radii of curvature for the correspondiog fixed xni 
rollii^ cuiv 3, and h tbedisfarice of fiom the point of contact of the surfices, 

the equilibrium is stable or unstable according aa A ia < or > . See Walton's 

pl + ps 

Problemsip, 190; also, for a ooniplete investigation of the ease where A = -^^, 

MincHn'a Statics, pp. 320-2, 2nd Edition. 

iS. Apply the method of Art. 185 to prove the following oonafruetioii for 
ths aiea of an ellipse, being given a pair of its conjugate aemi-diameleis OF, OQ, 
in magnitude and position. From J" draw a perpendicnlar to OQ, and on it take 
FD = FQ; join P to the centre of the circle described on OD as diameter by a 
right line, and let it out the circumference in the points £and J^; then the riglit 
lines OE and OF are the axes of the ellipse, in position, and the aegmeata !"£ 
and PF are the lengths of its semi-aita (Mannheim, JfoHC. An. da Math. 1857, 
p. 188). 

19. An involute to a circle rolls on a right line ; prove that its centre desoribei 
a parabola. 

30. A eyii! Did rolls On an equal cycloid, corresponding points being in con- 
tact : show that the locus of the centre of curvature of the rolling curve at the 
point of contact is a trochoid, whoso generating circle is equal 10 that of either 
cycloid. 
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CHAPTER XS. 



ON THE CARTESIAN OVAL. 



302. EqaatloD of Cartesian Oval. — In this Chapter* 
it is proposed to give a short discussion of the principal pro- 
perties of the Cartesian Oval, treated geometrically. 

We commence by writing the equation of the curve in its 
usual form, viz., 



where n and r^ represent the distances of any point on the 
curve from two fixed points, or foci, J*', and Fi, while n and 
a are oonstantB, of which we may assume that ft is less than 
unity. We also assume that a is greater than Fi Fs, the dis- 
tance between the fixed points. 

It is easily seen that the curve consists of two ovals, one 
lying inside the other ; the former corresponding to the 
equation r, + fir, = a, and 
the latter to r, - /ir^ = a. ^■ 
Now, with Fi as centre, / 
and a as radius, describe a / 
OTTcle. Through F^ draw / 
any chord DE, Join F\D 
and FxE; then, if P be ', 
the point in which F\D 
, meets the inner oval, we 

Pi).a-ri = ^»-, = /LPJ'j. 

I From this relation the 

Ct P can be readily 
id. 




■ This Chapter ia tak<^n, with lUght modiSi'R 
I by ■»• in IIcrtnalhaHi, No. iv., p. J09. 
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Again, let Q te the corresponding point for the outer ■ 
oval rx - nn = a; and we have, in like manner, DQ = ftFiQ; ' 
.: F,Q : F,P ^ QD : DP ; 

consequently, F^D bisects the angle PFiQ. 

Produce QFi and PF^ to intersect F^F, and let Pi and Qi 
hs the points of intersection. 

Then, since the triangles PFJ) and P,FiE axe equiangiilar, 
we have F^E = /iP,F, ; and consequently the point Pi hes on 
the inner oval. In like manner it is plain that Qi lies on 
the outer. 

Again, by an elementary theorem in geometry, we have 
F,P . F^Q = PD.DQ + F,B' ; 
.-. (1 - ^■') FJ> . F,Q = F,D\ 
Also, by similar triangles, we get 

FJ>:FJ>i=F,D:F,E; 
consequently 

(i - fi') F,Q . F,P, = F,D . FiE = const. (a) 

Tlierefore the rectangle under FiQ and FtP, is constant; a 
theorem due to M. Uuetelet. 

303. ConstrDctlon for Third Focus. — Next, draw 
QF„ making i F^QF^ = z F.F.P^ ; then, since the points i",, 
Fi, Q, F3 lie on the circumference of a circle, wo get 

F,F, . JVF3 = F,Q . F,Pi = const. (3) 

Henoe the point F^ is def«nnijied. 

We proceed to show that F3 possesses the same properties 

relative to the curve as Fi and F, ; in other words, that F, is 

a third focus* 

■Por this purpose it is convenient to write the equation of 

the curve in the form 

mVi ± Ir^ = iWi, (4J 

in which d represents FiF^, and /, m, n are constants- 
It may be observed that in tins ease we have n>m>l. 
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Now, sinoe l F^KQ = L F.P^F^ = L F,PF,, the triangles 
FiPFi and FiFiQ are eijuiangular ; but, by (4), we bave 

mF,P + IFJ* = nFiF^ ; 
accordingly we have 

mFiF^ + IF^Q = nFiQ, 
or mFiG - IF^Q = mF^Fi ; 

i.e. denoting the distanoe from Fs by n and F,Fi by Ci, 



This shows that the distances of any point on the outer oval 
from F, and F, are connected by an equation similar in form 
to (4) ; and, consequently, F3 is a third focus of the curve. 

304. Eqnatlans of Cnrve, relative to each pair of 
Fovl. — In like manner, since the triangles F^QF:^ and FyF^P 
are equiangular, the equation 



mF,Q ~ IFiQ = nF^Ft 
mFxF^ - IFiP = nFiP. 
Eenoe, for the inner oval, we have 



gives 



This, combined with the preceding result, shows (hat the con- 
jugate oyals of a CarteBian, referred to its two extreme foci, 
are represented by the equation 



In like manner, it is easily seen that the conjugate ovals re- 
ferred to the foci Fi and F, are comprised under the equation 



vlura 



«r, - mri = ± lc„ 
c, = FiFi. 



(6) 



305. Relation between the Constants. — The equa- 
tion connecting the constanta /, »jj, h in a Cartesian, which 
"baa three points J",, Fi, F^ for its foci, can he readily found. 
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For, if we substitute in (3), c^ for -F1F3, &o., the equation 
ifl easily reduced to the form 

Pc, + hVs = nfCi, 
or fF^F, + m^F^, + n^F.F^ = o, (7) 

in wMeh the lengths F^Fi, &o., are taken with their proper 
signs, viz., F^F, = - FiFg, &o. 

306. Conjugate Ovals are InTerse Cnrres. — Next, 
since the four points Fi, P, Q, F^, lie in a circle, we have 

F,P . F.Q = F,F,.F,F, = const. (8) 

Consequently the iico conjugate ovals are inverse to each oMpr 
with reepeot to a circle* whose centre is Fi, and whose radius 
is a mean proportional between F^F^ and J'li^j, 

It follows immediately from this, since Ft Hes inside both 
ovals, that F3 lies outside both. It hence may be called the 
external focus. This is on the supposition that the oonatantst 
are connected by the relations n> m> I. 

Also we have 

I PF,Fi = L PQF^ = t FMyPi = L FiFiP, ; 

hence the lines F3P and F^P, are equally inclined to the 
axis FiFs. Consequently, if Pj be the second point in whioh 
the Hne F^P meets the inner oval, it follows, from the Hym- 
metry of the curve, that the points Pt and Pi are the 



• It is eaaily eeen that when I = o the Cartealan whoaa foni are Fi, F2, ft, 
reduces to thie circle. A^in, if n — o, the Carteeian beoomes ODOthsT oiDle. 
vhoae centre ia Fs, and vhich, as shall bs presently eeen, cuts oithogonally the 
Bystem of Cartesians which hsTe Fi, Fj, Fa for tbeic foci. These circles m 
called hy Prof. Crofton (lystuaciioni, London Malhemaiical Socielg, it66), ttis 
Cotifaeal Circlet of the Cartesian syBtem. 

t From the above discuBsion it will appear, that if the geaeial equadon of 
a Cartesian be written Ar -I- fir* = w, whore d represents the distanes betireeD 
the foci ; then (1) if, of the constants, K, /i, v, the greatest be p, tbe cmye ii 
referred to its two internal foci ; (3) if r ba intermediate between A and /i, ths 
curve is referred to the two extreme foci ; (3) if c be the least of tbe thrco, tbe 
curve is referred to the external and middle focus ; (4] it A = >i^ tbe curve ia 1 
conic ; (5) if i- = A, or p = ji, tbe curvu is a lima^on ; [6) il ons ol thii oonstMM 
A, /i, y vuuEh, the curve ia a circle. 
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reflexions of each other with respect to the axis i^iFj, and the 
triangles F^PiF^ and FiPiF^ are equal in every respect. 
^ain, since 

z FJ'F^ = z F.QF^ = L F^yP, = l F^FiP-,, 

the four points P, Pj, Ft and F-^ lie on the circumference of a 
circle. 

Prom this we have 

F,P . F,P^ = F,F, . F,F^ = constant. 

Henoe, the rectangle under the segments, made by the inner oval, 
on any tramrersal from the external focita, is constant. 

In like manner it can be shown that the same property 
holds for the segments made by the outer oval. 

If we suppose P and Pj to coincide, the line iy becomes 
a tangent to the oval, and the length of this tangent becomes 
coofltant, being a mean proportional between F^Fi and FiF«. 

Accordingly, the tangents drawn from the external focuB 
to a system of triconfocal Cartesians are of equal length. 

This result may be otherwise stated, aa follows : — A system 
of triconfocal Cartesians is cut orthogonally by the confocal circle 
whose centre is the external focus of the system {Prof. Crofton). 

This theorem is a particular case of another — also due, I 
believe, to Prof, Crofton — which shall be proved subsequently, 
viz., that if two triconfocal Cartesians interseet, they out each 
other orthogonally. 

307. ContitrnctloD for Tangent at any Point. — 
"We next proceed to give a geometrical method of drawing 
tlie tangent and the normal at any point on a Cartesian. 

Betoiuing the same notation as before, let R be the point 
in which the line F-iD meets the circle which passes through 
the points P, K, F^, Q ; then it can be shown that the Unes 
PR and RQ are the normals at P and Q, to the Cartesian 
oval which has P, and P, for its internal foci, and Fa for its 
external. For, from equation (4), we have for the outer oval 

dri , dr, 
m — — ( -T- = o. 
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Hence, if wi and wj be tlie angles which the normal at Q 
makes with QJl and QF^ respectively, we have 




hut 



Fig. 80. 

Again, we have seen at the commencement that 
l-.m^DQ-.F^Q; 
also, by similar triangles, 

RQ-.RF.,^ DQ:F^Q.^l:m; (10) 

EQ-.SFi = siniiQP : sin^QF,; 

Jience 

sin HQF^ : sin BQF, = l:m. 

Consequently, by (q), the Hue 2tQ is the normal at Q to tiie 
outer oval. In like manner it follows immediately that PB 
is normal to the inner oval. 

This theorem is given by Prof, Crofton in the following 
form: — The arc of a Cartesian oval makes equal angles mlh the 
right Hue draionfrom the point to anyfocm and the circular are 
drawn from it through the two other foci. 

This reBult furnishes an easy method of drawing the 
tangent at any poiut on a. Cartesian whose three foci ore 
given. 
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The construction may be exhibited in the following 
form: — 

Let Fi, Fi, F-i be the three foci, and P the point in queatlon. 
Describe a circle through P and two foci Fi and F^, and let 
Q be the second point in which F\P meets this circle ; then 
the line joiniEg P to .fi, the middle point of the arc out off 
by PQ, is the normal. 

308. Confocal Cartesians Intersect Orthogonally. 
— It is plain, for the same reason, that the line drawn from 
P to Ri, the middle point of the other segment standing on 
PQ, is normal to a second Cartesian passing through P, and 
having the same three points as foci — Fi and Fi for its in- 
ternal foci, and Fi for its external. 

Hence it follows that through any point two Cartesian orals 
can be drawn having three given points — which are in directum — 
for/oci. 

Also the two curves so described cut orthogonally. 

Again, if RC be drawn touching the circle PRQ, it la 
parallel to PQ, and hence 

F,C:F,C = F,R:RD = F^R' -.FJR.RD; 

but F^R .RD = BP'; 

.: F,C : FC=FJi' : PR;' = »»' : />. (11) 

Henoe the point C is fixed. 
Again 

CR : F,D = iJK : DF^ ^m'-.m" -I'; 



which determines the length of CR. 

Next, since RP =RQ, ii with R as centre and SP as 
radius a circle be described, it wUl touch each of the ovals, 
from what has been shown above. 

Also, since Cis a fixed point by (ii), and CR a constant 
length by (12), it follows that the locus of the centre of a circle 
vhich touches both branches of a Cartesian is a circle (Quetelet, 
Jfouv. Mim. de I'Acad. Roy. de Bruee. 1827). 
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L the following figure, in 



This oonstruotion is shown i 
which the form of two conjugate 
ovals, haying the points Fi, Fi, 
Fi, for foci, is exhihited. 

Again, since the ratio of 
FiR to RP is constant, we get 
the following theorem, whieh j 
is also due to M. Quetelet :- 

A Cartesian oval is the \ 
envelope of a circle, whose 
centre moves on the circum- 
ference of a given circle, while 
its radius ia in a constant ratio 
to the distance of its centre 
from a given point. 

310. Cartesian Oval as an Envelope. — This con- 
struction has been given in a different form by Professor 
Casey, Transactiom Royallrish Academy, i86g. 

If a circle cut a given circle orthogonally, while Us centre 




i along another given* circle, its i 



I Cartesian 



oval. 

This follows immediately ; for the rectangle nndar F,P 
and F,Q is constant (S), and therefore the length of the tan- 
gent from F, to the oiiole ia constant. 

This result is given by Prof. Casey as a particular case of 
the general and elegant property of bicircular quartios, viz. : ii 
in the preceding construction the centre of the moving circle 
describe any conio, instead of a circle, its envelope is a bicir- 
cular quartia 

• It ifl eaaQy aeea that the Itree fooi of tie Cftrteaian oval are : the csntw 
of the orthogoiuil centre, and the limiting points of this and the othei flud 
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^^" ElAMPtES. 




If the foouB F, be taken aa pole, and the iioe F,Fi an prime 
obtain, for the polar equation of the curre. 


afDGUBBBpole. 

,e.to., wdduaj 


(„fi _ P)ri - ac,(™i - P COB e)r + *,'(«" - F) - 


0. 


The equations with raapect to the other foci, taken as pole 
> change of letters. 

1. Henoe nay equation of tha fonn 


, QTB olitainedby ^^ 


r'-i{a + bcosB)r + c' = o 






^ 


3. Henco deduce QuetGlut'e theorem of Art. 302. 


1 


4. If any chord meet a Cartesian in four points, the sum of their distances 1 
from any focus is conatont ? 1 
For, if we eliminate B between the equation of the cuire and the equation of 

xbo second term. 


5. Show that the equation of a Cartesian maj in general 


be brought to the [ 


S» = Fi, 




wheie S represents n circle, and L a right line, and A is a cod 


atant. | 


6. Hence abow that the curve is the envelope of the variable cireb 1 


ML + IAS + i" = 0. 




Compare Art. 309. 

7. From this show that the oarve haa three foci ; >. e. 
drcUs having double conlact wiUi the carve. 




8. The base angles of a variable triangle move on two fixed circles, while 
the two sides pass through the centres of the cirnlee, and thebase passes through 
■ fixed point on the line joining the centres ; prove that the locus of iLe vertex 
b a Cartesian. 


9. Prove that the inverse of a Cartesian with respect to any point u a bi- 
riKDlai qoartic. (S» Salmon, mgher Flaiu Ciimei, Arts. iSo, j«i.} 


10. Prove that the Carteaian 




r'-2(a + Scose)r+c' = o 


J 




J 
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CHAPTEE XXI. 



ELIMINATION OF CONSTANTS AND FUNCTIONS. 

311. Ellmlnatloii of Constants. — The process of dii- 
ferentiation is often applied for the elimiiiation of constants 
and functions from an equation, so as to form diff'ereniial 
equations independent of the partioular constants and func- 
tions employed. 

Wo commence with the simple example j/' - ax + b. By 

differentiation we get 2ij~ = a,& result independent of h. 
A second differentiation gives 

a differential equation containing neither a nor b, and which 
accordingly is aatiefled by each of the individual equations 
wiiich result from giving all possible values to a and i in the 
proposed. 

In general, let the proposed equation he of the form 
f{x, y, a) = o. By differentiation with respect to ai, we get 



The elimination of « between this and the equation/(3!,y,o)=o 

leads to a differential equation involving a-, y and -^, which 

holds for all the equations got by varying a in the proposed. 

Again, if the given equation in x and y contain two 

constants, a and b ; by two differentiations with respect to r, 

we obtain two differential equations, between which and the 
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original, when tbe constante a and b are elioiinated, we get a 

differential equation eontaining x, y, — and -^, . 

In general, for an equation oontaioing n oonatante, the 

resulting differential equation eontaina x, y, —, —-^ . , , ^ ; 

arising from the elimination of the 71 oonatanta between the 
given equation and the n equations derived from it by buc- 
oeseive (^Aerentiation. 

EliKPLES. 
I . Eliminate a from the equation 



a. Elitainits a and {S from the equatioi 
3. £liniiiui(e the cooatAQta a anil & from 
^. Hliroin&te a and b from the equation 



Aoi. 

le equation 



's> 



rf'w 



.1" + 1» - «■ ■ 



This agreeB with th« formula for the radius of curvature in Art. lib. 
and 3 from the equatioa 



'. Eliminata tbe constanU at, a 



„ from the eq^uatiDn 
y^^W+flol' + oii'-' + .-■«». ^«». ^= *!»•')(')■ 
late the conitants a and S from the equation 

itte a and t fram the equation 



-J,"' 



ite, by differentiation, c, e' from the equatioi 
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312. dlimination of Transcendental Fanctioiis. — 

The process of differentiation can also be employed for the 
elimination of transcendental functions from equations 
of given form ; for example, the logarithmic function 
can be eliminated by differentiation from the equation 

qj = log [x)y which gives — = ^y-r- We have met several 

instances of this process already ; thus, in Art. 86, we 
foimd that the elimination of the symbolic functions, sin and 
sin"^ from the equation y = sin(m sin"' a?) leads to the diffe- 
rential equation 

d^^j dy 

doir dx 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — ^viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject belongs to the 
Integral Calculus in connexion with the solution of differential 
equations. 

Examples. 

I. y = tan-^a:. Am. -f- = -, 

dx 1 +jr^ 

3. Eliminate the exponential and logarithmic fimctions from the equation 

4. Eliminate the*circular and exponential functions from y — tFmiX. 

Here 3- = c* sin a: + a* cos a; = y + a* cos a? ; 

. ax 

d'^y dy . dy 

therefore — 4 = -^ + e* cos a? - «* sin a; = 2 ^ - 2y. 

dx^ dx dx 

5. y =■ . Ans, ^ = I - y«. 

dHf dv 

6. y = sin (log x). Ans. «* ^4 + «^ + y= 0. 

dx* dx 



\ 
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rln the preceding examples we oonBidered only the case 
of a single independent variable; the differential equations 
anived at in such cases are called ordiimry differential equa- 
tions. 

When our equations are of such a nature as to admit of 
two or more independent variables, the equations derived from 
them by differentiation are called partial differential equa- 
tions. We proceed to consider some cases of elimination 
■which introduce differential equations of this class, 

313. Elimination or Arbitrary Faoctlons. — The 
equations hitherto considered contained only two variables ; 
we now proceed to the more general case of an equation in- 
volving three variables, two of which accordingly can be 
regarded as independent. We shall denote the independent 
variables by the letters x and .v, and the dependent variable 
by z. It will also be found convenient to adopt the usual 
notation, and to represent the partial differential ooeffioients 
<fe ilz_ (l^z j£s_ d^ 

dx' Uy' da^' drdy' di/"' 
by the letters p, q, 1; s and t, respectively. 

We proceed to show that in this case we are enabled by 
differentiation to eUminate functions whose forms are alto- 
gether arbitrary. In fact we have aheady met with examples 

of this process ; for instance, if : = .t" ^ f - J we have seen, in 
Art, 102, that in all oasoa we have 
dz dz 
^^+^^ = "- 
whatever be the form of the function ^ ; this function aooord- 
ingly may be regarded as completely arbitrary in its form, 
and the preceding differential equation holds whatever form 
is assigned to it. This can also be shoivn immediately by 
differentiation. Conversely, it can be established without 

difficulty that x" ip [-) is the most general form of s which 

satisfies the preceding partial differential equation. This 
process, as in the case of ordinary differential equations, 
— ea under the province of the Integral Caloulufi, and is 
2 c 2 
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mentioned here merely for the purpose of showing the ooa- 
nesion between the integration of differential equations and 
the formation of such equations by the method of elimination. 
As another simple example, let it be proposed to Gliminate 
the arbitrary function from the equation s =/(^° + j/=). 



Here 



hence we get 



*f}i 



yp - xq = o; 

an equation which holds for all values of s whatever the form 
of the function (/) may be. 









!«=iir + 5y + »Va^ + )(' + <'. 



314. Condition that one Expreaaion Is a PanctiOB 
of aootlier. — Let s = ^ (c), where c is a known function of 
X and y. 

dz ,, , dv d% ,, , "'- 
Here X„ = fl'Wx. rf7 = *» 



dx 



dx' dy 



'dy' 



,, „ dz dv dg dv dv dv 

thererore -^-j — i-^- = o, or p -, — g-—^o. 
dxdy dydx ^ ay ' dx 

This furnishes the condition that s should be a function of 
the quantity represented by v. Also, denoting z by V, and 
supposing V and i' to be two given explicit functions of * and 
y, the condition that V is a function ofv is that the equation 

rfTrfr d_Vdv _ ■ 

dx dy dy dz~ ^ 
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shall hold for all values of x and y, i.e. shall be identically 
Bfttiafied. For instance, if 



vy^^-'A 



dVdv dVdv 



= o, identically ; 



hence F is a function of v in this case. 

Thia can also be independently verified ; for, ii x = sin 6, 
and ff = Bin f , we get 

a g - cos ^ _ t S + j) . 



BinS - sin^ 2 ' 

f = ain d 00a ^ + cos Q sin ^ = aa {9 + f) ; 

vbioh establifihea the result required. 

We have here assumed that whenever equation ( 1 ) is satifl- 
fied identically, V is expressible as a function of v : this can 
be easily shown as follows : — 

Since Vani v are supposed to be given functions of x and 
y, if one of these variables, y, be eliminated between them we 
can represent F as a function of v and x. 

Aooordingly, let 

dx dx dv dx' dy dv dy ' 

., , dVdv dVdf> df dv 

therefore -TZr-^T^"^^- 

dx dy dy dx dx ay 

Hence, since the left-hand side is zero by hypothesis, we must 
have -r= o; i.e. the fimction f{r, v) or V reduces to a func- 
tion of t> simply ; which establishes the proposition. 
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315. More generally, let it be proposed to eliminate the 
arbitrary function from the equation 

where F'and v are given functions of three variables, ar, y, 
and z. 

Eegarding x and y as independent variables, we get by 
differentiation 



— + 
dx 



dV ,, .fdv dv\ 
^d^=^^'\dx^^dz} 



dV dV „v/^«? dv' 
eliminating 0'(«?) we obtain 



fdVdv^^dv^dV\ 
\dz dy dz dy J 



dVdv^dV^ 

dx dy dy dx -^^ ^-^ -^ - 

fdVdv dvdV\ , . 

^\^dz'Txd^)^'''^ (') 

a result independent of the arbitrary function 0. 

This equation can also be established as follows : — 
Differentiating the equation V = ^(v)y considering or, //, z 

as all variables, we get 



— dx + — 
dx dy 



dy + -r- dz == 6 {v)[-r dx + -r dy + -r dz], 
dz ^ ^ ^ \dx dy dz J 



Then, since the form of {v) is perfectly arbitrary, this equa- 
tion must hold whatever be the form of the function ^ (r), 
and hence we must have 

^^^ ^^^ ^V^ 

dv , dv ^ dv ^ 

-J- dx + -7- ay + -7- fife = o. 

dx dy dz 



iz 
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Moreover, introducing the condition that z depends on x 
and yy we have 

d% = pdx + qdy ; 

consequently, eliminating dxy dy^ dz between this and the 
equations in (3), we get 

dV dV dV 
dx ^ dy ^ dz 

dv dv dv 
dx* dy* dz 

which agrees with the result in (2). 



= 0; 



(4) 



Examples. 



Eliminate the arbitrary functions in the following cases : — 
I. 2 = ^(a sin^r + ^ siny). 



dz dz 

Ans. b cosy- — a cos a; — - 

dx dy 



= o. 



V 

2. z = e»p{x - y). 




dz dz z 
dx dy a 


3. z'i^xy + 4>(^^y 




dz dz xy 
dx dy z 


^•y-r^G-J)- 




„dz „dz 
dx dy 






(x» + y') J = >* + '=='• 




©■ 


dz dz / 


6. z = a Va:'^ + y"^ + ^ 


X— + yy- = «Va;'* + y'». 
dx dy 


7. z = (x + y)n<p{x^- 


>')• 


dz dz 
dx d>/ 



8. ar* + y2 + a2 = ^(aa; + ^y + cz). 



Ans. ibz - cy)— + (cj; —az)—^ay- ox, 
^ ' dx ' dy ' 
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316. Next, let it be required to eliminato the arbitrary 
function ^ from the equation 

F{x,y,z,^{u)] = o, 

■where « is a given expHoit funotion of x, y, and 3. 

Regarding x and ?/ as the independent variables, we may 
differentiate the equation with respect to x, and also with 
respect to y ; then, since e is a function of x and y, we have 



dx 



'■■^M_ .,,A'?« 



(du du \ 
„ ,fdu du \ 



and 

dy 

hence we obtain two partial differential equations involving 
«■, ff, z,p, q,^{u),and^'{u). Accordingly, if ^ (h) and ^'(h) be 
eliminated between these and the origmal equation, we shall 
have a resulting equation containing only x, y, s, p, and g. 

317. Case Df two or more Arbitrary Fnnctloiu. — 
If the given equation contain more than one arbitrary func- 
tion, we have to proceed to partial differentiations of a higher 
degree in order to eliminate the functions : thus, in the case 
of two arbitrary functions, ip{u) and ^p{■v), the first difforeu- 
tiations with respect to x and y introduce the functions ^'(11) 
and i^'(t'). It is plainly imposaible, in general, to eliminate 
the four arbitrary functions between three equations ; wa 
accordingly must proceed to form the three partial differen- 
tiab of the second order, introducing two new arbitrary 
functions ^"('0 and ^"(f)- Here, again, it is in general 
impossible to eliminate the six functions between six equa- 
tions, BO that it is necessary to proceed to differentials of the 
third order : in doing so we obtain four new equations, con- 
taining two additional functions, f"'{ii) and -^'"{c). Aitei 
the elimination of the eight arbitrary functions there would 
remain, in general, two resulting partial differential equations 
of the third order. 

318. There is one case, however, in which we can alwaya 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary functions are funotionfl of 
the same quantity, 11, 



Case of Ttco or more Arbitrary Fumtions. 
Thus, suppose the given eqaation of the form 

vhere u ib a known function of x, y, and s. 
By differentiation we get 

dF dF dFfdii dH\ 
dF dF dFfdu du\ 



Eliminating -j- between these et^Qations, we obtain 



dFdu_ dFda 
dx dy dp dx 



fdFdu dFdiA 

\dz dy dy rfs/ 

fdFdu dFdu\ 
\dr di 



■di d^ dz)~°' 



(6) 



This equation contains only the original funotions ^ («], 
^(u), along with x, y, z, p, and q. Again, if we apply the 
flame method to it, we can form a new partial differential 
equation, involving the same functions ^[u) and i/'("). along 
With X, y, z, p, q, r, s, t. 

The elimination of the unknown funotions, (m) and if, (w), 
"between this last equation and equations [5) and (6), leads to 
the required partial differential equation of the second order. 
The result in (6) admits also of being arrived at by the 
method adopted in the second proof of Art, 315. For re- 
garding X, y, «, as all variables, we get from (5), on differen- 
tiation, 

4F. dF^ dF ^ 

•^ dy ds 



dF/du 
du \dj! 



, du , du , \ 
dx+-rdy+— dz =0. 
dy ' dz J 



But 



dF_ 
da 



M') 



♦'(«) - 



■<*(«) 



*■(«). 
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and accordingly, since (7) must hold for all values of ^\u) 
and ^l/[u)j we have 



and 



dF , dF ^ dF ^ 

-r dx + -j—dy + -z-dz = Oy 

dx dy dz 

du , du ^ du . 

-r dx + -T- dy + -z- dz = o. 

dx dy dz 



> 



(8) 



Eliminating between these equations and 

dz = pdx + qdy, 
we get the following determinant : 



dF 
dx' 

du 
^' 

P. 



dF 
dy' 

du 

Jy' 



dF 
dz 

du 
dz 

- I 



= 0; 



(9) 



which plainly is identical with (6). 

This admits also of the following statement : substitute c 
instead of «^ in the proposed equation : then regarding c as con- 
stant, diSerentiate the resulting equation, as also the equation 
w = c (on the same hypothesis) : on combining the resulting 
equations with 

dz = pdx + qdy^ 

we get another equation connecting {c) and yfj (c) ; and 
applying the same method to it, we obtain the result, on 
eliminating the arbitrary functions 0(c) and -^{c) between 
the original equation and the two others thus arrived at. 
These methods will be illustrated in the following ex- 
amples. 



?^ 



Hart ji=^~ - ^a^'cr -jirf'c JJL 

> •=: - 

— = = T;r*. SIOIBOHb. 



'=e)-'i©- 



or f*r - 2ff» ^jri — a 



- = — . 



or ^{n&'i-Mfy}-^(«d:r+c4f) = 0» 

which, oomlHiied with pdx + ^i^if 3 o, 

leads to tht nme result as before. 

Hero p = ^(oar + *y) + a {x^'(ax + *y) + y*'(«JP> *y)l> 

^ = if^{«2; + by) ■\-b{x^'(ax + *y) + y+'(«JP + *y)}; 

therefore bp-aq = b^[ax + by) - at^(ax + by) ; 

hence ^ - a# = a {*^' (ac + ^) — aif^'(ax + *y)} , 

bt -at ^b [b<p'(ax + by) -^ a^'(ax + *y)}; 

therefore b^r — 2ai# + a^t «= o. 
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Otherwise thus : let ax •}■ hy = c, then adx + befy = o; also, dz = ip{e)dz 
+ if/(c) dy, and dz = pdx + g^^y ; hence 

bp — aq = btpfc) - aylf{e). 

Differentiating again, we get 

bdp — adg = o, or b(rdx + sdy) — a{8dx + tdy) = o. 

Combining this with the equation adx -H bdt/ =■ o, we get 

h^r - 2a*# + aH = o, 
as before. 

319. Case of n Arbitrary Fancttons of same 
Functloii. — It oan be readily seen that the preoeding 
method is capable of extension to the elimination of any 
number n of arbitrary functions from an equation, provided 
that they are all functions of the same quantity u. 

For the equation (6) plainly holds in this oase, and, pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the n** order of differentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the n*^ order which is 
independent of the arbitrary functions in question. 
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EXAJEPLES. 



1. Given y = ««»(C+ (7'a?), prove that 

d^y dy 

dx* dz 

2 . KliTninate the constants from the equation 

y = Ci^ COS 3a: + (h^ sin 3*. Ans, ^-4^+^3y = o- 

3. Elixninate C and C* from the equations 

COS»M? ^ _, . 

(a). y = -= = + C cosftrc + C sm fw, 

(d) y = fl;siniia;+ ^C06fM;+ t7' sinna:. 

dh/ d^y 

-^^- W tI"+ **V = cosmar. (i) 3-3- + «'y = 2» cosna?. 

oar <Mr 

4. Eliminate the arbitiary functions from the equation 

t ■ -^ + ^(y + a«) + T|/(y — aa?). Ans, r - a^t = zy. 

5. Eliminate the functions from the equation 

z dh/ dy 

y=s Acoa (a am-* - + a). -4fM. («• - a?*) t-=-- a? ^ + a'y = o» 

6. Eliminate A and a from 

c{ y rfy 

y s ^ cos (iia; + a). -4>w. ^ -ft cot *Mf ^ + « y sm'fia: =0. 



7. If£ = oo8aa; 



4> [-] + sin aa?4' (-) > prove that 



ra:2 + 2ury + <y» + a^a^t = o. 
8. If ai, 02, as be the roots of the equation 
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prove that the result of eliminatmg the exponentialB from the eqnatioii 

d^y d^y dy 

9. Find the result of the elimination of the arbitrary functions from 

z = ^(a; + ay) + ^(x — ay), Ans, aV — ^ = 0. 

10. \iz-f (-) + ^(^y)> prove that 

x^r — yH -^^ xp — yq = 0, 

1 1. If aery + berv = cC + der*, prove that 

Idx'i + \ax) dxj L U«/ J ^dx\dx^)' 



12. z = X^<p 



e)-^-*©- 



Ans. x^r + 2ary5 + y*^ - (m + « - i) tpa; + ^y) + mi>z = 0. 

13. Eliminate the arbitrary functions from the equation 

z=iip {x +f{y) } . Ans. ps — gr = o. 

14. If the substitution of Ae**" for y satisfies the differential equation with 
constant coefficients, 

d**y , d»'^y . dy 

prove that a must be a root of the equation 

«" + ??i a»»"^ + . . . + i7,»-l z + i?n = o. 

15. Eliminate the constants from the equation 

aa;2 + 2bxy + ey^ + 2dx + 2ey +/s=;o. 

Ans. 40r5 - ^S9^' + 9^t = 0f 

where «-^ ^-^ ••-'''y ^p 

where i^--, ^-— , r-— ,&c. 
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CHAPTEE XXII. 



CHANGE OF THE INDEPENDENT VARIABLE. 

320. Case of a Single Independent ITariable. — We 

have already pointed out the distinction between indepen- 
dent and dependent variables in the formation of diflPeren- 
tial coefficients. 

In applications of the Differential Calculus it is sometimes 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

To show how this transformation is effected we commence 
with the case of one independent variable, and suppose V to 

represent any function of a?, y, ^, -—^ &c. We proceed to 

when, instead of Xy any function of x is taken as the indepen- 
dent variable. 

Let this new function be denoted by ty and suppose that 

— , -TTj , &c., are represented by a?, i-*, &o., then in all cases 

Cvv Ov 

we have 

du du dx . du 
dt dx dt dx* 

where u is any function of x ; 

iw=||(«). (•) 



Change of the 



" dx\dx} dxXidtj idl\itlt/ 



I* 



{substitatiDg --J- inBtead of « in (i)); 



d^y ,dy 



idt 



^ 



Again, 



d'p .. rf.y' 



(( de dt ) 



*.^_ 



.. rf'v dy 



l3(i) 



and so on for differentiationB of higher degrees. 

If y ba taken as the independent variable, we obtain the 
oorresponding values by making 



d'y 



dx dx' d 

dy 

d^9 _ Adf) 
da? (i 



dt 



dx d'x 
dy dif _ 



andsi 



w 



The preceding reaults can alao ba arrived at otherwise, 
as follows. The essential distinction of an independent 
variable is, that its diSereutial is regarded as constant; ao- 

cordingly, in difEerentiating -j- when x is the independent 
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variable we have d(-j-\ = -j-. However, when a^ia no longer 

regarded as the independent variable, we muBt consider tlie 

numerator and the denominator oi the fraction — as both 

dx 
variables, and by Art. 1 5, we get 

/"rfj/N _ rf*(f' J -dyd'x d fdy\ _ dxd'^y - 



\dzj d^ ' dx\dxj dz" 

Difleientiating again on the same hypothesiB, we get 
d fd't/\ dx'd^y - dxdyd^y ~ ^dxd^xd^y + 3 {d'xYdy 
d^\d^) ^ ~lt? " 

These results are perfectly general whatever fimotion of .r 
be taken as the independent variable. Their identity with 
the equations previously arrived at is manifest. 





ElAUTLEe. 




ing given liat 2 = 


alt- Bin*), v = « 


1 - CM «), find the Titlue 
Ani. ~' 



3. Hence deduce tli« expreiaioD for the mdiuB of cm 

It Tolue ot -r~. 
dx' 



4, Clunge llie independeDt variable from z to in the ezpreuiou - 
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5. Transform the equation 

d^u dv 

into another in which B is the independent Variable, being giyen x = ^. 

Here ^=^?^=:-p^; 

d9 dx d9 dx* 



d^ dy 
dx^^^dx' 



d (dy\ d ( dy\ d^y „ 

and the transformed equation is 

6. Transform the equation 

, d^y dy a^ 

da^, dx a^ 

into another where z is the independent yariable, being given a; s -.. 

z 

It is eyident that in this case a; -r- = — « ~, and 

dx de 



X 



dx Vdx) " ^dz yde)' 



dx^ dx dz^ dz 

therefore **t:I + 2x^=z^ ^ ,^, 

da^ dx dz* 



and the transformed equation is 



d^v 



7. Change the independent variable from a; to i in the equation 

d^y I 

«*-TT+«*y = o, wherea: = -. 
dx* ' ' z 



Two Independent Van 
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321. Two Independent Variables. — We will next 
consider tbe prooeas of tranaformation for two independent 
Tariables, and commonea with the tranBformations intro- 
duced by changing from rectangular to polar coordinates 
in analytic geometry. In this cose we have 

j: = r cos fl, y = )■ sin 6 ; (7) 



Accordingly, any fimction, V, of x and y may be regarded 
as a function of r and 9, and "bj Art. 98 we have 



dV dVtb dVdy- 
de ' dx dt* dy d» 
dr dVib dVdy 
dr di: dr* dy dr. 




(9) 


But, from (7), 






^.00.9, ^^^-rmiB.-y, jj-smS, 


dB • 


(10) 


hence we obtain 

dV dr dr 
de ~'dy "<&' 




(■■) 


dr dr dr 

'dF-'di*'^- 




(") 



These transfonnationB ore useful in tlie Planetary Theory. 
Again, we have 

das dr da) dd dx \ 
dV_dVdj^^dVdB\' 
dy ~ dr dy d9 dy 
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But from (S) 


we have 




dr 

dm 


^ = co.e, 




da 

die 


Iff 


sine lis 


dV 
refore 3— = 
dx 


dr 


-Tdf 


dV 


. „dr cotedv 



j 



(■4) 

(■S) 
(16) 
(■7) 



The two latter eq^uatioiiB can also be derived by Bolraig 
dV dV 
for -T— and -7— from the equations (11) and (12), 
dx dy ^ \ J \ I 

d''V d^V 

322. Transformalion of -r-— and -r-^ . — Since' for- 
ax dy 

mula (16) holds, whatever be the form of the fiinoti<m V, 
we have 

rf,, n(^,, sinfld,, 

*<*'""»«*<«-— a (♦'• 

where ^ stands for any function of x and y. On substituting 

-;— instead of *, this equation becomes 
dx ' 

BinO d r .dV 

^ COB 3- 

r dd\_ dr 



dVl 
dO J 
,gtf'F COB e sin e rf' r oo80BinerfF 

siaflr ooa 9 dV oaBd'Vl 



Trm^ormcdion of -j^ and -j-f 
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0. t''=-<7^^'°r'°[r^r 


d'V! 
~ drdii 








J 


In like maoner we get 




m 




drdl>\ 


J 


orn'OdV coa'Sd'V 
* r dr * r' dS' ' 




m 


This result caE be also readily deduced from tlie pre- 


ceding by aubatituting in it - - 9 for 6. 






If these equations be added we have 






d'V d'V d'V idV I d'V , ., 


d'V d'V 
Coordinates, 


d'V , 


polar 






Let the polar transformation be represented by the 
tions 


equfl- 


j: = »■ sin ^ eos 0, y = /' sin ^ sin 0, s = 


r COB ^ ; 




also, assume p = r sin^, and we have 






j' = p0O8e, ^ = /)Sin0; 






1, V , o> ^^ •'''^ ''■'' ""' ■ 
henoe,by(,8),^ + ^.^ + -^+^ 


d'V 
dV ' 








^^ 
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Again, from the ec[iiations 

p = r sin $, 2=1- cos ^, 
we have in like manner 

d'-V d^r d'V \dV 1 d'V 





dp' ' rfs' 


dr- > 


dr r' d^ 






d'V d'F 

d^'^dff^ 


rf"r rfT idV I d'F I 
rfz' ~ dr" * pdp p'dB' p 


r* 


id'V 


But by (17) 


we liave 












dV . dV 
dp ^ dr 


coB(pdV 
r di' 






therefore 


idV 
pdp 


idV 00 

rd^r^- 


^dV 






Hence ire get finally 











d^r d^V iPV_ d^ I fV 
dx' dy- dst' dr' r'sm'ip dff 

1 fV 2dV cot dV 
p" d^" r dr t^ d^' 



(■9) 



324. RenwrluB on Partial Dlfiterentlals. — As already 

stated in Art. 1 13, the student must be careful to attach the 
correct meaning to the partial differential coefBoienta in each 



and 9, and differentiate on the supposition that is constant: 
in like manner the value of -3- in (14) is foimd on the suppo- 



sition that y is constant. 



Geometi-ical lilustraiioit. 



The beginner, aooordingly, mufit not fall into the con- 

fusion of supposing that in this case we have ~ x — = i . 

ax dr 
This caution is necessary, as even advanced Htudents, from 
not paying proper attention to the meanings of partial de- 
rived fimotione, sometimes fall into the error referred to. 

325. Oeometiical niuBtration. — The following geo- 
metrical method of determining the proper values of — and — 

dx dr 
under the preceding hypotheses may assist the beginner 
towards forming correct ideas on this important subject. 

Let P he the point whose coordinates are x and y ; then 
OM = X, PM = y, OP = r, 
POX = 0. Now, in finding 
dr 



^ 



-r, regarding as constant, 

we take on the radius vector 
OP produced a portion PQ 
= ar, and draw Qlf perpen- 
dicular to OX ; then Ax, the 
oorresponding increment in x, 
is represented by MN or PL ; 




therefore 



PL . dx 

= j^=co8e, or ^ = 



Again, to find — on the supposition that 1/ is constant : 

let MNhe Ax, the increment in x, and draw the parallelo- 
gram PLMN, and join OL, meeting in / a circle described 
with radius r and centre ; then LI represents the corre- 
sponding increment in r, and we have 



(for 



- limit of - 



- limit of ^y = 



i iu this ease the values of -j- and y are each equal to 



s before. 



dx 
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The values of -77:, -7-, &o., can be also readily repTOsented 

dd dx 

geometrically in a similar manner. 

326. Idinear Transformatloiis. — ^If we are given 

x = aX + hY+cZ, y = a'J + J'F+c'^; «=a"X+6"F+(^'Z, (20) 

then any function V, of Xy y and 2, is transformed into a fune- 
tion of Xj TjZ; and, as in Ex. 2, Art. 98, we have 

dV dV ,dV ,,dV 

— — = a—— + a 1- a — • 

dX dx dy d% 

dY dx dy dx * 

dV^ dV ,dr ,,dV 
dZ dx dy d% ' 

Again, proceeding to second differentiation, we get 



^^a—(a^+a'— + 
dX^ dx\dx dy 



d% J dy\ dx dy dz J 



d (dV^.dV^ „dV\ 

+ a -r-[a— — ha— — h 



dz \ dx dy 



ds J 



,d'F ,d'r „d'r ,„d^r 

dx' dxdy dxdz ds^ 

df ds^ 
Similarly we have 

d^ V ,,d'r .„ d' r ,„, d' r „, rf' v 



+ 2ho -7—7 + 2hh -r—T ; 
dxdz dydz 



Orthogonal IVaniformatiotu. 



d'V.d'V „d'V 
dZ^"'^ dx-^" df ^ 



I'V 



, d'V 

dxdij 



327. Orlliogonal TransfbriiiBtloiu. — If the transfor- 
be such that 



we have 

o" + 0^ + a"= = 1 , 6' H 



\-Z^, 



ae + o'c' + a"c" = 0, bc+ b'c' + 



(") 



Again, multiplying the first of equations (20} by a, the 
Beoond by a', and the third by a", we get on addition, by aid 
of (21) and (22}, 



In like manner, if the equations (20) be respeotively 
multiplied by b, b', b", we get 



similarly 



F-6;c + iV + ''"<!; 
Z = ex + c'f/ + c"x. 
If these equations be squared and added, we obtain 



«' + 6' + t" = I, a" + b'' + c"' = I, a"- + b'"' + c"' = i. (23) 
««' + hb' + cc' = o, fla" + hb" + cc" = o, aV + b'V + iid' = o. (24) 



Henoe in this case, if tlie equationB of the last Artiole be 
added, we shall have 



d'V dW d'V rfT rf'F d'V 



(^5) 



J 



* 
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The transformations in this and the preceding Ait: 
are necessary when the axes of oo-ordinatea are ohangei: 
Analytic Geometry of three dimensions ; and equation .:. 
shows that, in transforming from one rectangular systei' 

another, the lunotiou —r^ + —rir + —rr- is tinaltered. 
de-' ay az* 

328. Oeneral Case of Transformation for T> 

Independent Variables. — Suppose that we are ^Ten 
equations 

»-Ji(r, 9), f. ,/,('■. 8), (5 

then any function F of a; and y may be regarded as s, funt! 
of r and 9, and we have, from (9), 

dV ^ dVdx dVdy 
dB ~ dx rfe ^ dy dS' 
dV_dV^dx dVd^ 
dr dx dr dy dr' 



where the values of -^, -j^, -j-, x ''"^ ^® determined ifl 



rfj- dy 

10 d9' di-' di- 
equations {26). 

Whenever these equations can be solved for r ifflJ 
separately, we can determine, by direct differentiation,! 

, dr dr d9 dB , , 
values of -r, j-> j"> T ' "^"^ hence by substituting in i 

we can obtain the values of -r— and -7—. 
dx ay 

When, however, this process is impracticable wecsisi 
tain the values of — , ~, &o., by solving for —1 
from the preceding equations. 
Thus, we obtain 

dVdy _ dVdy 
dV dBdf dr d9 
dx dxdy dxdy ' 
M'^'^dB 



I 



Transformaiion for Two Independent Variabk-'^. 

(28) 



dVdx dVdx 
dV d9d?~drd9 



dy dxdy dx dy 
drde~dedr 



The values of -rr~, -r^. &Ct can be deduced from ttese : 
dar dy- 
but the general formulaj are too complicated to be of much 
interest or utility. 

329. Concomitant Fnnctions. — We add one or two 
resultB iu connexion with linear transformations, oommencing 
with the case of two variables. We suppose x and y changed 
into aX -i- iF and a'X + 6'F, respeotively, so that any func- 
tion {x, y) is transformed into a function of X and Y \ let 
the latter be denoted by f i(-I, F), and we have 

Again, let / and y' be transformed by the same substitu- 
tions, i.e., 

3l=aX'-^hl', y'=a'X'+b'Y'; 



then aince x + ki/ 


.a(X 


+ iZ') 


+ J(r+4i") 


and y + k^ 


.a\X 


t tZ') 


+ y(F+iF), 


it is evident that 








^(iT + A-y, y + 


l<!l') - 


♦,(Z + 


iX', F+/tr 


Hence, expanding by 
eqnatmg like powers of k. 


the theorem of Art 
we gel 


dx 


A- 


^ dX 





i 



L 



''^S*"'<'^;dy*'^df^ dX'*^^'' dXdT*" dV 



I u, &a., 
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Aoeordingly, if u represent any function of x and >j, the 

expreBsions denoted by 

are unaltered by linear transformation. 

Similar resulta obviously hold for lineax transformations 
whatever be the number of variables (Salmon's Higher 
Algebra, Art. 125), 

Functions, such as the above, whose relations to a quantio 
are unaltered by linear transformation, have been called con- 
comitants by Professor Sylvester. 

330. Transformation of Coordinate Axes, — When 
applied to transformation from one syat«m of coordinate 
axes to another, the preceding leada to some important 
results, by applying Boole's method* [Salmon's Conta, 
Art. 159). 

For in the case of two dimensions when the origin is 
unaltered we have 



V2X'Y' coBil+ F", (31) 
i between the original axes 



X"^ + 2x'lJ 00s (.. + /= = X" 

where id and Q, denote the ai ^ 

and that between the transformed axes, respectively. 

Multiply (31) by A, and add to (30): then denoting 
^{x, y) by u, and ^i{X, T) by U, we get 

J d'u ^ \ ,Jd^u .N 

" ' + X cos - 1 -^ "^' __ 4. 1 1 



-(S^-)^ 



w 



(i'U 



-)^-(^^ 



X. 



Now, suppose X assumed so as to make the first side of 
this equation a perfect square, it ia obvious that the othar 
side will be a perfect square also. The former oonditioii 



(d^u Afd^u -\ f d'u . 



Tramformation of Coordtttate Axes. 
It ■ . 1 (^^^ '^'w t^'w \ 

or A' Bin' (U + A -r-i + -TT - 2 ~, — r- COB lU 

\(ir ay' ax ay / 

d^ dy' \dxdyj 
Aooordingly, we must hare at the Bame time 



a'Q + A 



dX^ dY^ 



' dXd¥ 



d'Ud'-IT f d'U Y 
'^dX'dY' UXdY)' 

Henoe, comparing coefficients, we get 

Ae' df \dxdyj dX^ dY^ ^ \dXdT) 



(32) 



d'ii 



d^U 

dX'^ 



"^"-' (33) 

Consequently, ii u be any function of the coordinatea of 
a point, the expreBsions 



fwd'u /d'uY 
do? dy' Xdxdyj 



, dx' dij' dxdif 



are unaltered when the axes of coordinatea are changed in any 
matmer, the origin remaining the same. 

In the particular ca^e of rectangular axes, it follows that 

dy <£u ,dydy_ r d'ti Y 
(tc* dy' dx^ dy" \dxdy) 

preBerre the same Taluoe when the axes are turned round 
through any angle. 
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331. Application to Orthogonal Transrorniatlan, 

— It ifl easy to extend the preceding results to three or more 

variables when the transformationa are orthogoual (Art. 327). 

Thus, in tJie oaee of three Tariables "wg have 



--X" 



f Z". 



Multiplying this by X and adding the result to the equation 
that corresponds to (30), it follows that the expression 






dydi 



dxdy 



is unaltered by orthogonal transformation. 

Next, suppose that A is such that the quadratic function 
in z', y' and s' is the product of two linear factors ; then, by 
Art. 107, we have 



rf'w 



dxdy* dy" 
rf'w d'w 

dxdJ dydz* 



dxdy' dxds 



+ A, 



d'M 



(34) 



dzdz 

rBut, as the traEBfonned expreaeion muBt also be the product 
of two hnear factors, we have 



aydx ay' 
d'u d'u iht 
dxdz' dydi dz' 



d'U 



+ i, 



d'V d^V 
dXdT dXdZ 



dX' 

d'JJ d'U 
dXdr' dY- 
d'U d'U d'U 
dXdr dYdZ dZ"* 



+ A, 



d'U 
dTdZ 



■ (35) 



w 


1 
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espreseious 

d'u rf'u rf-M 


ee that the 






•Id 


1 






dxdy' dzdz 
d^ds' rfs' 



are unaltered by orthogonal transformation. 

The first of these results has been already arrived at by 
direct Bubstitntion (Art. 327). 

Jacobians. 

3J2. The results in the preceding Article are portioular 

cases of a claBs of general theorems in determinants, which 
were first developed by Jaoobi {Crelle's Journal, 1841). 
Thus, if K, f, te be functions of x, y, 2, the determinant 

(fu du du 



dx' dy' (fe 



cte' dj/' dz 



w 



was styled by Jaoobi a functional detenuinant Such a 



detenmnant is now usually represented by the notatioa 

d{x, y, a)' 

and is called the Jacobian of the system tt, v, to with respoot 
to the variablos z, y, %. 

In the partioular case where w, v, w are the partial diffe- 
rential coefficients of the same function of the variablea x, y, s, 
their Jacobian becomes of the form (35), and is called the 
Hessian of the primitive function. Thus the determinant in 
[35) is called the Hessian of u, after Hesse, who first in- 
troduced such functions into analysis, and pointed out theii 
importance in the general theory of curves and surfaces. 

More generally, if yi, y^, y^ . . . y„ be functions of «„ r-j, j-j, 
. . . Xn, the determinant 





dy. 


dy. 


dg. 

dx! 


dyi 


' dx. 


dy. 
dx,' 


dy. 


dy, 
■ dt. 



i 



is called the Jacobian of the system of funotione j/„ j/i, 
with respect to the variables x„ ar„ . , . ir„; and is denoted by 



t^i!/', yi-. 



<({x„ X2, . . 



(37) 



Again, if j/„ y^, . . . y,, be differential coefficients of the 
same function, the Jacobian is styled, as above, the Hessian 
of the function. A Jacobian is frequently represented by the 
notation 



the variables x^, x„ . 



x„ being understood. 



Jacdbiam. 417 

If the eqaatioDBfor jfi, yi, . . . y« be of the followmg foim : 

Vi =/i(iPi), 

• • a • 

y« =»/«(iri, a?2, . . - ar,), 

it ifl obTioiis that thehr Jaoobian reduces to its leading term^ 
viz.. 

This is a case of a more general theorem, which will be 
given subsequently (Art. 336). 



1. Find the Jacobian oi yuyt, ... y», bemg giyen 

yi»= an «4 . . . «„.i(i - Xn). Afu, J={- i)*xi^^X7r^ . . . a?».i. 

2. Find the Jacobian of xi, X2, . • > Xn with respect to 9i, ^, ... 9nt being 
giyen 

Xi = coeBi, X2 = onBi coe 02t arj = sin 0i sin 02 cos 03> • > . 
^=giii9isin03sin^...sui 0fi.i cos 9i». 

^«#. ^(^» ^^» • • • ^) = (_ ,)» 8in»e, . gin«-i ft, . . . sintf,. 
diOiy ezf . . .9n) 

333. Case of tbe Functloiis not being Indepen- 
dent. — ^If the system yi, ys, . . . ^n be connected by a re* 
lation, it is easily seen that their Jacobian is always zero. 

For, suppose the equation of connexion represented by 

F[Vi9 V23 . • • y») = o ; 

2 E 
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then, differentiating with respect to the variables Xi^Xi . . . x^^ 
we get the following system of equations : — 

dF dyi dF dy^ dF dy^ _ 

dyi dxi dyz dxi " ' dyn dxi ' 

dF dyi dF dy^ dF dyn _ 

dyi dxi dyi dxz " ' dy^ dxz ' 



dF dyi dF dy2 dF dy^, __ 

dyi dxn dy2 dxn * " dy^ dxn'^ ' 

whence, elinunating -r— , -r— , . . . -r— , we get 

dyi dy2 dy^ ^ 

djyi, y» « » » yn) ^ ^ , x 

d{Xiy Xi^ . . , Xn) ' ^ ^ 

The converse of this result will be established in Art. 337 ; 
and we infer that whenever the Jacobian of a system of 
functions vanishes identically, the functions are not indepen- 
dent. This is an extension of the result arrived at in Art. 314. 

334. Case of Functloiis of Fimclioflusi. — ^If we sup- 
pose Ui, U2, U3 to be functions of yi, yj, y^^ where yi, ^2, yz are 
given functions of Xi, Xz, x^ ; then we have 

dui dui dyi dui dy2 dui dy^ 
dxi dyi dxi dy2 dxi dy^ dxi 

dui ^ dui dyi dui dy2 dui dy^ 
dx2 dyi dx2 dy2 dxt dy^ dx^ 

dui dui dyi dui dy2 dui dy^ 
dxz dyi dxz dyz dxz dy^ dx^ 

&o. 
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multiplioation of de- 



Henoe, by the ordinaiy rule for 
tenamants, we get 



d«k tlui da, 
(ir,* dti' dx. 




da, 


du, du, 

di; d^. 




dy, 

d,; 


dy. dD, 
dtl di. 


du, du, du, 

di; fo,' ife, 


■ 


du. 


du. du. 
dy. dy. 




dy. 
dx! 


dy. dy. 
dx.' dx. 


Jb, *, dn, 
yi; <«.,' du. 




du. 


du. du. 
d'f dy. 




dy, 
dr.,' 


dy. dy. 
dx,' dx, 



(40) 



d{U\, «:, Uj) 



diy„ y 



•^ d(y„ y„ y,) 



d{x„ X., X.) d(y„ y„ y.) ' d{x. 
It follows as a paiticular case, that 

d{yu y., 



d{x,. X., X.) 



^ d{x„ X., Xi) ^ 

' ''to., yu y.) 



.(41) 



These resulta are readily generalized, and it can be shown 
by the method given above, that 



d(«, 



-■«„) <1{U„: 



■ «n) t^d/u i 



This is a generalization of the elementary theorem 
(Art. 19), 



Again, 



rf(yn ga. ■ 



de dy dx 

. y„) d(x„ Oh, . 



.*,). 



(43) 



d,{x,, xi, ... Xn) d(^i, y,, - . . Vn) 
This may be regarded sb a generalization of the result 

dy ^ dy 



335- Jx^obtan of Implicit Fnnctions. — Next, if ' 
u, p, w, instead of being given explicitly in terma of a-, y, ; 
be connected witli them hj equations such as 



■Fi{«,y, 3,1 



«')=o,i^,(:r,j/,. 



ic)=o,F,(a^,i/,s,u,v,w)^o, 



then H, u, w may be regarded as implicit functions of x 
In this case we have, by differentiation, 



I 



dF, dF,dii dF, dv_ dF, dw _ 

dm du dx dv dx dw dx 

dFi dF, du dF\ (h dF\ dw_ 

dy du dy dv dy dw dy 

dFt dFi du dl\ dv dF^ du; 

die du dx dv dx dw dx 



Henoe we observe, from the ordinary rule for multipli- 
cation of determinants, that 



(44) 



dF, dF, dF, 




du dv dw 




dF, dF, dF, 


du ' dv ' dw 




dx' dx' dx 




dx- dy' d% 


dF^ dF, dF, 
du' tfo ' dw 




du do dw 
dy' dy' dy 


- 


dK dF, dF, 
dx ' dy' dz 


dF, dF, dF, 
du' dv ' dw 




du dv dw 
dz ' dz' dz 




dF, dF, dF, 
dx' dy' dz 



This result may be writtten 

d(F„ F„ F,) d(u, », w) 
d(«,v,w) ■ d(x,y,n)' 



d{F„ J., F.) 
d(x,y,:) ■ 



The preceding can be generalized, and it can he readily 
shown by a like demonstration that if y,, yi, y„ ... g. 
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are oonneoted with x^ Xzy x^ — x^ by n equations of the 
form 

-Pi (^1, X2 . . , Xny ^1,^8... y«) =- o, 

F2{Xiy X2 .. . Xny yi, ^2 . . . ^n) = o, 



Fn {Xiy X2 . .. Xny yi, t/z . .' j/n) = O, 

we shall have the following relation between the Jaoobians : 

d{F,, F,,... Fn) %iy«, ...yn) _. d{F,,F2,...Fn) 

^(yi> ^2, . . . t/n) * d{Xy iP2, . . . Xn) d{Xiy X2y...Xny 

Accordingly 

<^(yi> y2, . . . Pn) _ , x„ fl?(a?i, a?2, ■ . . a?n) , x 

e^(^i,a^,...ar«) ^ ^ d{F,,F,,... Fn) ' ^^^^ 

^(yi> ^2,... yn) 

336. Again, if we suppose that the equations connecting 
the variables are transformed, by elimination or otherwise, 
to the following shape — 

01 {Xiy X29 . . . Xny t/l) = O, 

02 {X29 Xzy ... Xny yi, y2) = o, 
0»(ir3> Xiy ... Xny y\y yij Pz) = o, 



then the Jacobian determinant 

^(01> 02» » » » 0n) 

rf(yi, y2> • . • Vn)' 

as in Art. 332, reduces to its leading term 

di^i d^t ^03 di^n 

dyi dy^ dyz ' ' ' dyn 
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In like maimer 



reduces to 



d{Xij X29 . . . Xn) 
d<P\ d^2 ^^n 



dxi dxz dXn 

Acoordinglyy in this case, the Jaoobian 



d^\ d^2 


d^n 


d[yu y2, . . . Vn) , jx„ dxi dx2 

d{Xiy Xzy . . . Xn) d^i d<^2 


dXn 
d^n 


dyi dy^ 


dyn 



(46) 



337. €a«e where J = o. — We can now prove that if the 
Jaoobian vanishes, the functions yi, ^29... yn are not indepen- 
dent of one another. 

For, if J[yif ^2, . . . yn) = o, we must have 

d^i d^2 d^fi 

dxi dx2 ' ' dXn ' 

that is, we have -^ = o f or some value of i between i and «. 

dXi 

Hence <pi must not contain Xi ; and accordingly the cor- 
responding equation is of the form 

i»i{^i+ii ' . . ix^u, yiy ^2, . . . yi) = o. 

Hence between this and the remaining equations, 

the variables ir«+i, a?»+2, , . . Xn can be eliminated so as to give 
a final equation between yi, ^2, . . . yn alone. This establishes 
our theorem. 
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338. In the paxtioTilar case where 

j/i = Fi{xif ir2, . .. a?„), 

yz = F2 it/19 X2y ... a?n), 



we have 



yn= Fn{yi9 ya, . . . y«-i, ^n)y 

d{xif a^, . . . Xn) dxi' dxz ' ' ' dxn 



(47) 



It may be observed that the theory of Jaoobians is of 
fundamental importance in the transformation of Multiple 
Integrals (see Int. Calc, Art. 225). 



Examples. 

1. Find the Jacobian of tfi, t/2, • • • yn with respect to r, 0i, 02, . . . dni^ 
being given the system of equations 

yi = r cos 01, yz = r sin 01 cos 02, ys s r sin 0i sin 02 cos 03, • • • 

yn = r sin 01 sin 02 . . .sin 0n.i. 
If we square and add we get 

yi* + ^2* + . . . yn'* = r^' 
Assuming this instead of the last of the given equations we readily find . 

J = r»-i Bin»»-2 01 sin»»-3 02 ... sin 0«.2. 

2. Find the Jacobian of yi, y2, -- * t/nt being given 

yi = iCi (i - X2), yz = ici«2( I - ars) . . . 

yn-l =X\X2 . . . Xn.1 (l — Xn)t 
yn = X\X2 . . . Xn' 

Here yi + y2 + . . . yn = iPi, and we get 

d(yh y2, . . . yn) 



''('Ij iP2, . . • Xn) 



= Xl""* XtT^ . . . Xh-1' 
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339. If yi, ^2, . . . ynj which aro given functions of the 
n variables a?i, ir2j . . . oi^ny he connected hy an independent re- 
lation 

F{yi, y2, . . . Vn) = o, (48) 

we may, in virtue of this relation, regard one of the variables, 
Xn suppose, as a function of the remaining variables, and thus 
consider yi, ^2, . . . yn-i as functions of »!, ir2, • • • ^n^i* In 
this case it can be shown that 

dF_ 

d{yi,y%, ... yn-i) ^ d^ d{yiy y^, ... Vn) 
d{xi, Xiy . . . Xfi^i) dF d{xi, X2, ... Xn)' 

dxn 

For, if we regard Xn as a function of x^^ we have 

d_ t \^d^ ^ dXn _^/\^ dy2 dXn o 
dxi dxi dXn dxi dxi dxi dXn dxi* 

Also, from equation (48), 

dF dF^_^ dF dF_dXn_^ . 

dxi dXn dxi ' dx2 dXn dx2 ' 

dF dF dF 



A • 1 i. \ dxi . dx2 X dxn-i 

Agam,let Ai = — , A2 = ^, . . . An-i = -^^; 

dXn dXn dXn 

dXn > dXn ^ dXn . 

tnen -; — = — Ai, -; — = — A2, . . . -z = — An-i* 

dxi dx2 dXfi-i 

TT d . . dyi dyi d dyi ^ dy^ 

Hence 3- (yi) = ;j — Ai/-, -r- (yi) =:t-- ^2^-y &c. 
6/ari ^ ' dxi dXn dx2 dx2 dXn 

&c. 

accordingly, substituting in the Jacobian 

d{y\y ^2, ■ . . y«-i) 

d[X\y X2y . . . Xn^iY 



Jaeobian qflmpUeii Ruictumt. 



4^5 



itbeoomes 



^1 
dxi 

dyi 
dxi 



dXn 

X ^ 

dXn 



dyi 
dxt 

dyi 
dXi 



-X, 



dyi 

d^: 

X dy^ 



dyi 
dx^i 

dyt 
dXi 



"" A««i 



-X 



M-l 



n-1 



dyi 
drm 

dyt 
dxn 



dyn^i . dyn-i dy„^i dyn-i 

dx, "^'dXn ' d^ ' dXn' 



dyn-i ^ dyn^x 



• • • 



dx, 



-X 



f»-l 



n-^1 



dr. 



If this determinant be bordered by introducing an addi- 
tional column as in the following determinant, the other 
terms of tl 
seen to be 



or 



lie additional 


row being cyphers, Hi 




dyi 


dyi dyi 




dx^' 


dxt * * dXn 




dyt 
rfir.' 


dyt dyt 
dxt ' dxn 




• • 

dyn-i 


• • • 

dynr^i dyn^x 




<f«, ' 


<kh^ ' dXn 




A., 


fYLf • • « J 




dyi 
dx,' 


dyi dyt 
dxi ' i&^ 


I 

dp 


dyt 
dx,* 


<&^* ' ' ' dxn 

» * t * 


<fc. 


dxt' 


dy^ dy» , 
<fe. ' ' ' ' dx. 




dP 


dF df 




dj<: 


d»: '" d^ 
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Again, we have 

dF dF dy 



dxi 



dF dyi dF dyn 

dyi dxi dyz dxi ' ' dyn dxi ' 



dF _ dF dyx dF dy^ 
dxz dyi dXi d/y^ dXi 



+ f- + . . . + ^i ^r-f 



dF^ dyn 
dyn dx2 



Substituting these values in the last row of the preceding 
the theorem is established, since we readily find that the de- 
terminant is reducible to 





dyi 
dxi' 


di/i 
dXi' 


dyx 
' ' ' dxn 


dF 

dyn 
dF 


dt/i 
da;,' 


dyi 
dXi' 


dyz 
' ' ' dxn 


dx„ 


• 


• 


• • 




dyn 
dxi' 


dyn 
dXi' 


dyn 

' dXn 



(49) 



It may be well to guard the student from the supposition 
that this latter determinant is zero, as in Arts. 333 and 337. 
The distinction is, that in the former cases the equation 
^{Piy ^2? • • • yn) = o, connecting the y functions, is deduced 
by the elimination of the variables Xi^ X2^ . . * Xn from the 
equations of connexion, whereas in the case here considered 
it is an additional and independent relation. 
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EXOCPLBS. 

1. Being giren y =f{u)f and u = ^(ic), find -— |. 

u<n#./(«)^»+/»{^»}2. 

2. Uy = F{t), t =f{u)y u = «^(ir), find the value of —f . 

-4»w. F(t)f(u) ♦"(*) + {*'(*)}'{/'(•♦) •»"(*) + WWf -?"(<) } - 

3. Change the independent variahle from a; to « in the equation 

«* -^ — 2nsfi y- + fl'y = o, |where x = -. 



dx^ dx 



. d^y 2{n-^\) dy 
da^ z dz 



d^y dy 
4. Transfoim (i - x^) -^ "" ^ ;r "*" ^^^ ~ °» heing giyen a; » sins. 



dx"^ dx 



d^y 



5. If r he a function of r, where r^ = s^ -\- y^, prove that 

d^V d^_dJV I dV 
da^ dy^ dt^ r dr ' 

6. If F he a function of r, where r* = a?* + y* + «*, prove that 

d^r d^r d^_d^ 2 dV 
da^ dy* dz^ dr^ r dr ' 

dx df 

7. If « = r sin cos ^» y = r sin 6 sin ^, s = r cos 0, prove that 3- = ~, 

dx 
where in finding -^, and ^ are regarded as constants ; while in finding 

— , y and s are regarded as constants. 

8. If c he a function of two independent variahles, x ancf y, which are 
connected with two other variahles, u and v, hj the equations 

/i (a?» y» «, f ) = o» /2(«, y, «, f ) = o ; 

dz dz dUs dz 

show how to ezprees t~ cuicl -;- in terms of -7- and ^r-. 
' dx dy du dv 
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9. Transform the equation 



d^ 2x dy y 

<&2 1+ a;2 dx (i-¥ x^)^ 



= 



into another in which $ is the independent yariable, supposing x = tan 9. 

d^y 
^*"' ^ + y = °- 

10. If 2 be a function of x and y, and u =: px -\- gy — Zy prove that when 
p and q are taken as independent yariables, we have 



du 



du 



d^u 



d^u 



dh* 



^=^y T: = y» 31? = 



dp * dq ^* dp^ rt-9^* dpdq rt - ^' dq^ H - 1^ 

where ^, q, r, s, t, denote the partial differential coefficients of 2, as in Art. 313. 
II. If the equation 

d^ ^ yd^^y A dy ^ 



<te« 



<te**" 



liji; 



be transformed to depend on 0, where x — ^^ prove that the coefficients in the 
transformed differential equation are all constants. 

12. In orthogonal transformations, prove that 

dV^ dJ2 dV^_dV^ dV^ dV^ 
dx^ ^ dy^ ■*'<fe8 ~ rfi* "*■ <?r» **■ rfZ» • 

13. Given X = ^j, y = ^ prove that 






-I: 



^•(0 



14. Being given 



F{t), r(t), r'{t) 

^(0, f(0, ^"(0 
^(0, f(<), f'{0 



yi = r sin 01 sin 02, ^2 = r sin 0i cos $2, 
yz = r cos 0i sin 03, ^4 = r cos 0i cos 08, 



find the value of the Jacobian ^^?!lLi^li^). 

d{r, 01, 02, 03) 



Ant. f^ muBi co8 0i. 
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i-le between the tan- 



prore that 
sin- 9 d0^ ) 



V* (2), 



!? the erolnte of 
' re of curvature 



Theorem. 



liable. 

■ (SY 



Uh- 7dr\^ 
j:h that tLo Kum of 

n that pi bu}Cf;ta the 
■•lofore, &c:. 

lion from the equation 




whilst itfi TorirfX 
Uie envelope of 
on of A locuH. 
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MiscELLAjraoua Examples. 



. If 0| ^, y be the roota of the cubic 



2. Being given, tiie Uhree simoitaneaus equations 

*l(*l, ^, X3, H) = O, $!(»!, a^ «1, iC() = o, ^(ll, 

determine the Taluae o( -;—, ^r— , -r— . 

E(X] a^i axi 

3. K u be a solution of the differential eqtiati< 

d'F dW^ d"-V _ 

da du du ^, , , 

prove that x~ + y~ + i^-rr '"U also be ft soluson of it. 
'^ dx ' dy dz 

i itidopondont, prove that the cqnatioc 







dxdy dj/ di 



4.. If X nnd t/ 
does QOt hold, in general. 

5, Prove that the point* of interaflotion of & curve o( the fourth degree witi 
its aajmptolcs lie on a conic ; and in general for a curve of the degree n they 
lie on a curve of the degree n - 2. 

6. Prove that every curve of the third degree ia capable of being projectsd 
into a central curve. (Chaslea.) 

For if the fuirmimui polar of a point of inflexion be pryeetii to inflHtli/, lb 
point of vr^fiexioniBill be projetttd into a eentn of the frejteted eame (tM p. 28J). 

7- Tro ellipses having the same foci ore described infinitely near (mt 
another ; how does the interval between them vary F 

{a). How will the interval vary if the eUipaes be oonccntrio, dmflar, 1 
similarly placed ? 

8. Eliminate the arbitrary fuuctioaB from the equation i — ^ (x) . ifi (y)> 

9. Show that in order to eliminate h arbitrary fiinctiouB from an eqnati<m 
containing two independent variables, it is, in general, reqaiaite to proceed M 
diffarentiSB of the order zn - i. How many resulting cquationa would be ob- 
tained in tliia Case F 
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I. In the LemniaoatB r' = o' coa 29, show Oiat (he angle between the tan- 
gent Mtd radiiu VBclor it - + 19. 

1 1. In transforming from rectangular to polar eoordbalea, prove that 

1 2. Pravo that the ellipaea 

nV + *%> = b'F (i), oV BecV + *V coseo'^ = a*e* (2), 

are so related that the onvelopo of (z) for different valnea of ^ ia the erolute of 
(I); and the point of contact of (2) with its envelope is the cenb " 
1I thepoint of (I) whose ei centric angle is fi. 

13. Being given the equatLons 



H. If I ~!*-0!/"- 
15. Being given x ■- 



I terms of hy Lagrange's Theorem. 
in 9, transform 



— ^ — 

a function of r and 9, where B h taken as tho imlependciit variable. 



I b. Apply the method of infinitesimals to find a point such that the sum of 
ite diatanoes from three given points shall be a minimum. 

Let pi, in. ps denote the three distances, and wo have rfpi + rf/n + rfpj = o : 
jppoM dp, = o, then d{pi + pa) = Oi and it is easily seen that pi bisecte the 
angle botwei-n p~ and pj, and similarly for the others ; therefore, &c. 

17. Elininato the circular and exponential function from the equation 

18. One leg of a right angle passes through a fiiod point, whilst its vertel 
eg along a given ourve ; show that the problem of finding tho envelope of 

the Mita leg tn the right angle may be reduced to the invesligaliou of a locus. 
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19. If two pairs of conjugates, in a system of lines in inyolntion, be giy 
by the equations 

f* = aa;2 + 2hxy + <jy2 = o, w' = a'x^ + 2Vxy + e'y^ = o, 
show that the double lines are given by the equation 

du du' du du' 

-— -; -J- — - = o. (Salmon's Conieg, Art. 342.) 

dx dy dy dx 

20. If «1=— , Wa=— , «n-l= , 

iPfi Xn Xn 

where a;i, ri^, . . . a;n are connected by the relation 

a?i* + a?8* + a?8^ + . . . + Xn^ = 1, 
proye that the Jacobian 

djuu «2, . - - t<n-l) _ I 
d{XifXif ... a;n-i) XrJ^^ 

21. If the yariables yi, y2, ... yn are related to xi, Xi, . , . Xn hy it 
equations 

yi = «i a?i + 02X2 + . . . + OnXni 

ya = Ji »! + Ja «j8 + . » . -^ bnXn, 



and we haye also 



yn=^ hXi + I2X2 + . . . + InXn, 

ari^ + iTa* + . . . + ic«2 = i, 



proye that the Jacobian 

^{yu y2, . . . yn-i) ^ yw 

d{xi, X2, . . . a?»-i) ip«* 

22. Proye that the equation 

ry^ - 28xy + tx^=px + qy-z 

23. Inyestigate the nature of the singular point which occurs at the origin 
of coordinates in the curve 

ic* - 2ax^y - axy^ + d^y^ a o. 

I 

24. Investigate the form of the curve represented by the equation y^e"" 
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25. How would you ascertain whether a proposed expression, F, inyolving 
Xf y, and «, is a function of two linear functions of these same variables ? 

Ans, The given function must be homogeneous ; and the equations 

dx ^ dy * dz 

must be capable of being satisfied by the same values of x, y, z: i.e. the result 
of the elimination of x, y, and z between these equations must vanish identi- 
cally. 

26. If y K (p(x\ prove that 

d^ 

— ^ = (2iB») ^jN («2) + n(« _ I) (2aj)»i-2 ^*-i)(a?») 

»(»-l)(»-2)(«-3) V . , -X, ,x o 

+ _i LI Li ^2a;)'»-*^(»»-2)(aj2), &c. 

27. If a? + ty = (a+ti3)», where i = ^^^, prove that 

dx^+dy'^ _ ^ da^ + dff^ 

I .<, ^d<t> /i-<?*8in*0 

28. If tan A tan 0/ = -7= prove that -7 + J; — , . 2, = o. 

29. If a? = — , prove that 

fcy 

dx * . . dy 

transfonns into 



v/(i _ a;2) (I - A*^) V(i - y*) (i - A^y') 

d I d\ 

30. Prove that ^^^^ "^ l'"*"*^/**' 

31. Hence prove that 

(4) K"') "="'£• 

i d\ I du\ ( ^d\du du ^ ^dh* 

32. Prove that 

(•i)(-B-')("i-')"-S- 

By the preceding example we have 

(-i-)(-l-)(4)"('i-)-£^ 



2 F 
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but 



therefore 
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\ da? I dx^ " dx^' 



33. Prove, in general, that 
\ dx) \ dx I \ dx 



i)...(*|-»+i)«= 



2^ 



d'Ht 



This can be easilj arrived at from the preceding by the method of mathematical 
induction ; that is, assuming that the tihieorem holds for any positive integer m, 
prove that it holds for the next higher integer (n + i), &c. 



.... /■(;). 



34-^^^;+ de^ 



in terms of r when r^ = a* cos 2$, 



Ana. 



3«* 



35. If « = (x^ + y'* + 2«)*, prove that 

d^u d^u d^u dHi d^u rf*« 

'^'^ dy^'^d^^^d^^'^^d^^'^^Wd^'"^' 

d^ _ / 1 . 2 . 3 . . . w . cos(ft + i) ^ . cos**"^^^ 



d'^^Z , , I . 2 . 3 . . . 2« . cos (2» + I) A . COS^n-l* 

dy^ ^ ' a;2n+i 

d'^^'^z 1.2.3... (2^> + I) sin (2n + 2) . cos^*^^ 

37. If tt be a homogeneous function of the »** degree in a;, y, z, and mi, tfj, itst 
denote its differential coefficients with regard to Xy y, 2, respectively, while 
*t\h ^i^i &c., in like manner denote its second differential coefficients ; prove tliat 



wn, W12, wi3, wi 



«2i, «22i W23, «2 



«31, «82> «33> «3 



«1, «2, «3, O 



nu 
n -I 



«11, «12, «13 
«2l, «22, fl33 

WSl,*^ i«82i «88 
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uji. Baa, Mm, 



39. Shaw tliat the equation 



ia Batiofied if i* ia anj of the qnantitieB 



"31, "31, «33i 



n any lioetu function of them. 

40. If x -f \ be subBtitated far z in tlie quantic 



... a'r , . . . denote tlie corresponding coefficienta in the new 



It ia easily seen (hat in tliis ei 



s of llio quaQtic in the 



( d rf 



41. Being )pven 



,yi-y» + j,y', 
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piOTO that 

dudv dv du 

=0, 

dxdy dxdy 

and explain the meaning of the roEnilt. 
43. Find the minimuTn yalue of 

fdn^ sinJ; sin(7 , ^ « ^ « „ 

+ . ^ . — :j + -. — . , - , where ui + -B + (7= 180° 



sin^sinC? sinCsin^ sin^ sinJS 

44. Prove that 

where ^ («) is a rational function of x. 

45. Show that the reciprocal polar to the eyolute of the eUipse 

«2 "^ 6« " ' 

with respect to the circle described on the line joining the foci as diameter, has 
for its equation 

46. If the second term be remoyed from the quantic 

(«0i «i, 02, . . . On) (a?, y)" 

by the substitution of « y, instead of x, and if the new quantic be denoted 

do 

by (^0) o, A2, ^8) • • '^ -^n) {x, y) ; show that the successive coefficients 

A2f Azf . , . An are obtained by the substitution of ai for x and — oo for y in 

the series of quantics 

(«0i «i, 02) (a?, y), (oo, fli, 02, 03) (a;, y), . . . («o, «!,... On) (», y). 

47. Distinguish the maxima and minima values of 

I + 2a? tan-^ x 

48. If y = — , . . , prove that 

i^_ (ac - b'^) y» + {ac' + ac - 2^y)y + a'e' - y» 
2dx~' (ab') «2 - (ca') x + («<:') *' 
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49. UlX + mT+nZ, I'X^-m'Y ■\- n'Z, rX'^m"T+n"Z, be substituted 
for a?, y, «, in the quadratic expression aa^ + bi/^ + e^ + 2dyz + 2e%x + 2/iry ; 
and if a\ b\ e\ d\ e\ f, be the respective coefficients in the new expression ; 
prove that 






= o whenever 



/, ^ d 
e, df c 



= o« 



50. If the transformation be orthogonal^ i. e. if 

«' + y* + «=* = X* + r* + Z^, 

prove that the preceding determinants are equal to one another. 

51. Prove that the maximum and Tnim'TmiTn values of the expression 



aa^ + \b3^ — 6ex^ + ^dx + e 



are the roots of the cubic 



where 



a^sfi - 3 (a'J- 3JT2)«2 + 3(^j2 _ 18JT/) 2 - A =0, 
H=ae — lf^, I Mz ae — 4bd + S^, 



/ = 



a, b, c 
by c, d 
Cy dy e 



, and A = /3 _ 27/2. 



By Art. 138 it is evident that the equation in 2 is obt^ed by substituting 
e - z instead of in the discriminant of the biquadratic ; accordingly we have 
for the resulting equation 

(I-azf=2T(J^zH)\ 
since the discriminant of the biquadratic is 

js - 2^J^ = o. 

In general, the equation in z whose roots are the n— i maximum and mini* 
mum^ values of a given function of n dimensions in x, can be got from the dis- 
criminant of the function, by substituting in it, instead of the absolute term, 
the absolute term minus z. 

It is evident that the discriminant o{ the function in :r is, in all cases, the 
absolute term in the equation in z, 

52. If A be the product of the squares of the differences of the roots of 



r^ - px^ + j-a? - r = o, 
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find an expression in tenns of the roots for — , by solving from three equations 

of the form 

^A dAeh dAdq dA dr 

— __ _£_ J. ± J. — _^ 

da dp da dq da dr da' 

Ans. 2 (i3 + 7 - 2o) (7 + o - 2j8) (o + j8 - 27). 

53. If Z + F\/- I be a function of a? + y y/- i, prove that X and T 
satisfy the equations 

d^X d^X ^ d^r d^T 

+ = o. and 1 = o, 

dz^ ^ dy^ ' dx^^ dy^ 

54. If the three sides of a triangle are 0, + a, + j8, where a and iS are 
infinitesimals, find the three angles, expressed in circular measure. 

. IT o + i3 IT 20 — i3 IT 2^3 — a 

Am. — , - + — , - + — —. 

3 ay^3 3 a^ i J a^ i 

55. If y = a; + o^, where a is an infinitesimal, find the order of the error ia 
taldng x — y- oy'. 

56. The sides a, 4, <?, of a right-angled triangle become a + o, i + i3, <? + 7, 
where a, iS, 7 are infinitesimals ; find me change in the right angle. 

. <J7 — ao — i/3 

Aim. -i ; , 

ab 

57. If a curve be given by the equations 

2X = \/fi + 2t + \/t'^ -2t, 
2y = v^ <2 + 2« -^/t^ - 2t, 

find the radius of curvature in terms of t, 

58. In the curve whose equation is y = e-*', determine aU the cases where 
the tangent is parallel to the axis of x. 

If be the greatest angle which any of its tangents makes with the axis otxy 



prove that tan 



-4r 



59. In a curve traced on a sphere, prove the following formula for the radius 
of curvature at any point : 

^ sin rdr 

tan p = --. 

COS pdp 

60. Apply this form to show that in a spherical ellipse sin p smp' = const., 
where j9 andy are the perpendiculars from the foci on any great circle touching 
the ellipse. 



Miscellaneous Examples. 439 

61. Prove the following relation between {p, /), the radii of curvature at 
corresponding points of two reciprocal polar curves : 

^^ "coss^^* 

where ^ is the angle between the radius vector and normal. 

62. If AB, BC, CD, ... be the sides of an equilateral polygon inscribed in 
any curve, and if AD be produced to meet j8C in P ; prove that, when the sides 

of the polygon are diminished indefinitely, BF = 3 ^, where p and p' are the 

p 
radii of curvature at B and at the corresponding point of the evolute. 

63. If U= v /(i -a;)(i +y + y ^ ) •\-\/X^ - y) (i + a; + ^j "^ 

(c-y 

and F- /\/r^-V^rr^\* 



/V^i -a:3-V^l -y3\2 



find the value of 



dx dy dx dy' 



I I 

64. If V=3^-{-—. and 2=fl? + -, 

X** X 



prove that 



d^V dV 



65. Determine b and A; so that the curve 

(«* + y^) (aj cos o + y sin o - a) = Ar* (a; cos i8 + y sin i3 - *) 

may have a cusp ; a, jS, and a being given and the coordinates being rectan- 
gular. 

Prove that in this case the cuspidal tangent makes e^ual angles with the 
asymptote and with the line drawn from the cusp to the ongin. 

66. Find the coordinates of the two real finite points of inflexion on the 
curve y* = (a; - 2)« (x - 5), and show that they subtend a right angle at the 
double point. 

67. If a;, y, «, bo given in terms of three new variables w, v, tr, by the fol- 
lowing equations : x = PIm, y = {P— b)v, z = {P — c)Wj where 

p ^^ • 

w* + v* + «>' ' 
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it \b required to prove that efa;^ + rfy2 + <fo2 = L^du^ + M^di^ + N^dw^, and to 
determine the actual values of Z, M, JSF, 

68. If a? + y = Z, y = Zr, prove that 

— £^ du d^u d^u ^ 

69. Being given a? = w^ - 3^;*, y = 3tt2t> - 1;^, find what -^ — =^ becomes 
in terms of u, v, du, do. xdx+pdt/ 

udv — vdu 

udu-\-vdv 

70. If the poliar equation of a curve be r = sec^ -, find an expression for 

2 

its radius of curvature at any point. 

dx 

71. Show that the differential is transformed into 

Yx* - 3a:2 + 3 
% 



V(i +~y2 tan«x) (i + y^cot^x)' 



by assuming x =a/3 , and find the value of x. 

"" ** I +y 



72. If y* 4- a;y = I, prove that 



Aru, \ = 7° 30'. 



d^y difi dy^ 

73. The pair of curves represented by the equation 

r* - 2TF[ia) + c* = o 

may be regarded as the envelope of a series of circles whose centres lie on a 
certain curve, and which cut orthogonally the circle whose radius is c^ and 
whose centre is the origin (Mannheim, Journal de Math., 1862). 

74. A chord PQ cuts off a constant area from a given oval curve ; show that 
the radius of curvature of its envelope will be \FQ (cot 6 + cot ^), B and ^ being 
the angles at which FQ cuts the curve. 

75. In the polar equations of two curves, 

-F(r, «) = o, /(r, «) = o, 

if iZ*** be substituted for r, and nCi for 0, prove that the curves represented by 
the transformed equations intersect at the same angle as the original curves. 

(Mr. W. Roberts, Liouville^a Journal, Tome 13, p. 209). 
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rim 
This result foSlaws immediatel j from tlie ptoptarfx thftt ^- is uuJteed hj 

ihB tnuisfonmtion in qnestton. 

76. A sTstem of coneoitxie and similariy dtaated equiktenl hyperbolas is 
cut by another such system haTiog the same centre, under a constant angle, 
which is double that under which the axes of the two systems intersect. 

Ibid,, p. a 10. 

77. In a triangle formed by three arcs of equilateral hyperbolas, baring the 
same cenlre (or by parabolas Iks^ing the same focus), the sum of Uie angles is 
equal to two right angles. IM,, p. 21a 

78. Being given two hyperbolic tangents to a conic, the arc of any third 
hyperbolic tangent, which is intercepted by the two first, subtends a constant 
angle at the focus. Ibid,, p. a 12. 

An equilateral hyx>erbo]a which touches a conic, and is concentric with it, is 
called a hyperbolic tangent to the conic. 

79. A system of confbcal cassinoids is cut orthogonally by^ a system of equi- 
lateral hyperbolas passing through the foci and concentnc with the cassinoids. 

Ibid,, p. 214. 

The student will find a number of other remarkable theorems, deduced by 
the same general method, in Mr. Roberts' Memoir. This method is an exten- 
sion of the method of inyersion. 

80. If Pn be the coefficient of a?" in the expansion of (i - 2ax + «^)-. , prove 
the two following equations : 

(a2-i)_- ? = miPn-«Pn-l, 

nPn = (2» - I) aP„-i - (>• ^ i) Pn^. 

81. If at each point on a curve a right line be drawn making a constant 
angle with the radius vector drawn to a fixed point, prove that the envelope of 
the line so drawn is a curve which is similar to the negative pedal of the given 
curve, taken with respect to the fixed point as pole. 

82. If 2[7s aa;2 + 2bxy + ryS ar= a'a;* + 2b'xy + ^y*, 



and 



dU dU 

dx' dy 

dV dV 

dx* dy 



sAU^ + 2BUV+ CV^, find A, B, C. 



83. Prove that the values of the diameters of curvature of the curve y' */(«) 
where it meets the axis of a; are /'(a), f(fi)t .... if a, iS, ... be the roots of 
f(x) = o. 

Hence find the radii of curvature of y* = {x^ - m^) (x — a) at such points. 

84. A constant length FQ is measured along the tangent at any point P on 
a curve ; give, by aid of Art. 290, a geometrical construction for the centre of 
curvature of the locus of the point Q. 
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S5, In ssme caao, if PQ be meaBured equsl to FQ, in the oppouts direction 
along the tangent, prove tiat tlie point P, and tliB centres of ourratnre of tlio 
loci of 0. and 17. lie in direetum. 



loci of Q, and l7, lie ih directum. 

86. A framework isformodby fourrodsjoiatedtogetherattheir 
prove that the diEtanne hetween the middle poiata of either pair of oppoeite sidei 
IS B maiimum ur a minimum when the other rods are parallel, being a maximum 
trhen Uie rods are uncrossed, and a minimum when the; cross. 

87. At each point of a closed curve are fanned the rectangular hyperbola, 
and the parabola, of closest contact ; show that the arc of the curve described by 
the oontre of ihu hyperbola will ojtcaed the arc of the oval by twice the aio of 
the I'urvo described by the focus of the parabobi ; provided that no parabola bit 
five-pointic contact with the curve. {Canib. Math. Trip. 1875.) 

e of the motion of 

89. Prove the following propertjes of the three-cusped hypooycloid: — 

(1). The segment intercepted by any two of the three branches on any 
tangent to the third ia of constant length, (z). Tho locus of the middle poiiil 
of the segment ia a circle. (3). The tangents to these braachea at ita eitremiliea 
intersect at light angles on the inscribed circle. (4). Tho normals correapoDding 
lo the three tangents intersect in a common point, which lies on the oircum- 
Buribed circle. 

J3«jIni(ioM.^The right line joining the feet of the perpondicukta drawn lo 
the oidea of a triangle from any point on its circumscribed circlo ia called the 
pedal line 0/ the triangle relative to the point. 

90. Prove that the envelope of the pedal liaa of a triangle ia a three-co»p«i 
hypocfcloid, having its centre at the centre of tho nine-point circle of the 
triangle. (Stelner, Utbsr eint hevatdere eurve dritter klaiae, und viertm graia. 
Crelle, 1857.) 

t Enveloptj and the theorem can bo demonatmted, 

Let Fhe any point on the circumscribed circleof a triangle J5C. of whjobil 
is tie intersection of tho porpcndicularH ; then it can bo shown without difBciUty, 
that the pedal line corresponding to P possea through the middle point of DF. 
Let Q denote this middle point, then Q lies on the nine-point circle of the 
triangle ABC. If bethe centreof the nine-point circle, it is oaaily seen that. 
as Q moves round the circlo, the angular motion of the pedal line is half that of 
OQ, and takes place in the apposite direction. Let Ji be the other point in 
which the pedal line outs the nine-point circle, and, by drawing a oonaecutiTe 
position of the moving line, it can be seen immediately that the corresponding 
point T on the enrSope is obtained by taking QT= QS. Hence it can ba 
readily shown that the locus of fia a tlu'ee-ciiaped hypocycloid. 

This con also be easily proved otherwise by the method of Art. 295 (a). 



gj. The envelope of the parabola is the some hypocycloid. 



in 
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For fuller infonnation on Bteiner'a Envelope, and the general propertiEa of 
the three-tuaped hypooyoloid, the etudent ia referred, amangat other memoire, to 
Cremona, Crelle, 1865. Townsend, Edue. Times. Reprint. 1866, Ferrara, 
Qnuir. Jour, af Math., 1866. Serret, Num. Aim., 1870. PainTin, Hid., 1870. 
Cahan, ibid., 1S75. 



Ok the FAmraE or Tailob'h Theokem. 

entioa has been made in Chapter III. of the ooaes when Taylor's 
r what is usuallv called the failure of Ta^lor'a 

, ._ _.„ Jt from M. Naner'a Lemons d' Aitalyte \s mtro- 

duced for the puipose of elucidating thia cobs ; — 

> the Case ithea> Tor certsla partieulmr V»lneii of the 
Variable, ThiIof'h Series does not giTC tbe DeTelopioent of 
the rniiFllan.^-The oiiettaco of Taylor's Series supposes that the function 
/(I) and itg differential coeffloienta /(i), /"(i), &c., do not heoome infinite for 
the TBlue of x from which the increment A is counted. If the nontrarj tlikes 
place, the sories will be inspplioable. 

it become either z 



Suppose, foceiample, that /(r) is of the form - — i-~, m being any podtiro 



If, confonnafaly to our rules, - — ^-7 —- be developed in a Beries of posi- 
tive powers of h, all the terms would becoma infinite nhen we make X'=a. At 
the same time the function has then a tlBtorminals value, viz. : — ^r — -■ But 
•s the deTolopment of this value according to poweis of A must neceagitiily con- 
tain negative powers of h, it cannct be given by Taylor's Series. 

Taylor's oeries naturally gives indeterminate resnlts when, the proposed 
jnotion/(i) containing radicals, the porticular value attributed to * causes 
_jese radicals to disappear in the tuactian and in its differential coefficients. 
In order to undoratand the reason, wa remark that a radical of the form 

a]', p and q denoting wholo numbers, which forms part of a function/ (z), 
pves to this function ^diiTeiont values, real or imaginary. As this same radical 
u reproduced in the difierentiul Doefficients of the f unatien, tbeao ooE>fficients also 
~ Uent a number, q, of values. Gut, if the particular value a be attributed to i, 
B radical will disappear from all the terms of lUe Berics. while it romiUBs 
E 
always in the function, where it becomes A". Therefore tbe aeries bo longer re- 
ents the function, because the latter has many values, while the aeries can 
] but one. The analysis solves this contradiction by giving infinite values 

>e terms of the series, which consequently does not any longer represent a 

determined result. 

The devolopment of /{x) ought, in the case with wMch we are occupied, to 



« 

i 
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Fractional powers of h would appear intlie latter deyelopment : for example, 
suppose 

f(x) = 2ax-x'^-a ^x^ - a^ ; 
this gives 

f{x) = 2 (a - «) + 



r(x) = - 2 + 



^x^ — a* 

a aa^ 



v/««-a» {x^-a^)^ 



On making ^ = a, we have f(x) = a^, and all the differential coefficients 
become infinite. This circumstance indicates that the development oif(x -f A) 
ought to contain fractional powers of h when ^ = a : in fact the function be- 
comes then 



f[a + A) = a2 - A2 + aVaaA + h\ 



of which the development according to powers of A would contain A^, A^, A^, &c. 

It should be remarked that a radical contained in the function f(x) may 
disappear in two different ways when a particular value is attributed to the 
variable x, that is, i°, when the quantity contained under the radical vanishes: 
2°, when a factor with which the radical may be affected vanishes. 

In the former case the development according to Taylor's Theorem can never 
agree with the function f{x + h) for the particular value of ^ in question, for 
the reason already indicated. 

But it is not the same in the latter case, because the factor with which the 
radical is affected, and which becomes zero in the function, may cease to affect 
the radical in the differential ccefficients of higher orders ; in fact it may not 
disappear at all, and the series may in consequence present the necessary number 
of values. 

For example, let the proposed function be 

f(x) = (x- «)»»» Va;- b, 

m being a positive integer. 
Here we have 

J-, \ I N 1 ./ 1 mix — «)»» 

f{x) =m(x- a)»»-^ Wx - b-\- — ^ ^ , 

2y/x-b 

f"{x) = m{m -i)[x- a)"»-2 Nx-b± ^ ' ^ '—-. 

^Ix-b /^{x-b)l 

Each differentiation causes one of the factors of {x — a)"» to disappear in the 
first term. After m differentiations these factors would entirely disappear ; and 
consequently the supposition a; = g, i n causing the first m-denved functions to 
vanish, will leave the radical y/x-bto remain in all the others. 
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Ok the CoKDinoxs for a Maxdctic ok Mnnxrif op ▲ Frxmox 

OF AST XrXBEB OF YaSIABLBS (Alt. 1 63). 

The conditioiis for a nuLnmnm or a minimum in the case of two or of Uir^^ 
yariables hare been giren in Chapter X. 

It can be readily seen that the mode of inTcetigation, and the fonn of the 
ixmditions there giren, admit of extension to the caae of any number of indft> 
pendent yariables. 

We shall commence with the case of four independent Taiiables. Pr o c ee d- 
ing as in Art. 162, it is obvious that the problem leduces to the consideratioii of 
a quadratic expression in four Yariables which shall preserve the same sign for 
aU real values of the variable. 

Let the quadratic be written in the fonn 

fliiri* + a«jjj» + anx^ + auxi* + 2auan«s + 2aunxi + 2aurirt + 2«»jr^x^, 

+ 2«M'aX4 + 24IMXSX4, (i) 

in which an, au, an, &c., represent the respective second differential coefficients 
of the function, as in Art. 162. 

We shall first investigate the conditions that this expression shall be always 
a positive quantity ; in this case an evidentiy is necessarily positive : again, 
multiplying by an, the expression may be written in the following form : — 

{auxi + ai2Z2 + aisars + aua?*)' + (<iiiff» - aia*)**' + (an«33 - flis')^' 

+ {aiiau - aii^)xi* + 2(an«28 - «i2«is)*j«s + 2 (an am - ai3au)«)'4 
+ 2(anaH - auaii)xsXi. (2) 

Also, in order that the part of this expression after the first term shall bo 
always positive, we must have, by the Article referred to, the following condi- 
tions: — 

ana22-fli2'>o, (3) 

(an«M - ai2^) (anflss - «i3^) - (tfiioaa - «i2«i3)' > o, (4) 

an«22 — «12', flllfl23 — <il2«lS» tfll<»24 — «12«14 

and an 023 — ai2«i3> aii»33 — «is', «ii«34 — aisau > o. (5) 

an«24 — ai2ai4, anasi — auau, an«44 — flu' 

To express this determinant in a simpler form, we write it as follows : — 



I 

All 



All) 
O, 
O, 

o, 



«12> 



ai3, an 

Oll«22 — fll2*, flllfl23 — «ia«lS> <ill«24 — «ia«14 

«11«2S — «12«18> Oll«88 — «1S', «llfl34 — fll5«U 

an an — ai2aii, anau — auau, anau - au* 



(«) 
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Next, to form a new detenninant, multiply the firot row bj am "is, bk. nc- 
oesaiTply, and add tlie resulliag t^rms to tlis 2tid, Jid, and 4U1 rows, respec- 
tively ; ^en, sinoe each t«nn in tho rows aflec the first aontaias ou oa a feotor, 
'j equiyalent to 



OlS, I'M. OMi om 
Klj, iZji, Bm, au 

e lelatioQ in (4) is at once leducible to the form. 



Hence we conclude that whenerer the following oonditioas are fulfilled, 



Hit, ElM, <I31, 111 



the quadralio eipresaion (ij is paitaie for all real values of ii, *a, «i, Xt- 

Accordingly the conditionB ore the same as in the case (Art. 162) of tiltw 
yoriabloB, xt, Xi, 13 ; with the addition that tho determinaDt (7) shall be also 
podtiYe. 

In like manner it can be readily seen that if the second and fourth of the 
preceding determinants he positive, and the two others negatiTe, the quodratiD, 
eiprearion ( ( ) is ne|ativo for all real valnea of the Tariableo. 

The last determinant in (8) ia called the di^criminnnt ai the qaadratio fiuic- 
tiOQ, and the preceding determinant ie derived from it by omitting the extreme 
row and column, ond uie other is derived fiom that in like manner. 

When the discriminttnt vanishes, it can be seen without difficulty that the 
eipressioQ (i) is reducible to the sum of ihne sqtiaree. 

It can be easily proved by \nduet\aa that lie preceding principle holds in 
general, and that in the case of n variables the conditions can be d!educed from 
the rfiwrimiflonf in the manner indicated above. 

According as the number of rows in a determinimt is even or odd, the de- 
terminant is said to lie one of an even or of an odd order. 



r Conditions of Maxima aiid Minima in General. 447 
If the □otation already adapted be generalized, the coefficient of x^^ is do- 
Doted hv Srr, and that of sriTn, by aorw In thin cnso the diecriminant of the 
quadratic function in » variables is 



■nd the conditions that the quadratic expression ahnll he alwaTs poiitivt ate, 
that the deteDDinant (9) and the series of deternjiimnts deriTed in suctieesioa by 
eiaaing the outsido row and coltmin shall be all positLve. 

To establish this reaull, we multiply the quadratic function bj du, and it is 
evident that it may he written in the form 



ri + oiaij + ■ ■ ■ "inJ^NJ' + (' 



&c. 



- ni!-) ij* + . . . + (aiin,n - «i.=) «»' 



In order t}iat this should he always positiTe, it is noGOBsary that the part 
after the first term should be always poMtive. This is a quadratic function of 
the n - I variables 12, i>, - - - in- Accordingly, assuming that the oonditiona in 
qnestion hold for it, its disciiimnant must be positive, as also the series of deter- 
minanta derived from it. But the discriminant is 



LB disarimiDUit of the fonotioQ multiplied by aii'~^. 



[ 
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Noies. 



Henne we infer, that if the principle in questioc hold for n — r TuiaWei it 
holds for H. But it haa been shown to hold in the eaaee of 3 and 4 vsriablei ; 
CDDiequently it holcle far any number. 

We CQDi^lude finally that the qiiodntic expression in « variables is lUwa^ 
podttTe, whenever the aeries of dBtenninanfa 



are all positive. 

Again, if the series of detenninauti of an even order he all positiTe, andthogii 
of an odd order, tommoncing with nu, he all negative, tto quadratif: eipreauon 
Ib noeativD for all rual values of the variablea. 

Hence we infer that the munher of indtptndfnl (conditions for a maximiDn 
or a roinimuni in the case of H variablea is n — 1 , as stated in Art. 1 63. 

' It is scarcely necessary to state that aimilar reaulta hold if we Jnlerohange 
any two of the suffix numbers ; ■'.«. if any of the eoefficienta, an, ass, . ■ "m. 
bo taken instead of un as the leading term in the series of detenninaota. 

If the deteiminanta in (12) be denoted by di, A;, A3, ■ . . An, it can beprtmd 
withoat difficulty lliat, whenever none of these detenninants vauiahes, the qua- 
dratic aipression under consideration may be writton'in the form 



,1 U,= 



^W 



^-5r,= + 



- d..-. 



('3) 






Hence, in general, when the quadratic is transformed into a sum of aqoarea, 
the number of positive squares in the aum dependa on the number of coimnua- 
tions of signs in the series of determinants in (12). 

It is easy to see iiuUpmdrmtly that the series of fonditiona in (u) are neces- 
sary in order that the quadratic function under consideration should be al* 
positive ; the preceding investigation provea, however, that tbey ■■ 
metttary, but that they are mffieisnt. 

Again, anea these results hold if any two or more of the suffix numbers be 
interchanged, we get the foUowing theorem in the theory of numbt^ra ; that if 
the aeries of delfMHiinantB given in (is) be all positive, then oreY determinant 
obtained from them by an interchange of the suffix numbers is also necessarilf 

Also, since, when a quadratic expresaion is reduced to a sum of squares, the 
number of positive and negative squares in the sum ia fixed (Salmon's Hifker 
Algelrra, Art. 161], we infer that the number of variations of sign in any seriu 
of determinants obtained from (iz) by altering the aulBx numbers ie the auae 
aa thenumber of variations of sign in the series (ii). 

As already stated, a quadratic expression can be transformed in an infiniw 
number of waya by linear transformations into the aum of a number of squares 
multiplied by constant coofflcienta ; there is, however, one modo that ie unique, 
viz., what is styled the orthogomd tranafotmatiou. 
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In this case, if Xu X2, X3, . . . Xn denote the new linear functions, we 
have 

r= ici* + a^a* + . . . + a?«2 = Xi^ + Xt^ + &c. + Xn^ ; 

and also, denoting the coefficients of the squares in the transformed expression 
by ai, a2, . . . «n, 

U= anXi* + 022*2* + . . . + OnnXn^ + . . . + 2aiiXlX2 + lUirXiXr + . . . 

= aiXi^ + 02X2^ + . . . anXn^. 
Hence, equating the discriminants of U -\Viox the two systems, we get 



flu - A., 



«12> 



ai3> 



«12, 



fl22 — \, 



dZiy 



«ln 



<i2M 



azn 



AIH) 



(ilm 



dnn —A 



= («1-A) (02- A) . . . (tf«-A). (14) 



Accordingly, the coefficients ai, «2, • . • On, are the roots of the determinant 
at the left-hand side of equation (14). 

Moreover, in order that the function U should be always positive or always 
negative for all real values of the variables a;i, 0:2, .. . Xn, the coefficients 
^1) 02, . . . On^ must be all positive in the former case, and all negative in the 
latter; and consequently, in cither case, the roots of the determinant in (14) 
must all have the same sign. 

The application of this result to the determination of the conditions of 
maxima and minima is easily seen ; however, as the conditions thus arrived at 
are clumsy and complicated in comparison with those given in (12), it is not con- 
sidered necessary to enter into their discussion here. 
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ACNODE, 259. 

Approximations, 42. 

further trigonometrical applica- 
tions of, 130-8. 
Arbogast's method of derivations, 88. 
Arc of plane curve, differential ex- 
pressions for, 220, 223. 
Archimedes, spiral of, 301, 303. 
Asymptotes, definition of, 242, 249. 

method of finding, 242, 245. 

number of, 243. 

parallel, 247. 

of cubic, 249, 325. 

in polar coordinates, 250. 

circular, 252. 

Bernoulli's numbers, 93. 

series, 70. 
Bertrand, on limits of Taylor's series, 

77. 
Bobillior*s theorem, 368, 374. 

Boole, on transformation of coordi- 
nates, 412. 
Brigg's logarithmic system, 26. 
Bumsidc, on covariants, 412. 

Cardioid, 297, 372. 

Cartesian oval, or Cartesian, 233, 

375- 
third focus, 376. 

tangent to, 379. 

confocals intersect orthogonally, 
381. 
Casey, on new form of tangential 
equaticm, 339. 

on cycloid, 373. 

on Cartesians, 382. 
Cassiui, oval of, 233, 333. 
Catenary, 288, 321. 
Cayley,'259, 26O. 
(Centre of curve, 237. 



Centrode, 363. 

Change of single independent variable, 

399. 
of two independent variables, 403, 
410. 
Chasles, on envelope of a carried right 
line, 356. 
construction for centre of instan- 
taneous rotation, 359. 
generalization of method of draw- 
ing normals to a roulette, 360. 
on epicycloids, 373. 
on Cartesian oval, 376. 
on cubics, 418. 
Circle of inflexions in motion of a plane 

area, 354, 358, 367, 374. 
Conchoid of Nicomedes, 332, 361. 

centre of curvature of, 370. 
Concomitant functions, 411. 
Condition that Fdx + Qdy is a total 

differential, 146. 
Conjugate points, 259. 
Contact, different orders of, 304. 
Convexity and concavity, 278. 
Crofton, on Cartesian oval, 378, 379, 

380. 
Crunode, 259. 

Cubics, 262, 281,323,334. 
Curvature, radius of, 286, 287, 295, 
297, 301. 
chord of, 296. 
at a double point, 310. 
at a cusp, 311, 313. 
measure of, on a surface, 209. 
Cusps, 259, 266, 315. 
curvature at, 311. 
Cycloid, 335, 356. 

equation of, 335, 336. 

radius of curvature, and evolute, 

337. 
leiii^th of arc, 338. 
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Descartes, on normal to a roulette, 336. 

ovals of, 375. 
Differential coefficients, definition, 5. 

successive, 34. 
Differentiation, of a product, 13, 14. 

a quotient, 15. 

a power, 16, 17. 

a function of a function, 17. 

an inverse function, 18. 

trigonometrical functions, 19, 20. 

circular functions, 21, 22. 

logarithm, 25. 

exponential functions, 26. 

functions of two variables, 115. 
three or more variables, 117. 

an implicit function, 120. 

partial, 113, 406. 

of a fimetion of two variables, 

115. 
of three or more vfiuiables, 

115. . 
applications in plane trigono- 
metry, 130. 

in spherical trigonome- 
try, 133. 
successive, 144. 
of ^ (a: + at, y + ^t) with respect 
to if, 148. 
Discriminant of a ternary quadratic 
expression, 129, 194, 196. 
of any quadric, 447. 
Double points, 258, 261. 

Elimination, of constants, 384. 

of transcendental functions, 386. 

of arbitrary functions, 387, 396. 
Envelope, 270. 

of La? + 2Ma + iV= o, 272. 

of a system of confocal conies, 
Ex. 8, p. 276. 

of a carried curve, 355. 

centre of curvature of, 357. 
Epicyclics, 363. 

are epi- or hypo -trochoids, 366. 
Epicycloids and hypocycloids, 339, 

356. 
radius of curvature of, 342. 
cusps in, 341. 
double generation of, 343. 
evolute of, 344. 
length of arc, 345. 
pedal, 346, 372. 
regarded as envelope, 347. 



Epitrochoids and hypotroohoids, 347. 

ellipse as a case of, 348, 363. 

centre of curvature of, 351. 

double generation of, 367. 
Equation of tangent to a plane curve, 
212, 218. 

normal, 215. 
Errors in trigonometrical observation, 

135. 
Euler, formulae for sin x and cos ar, 69. 

theorem on homogeneous func- 
tions, 123, 127, 148, 162. 

on double generation of epi- and 
hypocycloids, 344. 
Evolute, 297. 

of parabola, 298. 

of eUipse, 299, 308 ; as an enve- 
lope, 297. 

of equiangular spiral, 300. 
Expansion of a function by Taylor's 
series, 61. 

oitp{x + h,y + A:), 156. 

Family of curves, 270. 

Ferrers, on Bobillier*s theorem, 369. 

on Steiner's envelope, 442. 
Folium of Descartes, 333. 
Functions, elementary forms of, 2. 

continuous, 3. 

derived, 3. 

successive, 34. 

examples of, 46. 

partial derived, 1 13. 

elliptic, illustrations of, 136, 138. 

Graves, on a new form of tangential 
equation, 339. 

Harmonic polar of point of inflexion 

on a cubic, 281. 
Huygens, approximation to length of 

circular arc, 66. 
Hyperbolic branches of a curve, 246. 
Hypocycloid, see epicycloid. 
Hypotrochoid, see epitrochoid. 

Indeterminate forms, 96. 

treated algebraically, 96-9. 

treated by the calculus, 99, etseq. 
Infinitesimals, orders of, 36. 

geometrical illustration, 57. 
Inflexion, points of, 279, 281. 

in polar coordinates, 303. 



[atrmdo equation of a curre, 304 . 

of a cjcloid, 33S. 

of an upiiycloid, 350. 

of tho involute of a drde, 301. 
InvBrre onrvos, 125. 

tnn^nt to, 725, 

radiiiB of curvature. 195. 

conjugntfl Coitosans ax, 37S. 
Involute, iq?. 

of circle, 300, 358, 374. 

of oycloid, 356. 

of epicycloid, 35;. 

Jacoljiana, 115-27- 

Lagcange, oa derived functions, 4, | 



theorem on expansion in teriea, 

on Eulei's tbeorem, 163. 
oonditioDformaiimanndiitinima, 
19'. 197, 159,202. 
La Hire, circle of inrtexiona, 354. 

oncyoWd, 373. 
Laoden'i tntnalomiation in elliptio 

fuDclionB, 133. 
I^pluce'i theorem on expandon in 

rain, on elliptic functions, 137. 
on roetiflcabon of curves, 233. 
Leibnitz, on the fundamental prineiple 
of the calculus, 40. 
theorem on tho n'^ derived func- 
tion of a product, 5 1. 
on UnEcnts to curves in vectoricd 
ooordinatea, 234. 
Lemniscste. 459, 277. 296, 319, 333. 
Jumaifon, u mveru to a conic, 337, 
..33"'334. 349, 36".37»- 
miUng ratios, «lj[ebraii: illugtnition 

tnj^ouomolniinl ill nitration. 7. 
Limits, fundammtnl principled u to. 



Uonnhoiai. oonatiucCion for a 
empw.3;4. 

L gwmeliioal eximplei, 164, 183. 
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algebraic OTamples, 166. 

of ^^ r-^^ ^, 166. T77. 

ax* + 2bxy+ ey' 
condition for, 1G9, 174. 
problem on area uf section of a 

right cone, 181. 
for implicit functioni, iSj. 

Jundrilatenil of given aides, 1S6. 
IT two variables, 191 ; La- 
grange's condition, jgi, 197, 
for functions of three variables, 
198. 
of n variables, 199, 447, 
application tn surfaces, ZOO. 
undetermined multipliers applied 

I Multiple points on curves, 256, 265, 
I 367- 

I Multipliei-a, method of undetermined, 
j '04- 

I Xspier, logarithmic system, 25. 
Mavier, geometrical illustralioa of 
fiiodamental principles of the 
eal cuius, 8. 
on Taylor's theorem, 443. 
Newton's definition of ttmion, lO. 
prime and ultimate ratios, 40. 
expansions of sin i, cos x, sin*' x, 
&o., 64, 69. 
by diSerenlial equations, 85. 
method of investigating mdius of 

curvature. 291. 
on evoluto of epicycloid, 345. 
Ificomedes, conchoid of, 332. 
Node, 359. 
Normal, equation of, 215. 

number pasdng through 3 given 

in Ttctorini eoordinntea, 233. 

Orthogonal [nmsformations, 409, 414, 

449- 
Osc-nodo. 239. 
Osculating curves, 309. 

circle, 291, 306. 

conic, 317. 
Oscul-inQeuon, point of, 314, 317. 

Parabola, of Uio third degree, 36i, ISS. 

osculating, 31S. 
I'arabalic hranches of a curve, 146. 
Panmeter, 370. 
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Index, 



Partial difPerentiatioii, 1 13, 406. 
Pascal, lima^on of, 227. 
Pedal, 227. 

tangent to, 227. 

examples of, 230. 

negative, 227. 
Plucker, on locus of cusps of cubics 

having given asymptotes, 265. 
Points, de rebroussement, 266. 

of inflexion, 279. 
Polar conic of a point, 219. 
Proctor, definition of epi- and hypo- 
cycloids, 399. 

epicyclics, 366. 
Ptolemy, epicyclics, 366. 

Quetelet, on Cartesian oval, 376, 381. 

Badius of curvature, 286. 

in Cartesian coordinates, 287, 

289. 
mr, p coordinates, 295. 
in polar coordinates, 301. 
at singular points, 310. 
of envelope of a moving right 
line, 358. 
Eeauleaux, on centrodes of moving 

areas, 363. 
Reciprocal polars, 228, 230. 
Remainder in series, Taylor's, 76, 79. 

Maclaurin*s, 81. 
Resultant of concurrent lines, 234. 
Roberts, W., extension of method of 

inversion, 429. 
Rotation, of a plane area, 359. 

centre of instantaneous, 360, 364. 
of a rigid body, 371. 
Roulettes, 335. 

normal to, 336. 

centre of curvature, 352 ; Sa- 

vary's constniction, 352. 
circle of inflexions of, 354. 
motion of a plane figure reduced 

to, 362. 
spherical, 370. 

Savary's construction for centre of 

curvature of roulette, 353. 
Series, Taylor's, 61, 70, 76. 

binomial, 63, 82. 

logarithmic, 63, 82. 

for sin:i: and cos a;, 64, 66, 81. 

Maclaurin's, 64, 81. 



exponential, 65, 81. 

Bernoulli's, 70. 

convergent and divergent, ;i ; 

for flin-* Xf 68, 85. 

for tan"*.r, 6S, 84. 

for sin mx and cos mx^ 87. 

Arbogast's, 88. 

Lagrange's, 151. 
Spinode, 259. 
Stationary, points, 266. 

tangents, 282. 
Subtangent and subnormal, 215. 

polar, 223. 
Symbols, separation of, 53. 

representation of Taylor's th' 
rem by, 70, 160. 
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Taonode, 266. 

Tangent to curve, 212, 218, i'}- 

number through a point, 211 

expression for perpendicif ' 
217, 224. 

expression for intercept c?^ 
Taylor's series, 61. 

symbolic form of, 70. 

Lagrange on limits of, ;6. 

extension to two vaiiables,': 
to three variables, 159 

symbolic form of, 160. 

on inapplicability of, 443. 
Three-cusped hj-pocycloid, 350- :'• 

430, 442. 
Tracing of curves, 322, 328. 
Transformations, linear, 408. 

orthogonal, 409, 449. 
Trisectrix, 332. 
Trochoids, 339. 

j Ultimate intersection, locus of. -'• 
1 for consecutive normals, 2Qft 

i Undetermined multipliers, applii^ 
I to maxima and minima, 20: 

I applied to envelope, 273. 

Undulation, points of, 280. 

Variables, dependent and indent 

dent, I. 
Variations of elements of a tria^: 

plane, 130 ; spherical, I33 
Vectorial coordinates, 233. 

Whewell, on intrinsic equation, :■- 



THE END. 



